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Abstract

This paper formulates the moving least-square interpolation scheme in a framework of the so-called moving least-square reproducing
kernel (MLSRK) representation. In this study, the procedure of constructing moving least square interpolation function is facilitated by
using the notion of reproducing kernel formulation, which, ‘as a generalization of the early discrete approach, establishes a continuous basis
for a partition of unity. This new formulation possesses the quality of simplicity, and it is easy to implement. Moreover, the reproducing
kernel formula proposed is not only able to reproduce any mth order polynomial exactly on an irregular particle distribution, but also serves
as a projection operator that can approximate any smooth function globally with an optimal accuracy.

In this contribution, a generic m-consistency relation has been found, which is the essential property of the MLSRK approximation. An
interpolation error estimate is given to assess the convergence rate of the approximation. It is shown that for sufficiently smooth function the
interpolant expansion in terms of sampled values will converge to the original function in the Sobolev norms. As a meshless method, the
convergence rate is measured by a new control variable—dilation parameter g of the window function, instead of the mesh size A as usually
done in the finite element analysis. To illustrate the procedure, convergence has been shown for the numerical solution of the second-order
elliptic differential equations in a Galerkin procedure invoked with this interpolant. In the numerical example, a two point boundary problem
is solved by using the method, and an optimal convergence rate is observed with respect to various norms.

1. Introduction

Recently, there has been keen interest in developing meshless approximations for Galerkin procedures to
solve partial differential equations. Several versions of the method have been proposed; among them are Smooth
Particle Hydrodynamics (SPH) by Gingold and Monaghan [1], Monaghan [2]; Diffuse Element Method by
Nayroles et al. [3]; Element Free Galerkin Method by Belytschko et al. [4,5] and Reproducing Kernel Particle
Method by Liu et al. [6], Liv and Chen [7], Liu et al. [8] and Liu [9]. It seems to us that the moving least square
interpolant based meshless method has special appeals, due to its unique inviting features which are
incomparable for the other numerical methods in many aspects. The major attractions include:

(1) It is a mesh-free particle method; consequently, the usual, formidable burden of mesh generation of

traditional finite element method is ameliorated, if it is not disposed of completely.

(2) It is a smooth interpolation procedure; by using this method, one can easily achieve a global conforming

C™(£2) interpolation field of desired order, which is very difficult to obtain by regular finite element
method when m = 2.
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(3) It has an excellent localization capability in both frequency spectrum and spatial domain, which is

generically suitable to the task of multiple scale analysis and multi-grid computation.

Because of its diverse characteristics, it has attracted many researchers to use the method to solve the practical
problems for particular benefit. Consequently, different authors tend to label it with different names according to
a specific feature which might be their personal preferences.

An early, but lucid formulation and documentation of the moving least square approximation is due to
Lancaster and Salkauskas [10]. Nevertheless, Lancaster et al. never apply the method in large scale computation
nor in a Galerkin procedure; therefore, it was impossible for them to foresee the problems which occur in
practical implementation. In the actual computations, the main concerns are: (1) Convergence: how fast will the
numerical solution converge, if it converges at all. (2) Computational efficiency: how long does it take to
compute a practical problem? These questions remain to be answered.

Thus, it is our intention to reexamine the formulation from the computational perspective, and to
systematically lay the foundation for this special partition of unity—a finite support kernel method.

We start with formulating a different version of moving least-square approximation. Based on the new
formulation proposed here, it is revealed that the moving least-square interpolant has an unique inner
structure—a m-consistency structure. Moreover, the formulation proposed here is constructed on a continuous
base with the emphasis on the notion of reproducing kernel representation. The meaning of ‘Moving
Least-Square Reproducing Kernel Method’ (MLSRK) is two-fold: first, the shape function are generated by a
moving least-square process; secondly, the interpolant of this sort contains a reproducing kernel, which can
‘reproduce’ any smooth function accurately in a global least square sense; in particular, it reproduces the m
order polynomial exactly, if the generating polynomial basis is order m. Furthermore, by choosing the window
function appropriately, the MLSRK may be able to achieve an optimal accuracy in the frequency spectrum
approximation as a psuedo-spectral method. As observed by many researchers, one of the impediments in using
spectral methods, such as wavelet methods, to solve partial differential equations is the difficulty in handling
irregular boundary and the associated boundary conditions. Since the MLSRK method is quite flexible in dealing
with irregular boundary and general boundary conditions, this difficulty is much alleviated. More precisely
speaking, by carefully selecting window function and dilation parameter, not only do the shape functions
constructed by this method form a complete basis of a finite dimensional Hilbert space as conventional finite
element shape function, but also the Fourier transform of the shape functions can stay within a given range of
frequency spectrum, which naturally makes it as a very special candidate to solve evolution type of PDE in
Galerkin procedures.

One of the inadequacies of early moving ieast-square approximation is the lack of rigorous mathematical
foundation Therefore, the main portion of this paper is devoted to the convergence study; it is shown that the
interpolation error decreases as the density of particle distribution increases. In fact, a better interpolation
estimation could be achieved than that of the finite element method (see [11]). There is a major distinction
between the convergence in this paper and convergence for the conventional finite element method as well as
the finite difference method. In this paper, the convergence rate is controlled and measured by the dilation
parameter ¢ of the window function, whereas in the finite element method convergence rate is measured by the
mesh size h. Although the mesh size A and the dilation parameter ¢ of the window function are intimately
related, the dilation parameter @ explicitly carries the information about the resolution of numerical solutions,
and is certainly a better control parameter than the maximum distance between two particles. This notion of
convergence has been widely adopted in the wavelet analysis [12]. Besides, in a random meshless particle
distribution, to define or to measure the maximum distance between the two adjacent particles is not a trivial
task at all.

In last part of the paper, we have shown that, for the second-order elliptic partial differential equation, the
numerical solution converges to the exact solution in the Sobolev norm. A numerical example has been carried
out to demonstrated the convergence properties.

* While finishing this study, we received a preprint from Professor J. Tinsley Oden [13]. A mathematical analysis is presented for a
similar method-—Ap-clouds method.
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2. Moving least-square reproducing kernel interpolant

To expedite the presentation, multi-index notation is adopted throughout the paper. If a :=(a,, ..., @,) is an
n-tuple of nonnegative integers a;, we call a a multi-index, and its length is defined as

lal:=> @, .1)
i=1
We then denote
ga t= Q{]IIQ;Z e Q:n (2.2)
and the ath (Fréchet) derivative of function u as

Du:=9% 9"+ 3%u (2.3)
Xy X

2.1. Moving least-square reproducing formula
Let u(x) be a sufficiently smooth function® that is defined on a simply connected open set 2 € R". Then, for a

fixed point ¥ €42, one should always be able to approximate u(x) by a polynomial series locally according to the
Stone—Weierstrass theorem [14]. Thus, we can define a local function,

I __{u(x), VxEB®X) 54
U, x)i= 0, otherwise (24)
where the open sphere B(x) is defined as
Bx):={x||x —X¥|<R, x€ 2} (2.5)
If the function u(x) is smooth enough as assumed, there exists a local operator, such that
¢ -
u'(x,¥) = Lou(x) = > Pi(f_gl)d,-(f)
i=1
x—x\_ _
= P( )d(x) (2.6)
Q
where the operator L; is a mapping
L; : C°(B(x))— C"(B(x)) 2.7
and
dx):={d,.d,,...,d}x) (2.8)
Px):={P,P,,...,P}x),
- YA
Peyi=@/o) =] (—’) 2.9)
=1\ @ j
with P, (x) = 1.

REMARK 2.1. The formulation proposed here differs slightly with that of Lancaster and Salkauskas [10). In
their original paper, Lancaster and Salkauskas constructed the local approximation function u'(x) as

s By this, we mean that u(x) € C°(?Z) at least.
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4
u'(e, %) = Lau(x):= D, P(x)d,(X)
i=1
=Px)d(x) (2.10)
One can tell the differengce between the two by comparing Eq. (2.6) with (2.10).

Since the polynomial series is finite, there exists a residual error distribution r, over the ball B(x),

_ x—x\ _ -
ro(x, x) = u'(x) — P(——Q )d(x) , X&B(x) (2.11)
A functional associated with this residual is defined as
— 2 — Cn X —E
Jdx):=| _roex)— P dB (2.12)
B(x) o Y

A similar functional has been given by Belytschko et al. [5]. The window function @ is chosen in such a way
that supp{®,(x —x)} C B(x), i.e. for fixed x

.. G (x -x\ _[>0 x € supp{ P, (x —x)}
P —i= <1>(—Q )_{ 0 xe{dex D) (2.13)

For rectangular compact support in R”, C, = 1; and for ‘hyper-spherical’ compact support, C, # 1 generally. For
instance, C, = 15/71, if one uses the cubic spline window function. In the sequel, for the sake of simplicity, we
only consider the case C, = 1.

The expression (2.13) automatically guarantees that J(d(x)) is positive definite, though, for positive
definiteness, (2.13) may not be necessary. As a matter of fact, condition (2.13) can further be relaxed, but for
the moment, we assume that the condition (2.13) always hold. Thus, Eq. (2.12) can also be viewed as a special
L, norm of the residual, i.e.

Jd@) = ||Ir |II° (2.14)

which is endowed by the inner product

(f1®,]8), = fn fy —xgly = 0P, (y — 0 d, (2.15)

and

A= VI, L0, (2.16)

A similar inner product was proposed in the discrete form by both Lancaster and Salkauskas [10] and Duarte
and Oden [13]). However, in the discrete case, the positive definiteness of the quadratic summation is not
automatically guaranteed unless certain prerequisites on the particle distribution are met.

By minimizing the quadratic functional J(d(x)), one can obtain the following normal equations

e A E AP e m
L(}})P ( o )(u x) P( 0 )d(x))(bg(x x)dB =0 (2.17)
Since supp{dig(x -x)} CB, the integral (2.17) can be extended over the whole domain
(XX _p( XX\ gk o 40 —
J’ﬂ,P ( 0 )(u(x) P( o >d(x)>d>9(x x)df2 =0, (2.18)
which leads to
[X X% X% — fX—Xx =
<fﬂ,, P (———Q )(be(x J‘:)P(-——-Q ) d.()x)d(x) = fn‘ P ( 0 )u(x)d{,(x x)de2 . (2.19)

To this end, one can define the so-called moment matrix M(x) as follows [6],
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— XX —(x—-X
Mx)'=| P\—})® (x—x)P da, (2.20)
2, Y e Y
or simply
<P1I¢Q|P1> <Pl‘¢Q|P2> T <Pl|¢Q‘Pm)
&)= Plapy, =| FI%IP) Fal@lP) e (PARIR) @21)
<Pm|¢QiPl> <Pm|¢Q|P2> e <Pm|¢Q|Pm)
Clearly, the moment matrix M is a Gram matrix. Since P,(x), ( =0, 1,..., £) are linearly independent, the
determinant of M is always positive (see [15]),
I'P,P,,...,P,):=dettM)>0. (2.22)
Thus, M(X) is always invertible; therefore, the unknown vector d(x) is uniquely determined,
= =1 = of X —-x =
dx)y=M x)| P 0 u(x)P,(x ~x) df, (2.23)
nx

Substituting (2.23) back into (2.6) and noticing that the argument x in (2.23) is a dummy variable, one can
rewrite the local approximation formula as

ux,x) = Lou(x)
x—x\ . _
= P(“Q—>d(x)

= P(f;—i)M"(i) fny P’(y j)u(y)dbg(y ~x)df),, VxEBX) (2.24)

So far, the manipulation is the standard weighted least-square procedure. In order to extend Eq. (2.24) to the
whole domain, the so-called ‘moving’ procedure is introduced. The central idea of the moving least-square
method is that one can achieve a global approximation by going through a ‘mysterious moving’ process. The
formal procedure consists of two steps: first, one takes an arbitrary fixed point x € £2 and forms a local
approximation formula, i.e. (2.24), which is only valid in a local region B(x) C {2, as shown above; second,
since the fixed point ¥ is arbitrary, it can be any point x €2, therefore, one can let it ‘move’ over the whole
domain, x —x, which will lead to a global approximation of wu(x).
Before sweeping Eq. (2.24) through the whole domain, a global approximation operator G is introduced

ux) = Gulx) Vxen (2.25)
where
G:C'(2)— C™(D) (2.26)

More precisely, the global approximation operator G is defined in such a way that it is the globalization of the
local approximate operator L;, and the globalization is realized through the moving process, viz.

Gu(x):=lim Lou(x) Vx€N (2.27)

XX

At the final phase of the moving process, one obtains Gu(x):= L u(x), i.e.
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y—x
Q

Gu(x) = P(OM "' (x) f“ P’( )u(y)(DQ(y ~x)df,

(2.28)

Eq. (2.28) is a global approximation formula, which is named by Liu et al. [6] as the ‘reproducing kernel’

formulation.
To this end, one can define the components of the moments as

M, (x):= fﬂ P@P@QP@ AR, ij=1,.... ¢
(x)

where df2 = d{2/o".
It should be noted that the following normalization convention is adopted in this paper

J Px)d2 =1
n

which is equivalent to

1 y — X J'
P df, = _ _
fﬂ(x) Q" Q ) b Nix) QQ(y x) d'()v 1

(2.29)

(2.30)

(2.31)

Nevertheless, there is a non-trivial yet subtle difference between the L norms of the two window functions

1
F “(p“?ﬂ(!)) = ||¢g”i2u))

The moment matrix can be recast in a compact form

M, M, - M,
M M'rv M’)
Me=| 7 T
M, Mgy 0 Mg,

and its inverse yields

( Ay =A, - (—I)IHAH (_I)IHA1)
—A,, A, (__1)2+’A2i (—1)2+fA2(

1 : . :

M'@w=71| L
D, [ (=1Y"'4, —1'"A, (—1Y A,

t:"+l €t ' ’
DA, e D A, e A, )

where
D, := det|M|

and A, are the minors of M.
Thus, Eq. (2.28) can be rewritten in a succinct manner,

(2.32)

(2.33)

(2.34)

(2.35)
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y—x
Y

Gu(x) = POYM ~'(x) L P'( )u( N,y —x) A0,

= L €,y — x, x)u(y)P,(y —x) df), (2.36)

where the function %(p, y — x,x) is the so-called correction function [6], which is defined as follows:

0.y —x.x):=POM 0P (X %) (2.37)

The expression for the correction function can be further simplified as follows:

_ - fy —X
0.y ~ %) = POM ' wP (")

1

=(1,0,0,...,0)E
( A, A, (_I)IHAH (—l)HlAlé) qu
—AZI Azz (_1)2+‘A2i (—1)2+[A2( Pz
-1’4, (—-1)"7A, 1AL | P
LD A, e e =D, Ay, J LP.)

__ 1 1+ 1+¢
=D, (AP~ APy DA+ (CDTAP

_p(?"*
- P( 5 )b(x) (2.38)
where the vector b is defined as
o1 ;
b :=~D—([A“, A DAL =D)AL (2.39)
Let
H(y —x,x):= €(Q.y —x,x)P,(y —x) (2.40)

The function J, is referred to as the moving least-square reproducing kernel function, and consequently, the
moving least-square reproducing kernel integral representation has the form

R qulx) = L u(y) I, (y —x,x)d(2 2.41)

here the superscript m indicates the highest order of the generating polynomial® and the subscript o represents
the corresponding dilation parameter.

® Generally speaking, m # € unless it is in 1-D case.
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REMARK 2.2. The definition of reproducing kernel for a proper Hilbert space ¥(£2) := {fx)|x € 2; ||fll,20, =
V{f, ) < +o} is described as follows [16]: V& ¥(£2) 3 K(y,x) € Y ({2) such that Vx € 2

fo) = {(f(y). K(y. ), (2.42)

Whereas for the moving least-square kernel representation,
R fl) # fx)

unless f(x) € 7, ({2), where m,({2) denotes the collection of polynomial in 2 CR" of total degree =m.
Otherwxse R f(x) is only a projection of the function f in the following reproducing kernel Hilbert space

{flfec (2, f={f H(y —x, )}

(2.43)

It would be helpful to examine Eq. (2.28) through a pedagogic example. In the following, we shall illustrate
how to construct a reproducing kernel function with linear polynomial basis in 3-D. Let

Pix) =(1,x,,x,,x;) (2.44)
It is obvious that
P(0)=(1,0,0,0) (2.45)
The moment matrix is then in the form
1 )
Y x5
Q)
yV, =X Vo™ X Vy, ™ X
M(x)zf Y27 X (1,’I L2222 3)Q}(y—x)d.()v
£ 0 Ql (053 93 e :
2
Y3 T Xy
\. O3 J
( | Yy Xy Y, T X% Y3 T X3 W
Qy 0 Q3
Y 7 X (yl-x >2 (}’l“x|><y2_x2) (yl—x|><y3—x3>
_f Q Q Q> (o5 Q3
S e B e B G Gy
Q> Q 0, Q> Q3
Y3 7 X < )()’1 ) ( 3 xs)()’z‘%) <Y3”x3)2
\ ©O; Q4 Q3 Q2 Q3
dl,(y - Xx) d.()_v (2.46)

Making change of variable, one may see that the moments defined in Eq. (2.29) are closely related with the
conventional definition of moments in classic mechanics. Let z,:= 1. One may have

M(,'+1)(,’+|)(x) =m,-j(x)1= j{) Z,»Zj¢(Z)dZ Ogl,jszs (247)
(x)
where m;; are the moments under the conventional definition.

Thus, in this particular case, one can rewrite Eq. (2.46) as follows:

my m, m, m,

M) = mg Mg Mg My 248
x) = m, my, My, My, (2.48)

my; My M, My

and the associated correction function is expressed as
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_ -1 f y —X
%0,y — x,x) = POM ' x)P <T )

(1 )
Y X%
Ay A Ay —Ay Q,
1 —A, Ay, _Azz Ay,
=(1,0,0,0)—~ Y2 " X2
( ) D, ASl Aza Azs "'A34 0,
—A A A A
41 24 34 44 Vs — X
. 03 J
1 Y —x Yy =X y; X
i [ (552« an(55) w55
_p(¥*
—P( o )b(x) (2.49)
where
, |
bx) ¢=‘53 [A,x), —A ,(x), A ;;(x), —A,,(x)] (2.50)

The reproducing kernel function J,(y — x,x) can be obtained subsequently.
In general, the correction function has the following properties.

LEMMA 2.1. Suppose <P(')€C"(.Q) and k=m, and p=1, (1/p)+ (1/q) =1, then the correction function
€0,y — x,x) EC*(2) and %0,y — x,x)~ O(1).

PROOF. By construction, P,() € C*({2). From (2.29), it follows that V |a| <k,

o 3 (B)DiP P @D by dn, 251)

(x) Bsa

DM, (x) = L

where z = (y —x)/o.
Then, one can deduce from Eq. (2.51) that DM, is continuous and consequently bounded in {2 As a matter
of fact,

IDiM,|<Co™ fm |2 PP @) Ip: " ol da

<C,0 ' 2 IDP®P)ra D P Pl uie, (2.52)

p=a

It is easy to verify that

1/p
P2 @R ray ={ fmx) [DX(P,@P,)) dnz} ~ 0(1) (2.53)
1/q
1D @ll.oia, ={ Lm (D7 Dy’ dﬂz} ~ o) (2.54)
Hence
DM, x)| ~ 00 ™' (2.55)

Again, by definition (2.39),

%o,y —x,x) = P(z—;—x)b(x) (2.56)

thus
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wop _ B ay (Y TEN L
Di%(e,y = x.x) = ﬁZ (B)Dx”( 0 )D; b (2.57)
Recall,
1
0
M = ¢ (2.58)
0
Then
D{Mxbx) =0 = 2 (§>DfM(x)D;'*”b(x):0 (2.59)
B=a
or
MD bx)+ > (D*M@)D! “bx)) =0 (2.60)
B
where | <5 |a| < k. Thereby, one can solve D b(x) recursively; for instance, in the [-D case,
2 3
(3)pim (Do Mmoo || pn| _ | @b 2.61)
k.k—; /\'.AE S A k‘
_(k— 1)Dx mo( )M M |\ Db (D5 )

The coefficient matrix of the above equations is a lower triangular block matrix, which can be solved by forward
substitution. Therefore, D b(x) are uniquely determiqed, and by comparing the coefficients in both sides of Eq.
(2.61) or (2.60), one may find that D b(x)~ 0o '*"). Consequently, it can be deduced that

(0. x.y)E C'(12) (2.62)
and
b))~ 0O(1y= 6(p, v —x,x)~ (1) [] (2.63)

2.2. Shape function and particle distribution

As mentioned above, the early moving least-square interpolant was formulated directly in a discrete base [10].
Instead of following the earlier derivation, we would like to view the moving least-square interpolant function as
a discretized form of the kernel formula,

R u(x) = j u(3)6(0. %, y) B, (y — ) ) (2.64)
12 N :

Before proceeding to deriving the expression of the shape function, introducing several preliminary concepts is
in order. Although there is no mesh required for this method, there are still some topological requirements on
the particle distribution (Fig. 1). B

Let us consider a simply connected region, £2C R", in which there is a particle distribution. By particle
distribution we mean that

DEFINITION 2.1 (Particle Distribution). Each particle inside or on the boundary of (2 is assigned with a
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l“\

JA‘ ‘&vﬁ'
', '/) S

Fig. 1. An admissible particle distribution.

parametric dilation vector @,, / =1, ..., NP. With the parametric dilation vector @,, one can construct a compact
support region around each particle. Suppose the particle I occupies the position x, in reference coordinate
system, the compact support can be constructed as a local ‘sphere’

S;= {xl b —x,[<rlel} (2.65)
or, a parallelogram box
={x|lx, = x| <rop. 0,>0, 1<i<3} (2.66)
where constant r is a proportional coefficient.
Not all particle distributions can be used in numerical computation. The valid particle distribution is referred
to as the ‘admissible particle distribution’. Admissibility of the particle distribution depends on computational

feasibility. In what follows, the concept of admissible distribution shall be precisely defined. We start with
defining the particle density index.

DEFINITION 2.2 (Particle Density Index). The density of a particle distribution is measured by the indices
that are associated with the dilation parameters of all particles,
Qmax -= max{le,|. I=1,...,NP} (2.67)
Qmin -= minflg, [, I=1,..., NP} (2.68)
In this paper, we restrict our attention on the case in which the dilation parameter is uniform for all particles, i.e.
0, =0 "TQ T TN T (2.69)
which means that
Qmin = Prmax = © (2.70)

Obviously, the smaller @ is, the denser the particle distribution will be. Thereby, a density refinement can be
defined as a decreasing process of the dilation parameter, provided that in this process the new particle
distribution remains as an admissible particle distribution.

DEFINITION 2.3 (Admissible Particle Distribution). An admissible particle distribution is a particle distribution
that satisfies the following conditions:
(1) Every particle of a distribution associates with a compact supports

S;:={c—x|=<ro} (2.71)
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(2)

3)
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and the union of all the compact support S,

NP
si= U5,
/=1

generates a covering for the domain £ in which the particles reside, viz.

ncs
V x €42, there exists a ball
Blx) = {x|[x —x| < rlof}

so that the number of particles in the %, N,, satisfies the condition

= =
len \[Vp =N

max

where both N, and N, ,, are a priori assigned numbers, such that

max

O<N, =N, <x

min

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

The particle distribution should be non-degenerate, which means that, in 1-D case, there are at least two
particles in 9B(x), and these two particles cannot overlap, i.e. the difference of their position vector should
form a line segment; similarly, in 2-D case, there are at least three particles in B(x), and the three

position vectors form a nonzero triangular element. Generally speaking, for %B(x) € R",
n + 1 particles in PB(x), and their position vectors form a nonzero nth rank ‘simplex’ element.

there are at least

A non-admissible particle distribution is shown in Fig. 2, which fails to satisfy the Condition 1. In Fig. 2, one
can see that in the middle of the area there is a small dark region which is not covered by the compact support of
any particles. As a matter of fact, Condition 2 implies Condition 1. Moreover, Condition (2.75) is closely related
to computational feasibility. The first part condition N, =N, ; guarantees the stability condition of the shape
function, or regularity of the moment matrix M. The second part of inequality guarantees the bandedness of the
resulting stiffness matrix.

REMARK 2.3.
(1) It can be shown that the shape functions generated from the MLSRK function with the window function
@ (x) form a complete basis for a finite dimensional space CVZ CC"({2). As 0—0, there exists a

monotonic decreasing sequence

4 'o H—x ~ b
LJ [ ® o ° 1 1]e
A IF =
° °
At 3
F_ 1 J 3 ® ®
[] ® —f
o o
d L — o} ¢
ry ‘FL‘
1
[T

s miiiar: Ve lgﬁv
.!-99

Fig. 2. Inadmissible particle distribution. I: shaded area is not covered by any nodal support.

Fig. 3. Inadmissible particle distribution II.
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le'|=le’l=le’l="-, 2.77)
such that
Ve CV e C V- CC"(2) (2.78)

More precisely, for admissible particle distributions as ¢ —0, or j —
Ve, - C"(2)C LY () (2.79)

In fact, this is very similar to the basic concept of multiresolution analysis (see [17]).

(2) It should be noted that the particle distribution with constant dilation parameter does not necessarily mean
uniform particle distribution; one can construct non-uniform particle distribution with constant dilation
parameter. Fig. 1 illustrates a simple example.

(3) A degenerated particle distribution is shown in Fig. 4. Since all the particles lie along the x-axis, the
moment components m, and m,, will be identically zero, and then the moment matrix will be singular.

Once an admissible particle distribution is set up, one can approximate the reproducing kemel integral by
numerical quadrature, i.e.

NP
R )= 2, u(x,)6"(0,x, — x,X)@,(x, — x) AV, (2.80)
I=1
NP
= IZ Hhee, — x, x)u, AV, (2.81)
=1

In (2.81), AV, is the quadrature weight, or Ith particle’s lumped volume. If one chooses
AV, =1, (2.82)

the discrete form of reproducing kernel integral will be equivalent to the formulation proposed by Lancaster and
Salkauskas [10]. Although this is truly in the mesh-free spirit, it may not be as accurate as a discrete integral
obtained by numerical quadrature. Another advantage of using numerical quadrature to evaluate the reproducing
kernel integral is that it approximates the integral with the correct measure, by which we mean

NP
,21 AV, = meas({2) (2.83)

whereas Lancaster and Salkauskas’ formulation as well as other discrete formulation does not preserve this
property, i.e.

NP
>, 1 = NP # meas({2) (2.84)

I=1

However, this choice can be justified by choosing different normalization factors. For simplicity of the
presentation, this case is excluded here, though all the results presented here are valid for this case too.

PROPOSITION 2.1 (A Necessary Stability Condition for Correction Function). For a given admissible particle
distribution, a necessary condition for stable correction function is

Fig. 4. A degenerate 2-D particle distribution.
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E()= AV, Is[<NP (2.85)

where E(0Q):= r"Q", which represenis the volume of the kernel support, and AV, is the quadrature weight. The
condition (2.85) implies

N, .=2 (2.86)
PROOF. We first show that when N_; <2, the moment matrix M(x) will be singular (not positive definite
anymore!).

Since
- YTX\, (Y X -
M,.,(x)-f“‘ P,.( 0 )P/‘( 0 )fpo(y x) df2 (2.87)

then by the quadrature rule—the trapezoidal rule,

NP — —
Mix) = ,E. P,.(x’0 A)Pj(x’@ A)cbo(x, ~-x) AV, (2.88)

N, <2, Vi+j>2.

N

‘X, — X X, — X
M:I.(XJ) — Z P’< ! -/)Pi< ! Q ll>¢9(xl *x/) A‘/[
I=1

L Q

X, — X X, — X
:P’( 19 J>P»'( j@ J>d)‘?(x’—x’)AV’

o (2.89)

Consequently, the moment matrix M"(x) is a singular matrix; thus the correction function %" is unbounded and
hence the algorithm is unstable.
On the other hand, if N_, =2, which implies that there are at least two points inside a kernel support;

consequently, the quadrature weight AV, has to be smaller than the volume of the kernel support, i.e.
E(p)= 4V, (2.90)

Otherwise, the condition (2.83) will be violated. [

As a matter of fact, one can show that, even in a one-dimensional case, if m =2, then N, = 3. In two
dimensions, as mentioned above, one can prove that at least N, =3, because if there are less than three
particles in a plane region, by rotating the coordinate system, one moment component will always be zero, and
hence the moment matrix will be singular. Condition 2 can be also expressed as

Npin < card{/|x € supp{ ¥, (x, —x, x}} <N, (2.91)
which is partially recognized by Babuska et al. [18] as the pointwise overlap condition.
Fig. 3 shows another type of inadmissible particle distribution, which fails to satisfy the condition N,,, > 2. In
Fig. 3, at the left side of problem domain, the compact supports with square shaped particle in the center
illustrate this situation, even though in this case the whole interior domain is covered by the union of all
compact supports.
The discrete formulation can be viewed as a shape function expansion, which is especially useful in Galerkin

procedure; i.e. one can assume the approximation to the solution of PDE as follows:
NP
)= 2 EN(@.x. x,) (2.92)
=1

where
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Ni(g,x,x,)= (gh(Q’xl - X, x)d’g(x, —x) 4V,
x,—x

=POM~ ‘(x)P( )@Q(x, - x) AV,

= X (x, — x,x) AV, (2.93)
From this definition, it is clear that
supp{N;} = {x| |x ~ x,|| <rg} (2.94)

In the discrete formulation, as Eqs. (2.92) and (2.93) indicate, each particle corresponds to a correction function.
In Fig. 5, we display the distribution of a group of correct functions that correspond to a group of eleven
particles residing evenly in the interval [0,1]. From Fig. 5, one can see that far away from the end point, i.e. the
boundary, the correction functions take the unit value.

REMARK 2.4. Tt should be noted that once a particular quadrature rule is chosen it should be carried out
through all the integrals consistently. It is particularly important that the moments integrals should be carried out
by the same quadrature rule, i.e.

NP

mli(x):= 2, 2,2,9@) AV, (2.95)
I=1

In most mathematical literature, the term ‘interpolation’ is exclusively preserved for the sampling
representation which satisfies the condition that

=2 fN® (2.96)
i=1
which implies,
f'&x)=f. and Nfx)=39, (2.97)

In the context of this paper, the term ‘interpolation’ is used in a very broad sense, is not restricted in its

-5 )
Theling,C=1, 1.

Correction Function

_30 1 1 L —r 1 L L 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X

Fig. 5. The profiles of correction functions.



128 W-K. Liu et al. | Comput. Methods Appl. Mech. Engrg. 143 (1997) 113~ 154

0.5

0.4

0.3y

0.2+

Y 0 ¢

Fig. 6. A 2-D shape function based on the cubic spline window function.
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10
Y 0 o

X

Fig. 7. The first derivative of the shape function, dV,/dy.

conventional connotation, i.e. sampling. The moving least-square kernel Galerkin method discussed here is
basically a pseudospectral method; hence, the proposed interpolation function does not satisfy the usual
interpolation condition,

NP

u® =2 ENJQ, X, X,) (2.98)
=1

N(@,x,,x,)# &, (2.99)

this means that
ulx)) # ¢ (2.100)

where £, is the dual base of N,. This brings us to another crucial point, i.e. there is an essential difference
between the MLSRK interpolation and moving least-square reproducing representation. That is
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10
Y 0 o

X
Fig. 8. The mixed derivative of shape function, dZN,/dx dy.

u®x) # R ulx) (2.101)
As a matter of fact, Lancaster and Salkauskas {10] called the former as the non-interpolation interpolant. This

type of approximation is also called as quasi-interpolation in spline approximation [19]. On how to construct an
exact interpolant with singular weight functions, readers may consult Lancaster and Salkauskas [10].

3. Convergence analysis

In this section, we shall discuss the consistency condition, or the completeness of interpolation and then
discuss the error estimation of the proposing method. Before going into the details, we need some machineries
to set the stage.

100

50
04
-50+

-100

-150 i
60

60

40

30
20 20
10

Y o 0 x
Fig. 9. The second derivative of the shape function, d°N,/dx’.
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3.1, Preliminary

If a and B are two multi-indices, we say B8 < a provided B <q, V1<i<n. Let
al'=ala,! - a, 3.1

n

By the same token, one can denote

(;) :Wc%ﬁ:<;:)<;§)<;) (3.2)

It is then easy to verify the Leibniz formula

Dl uv)x) = Z (Z)Dfu(x)D: Pux) (3.3)
B=a

Assume u € C™ ') N wr '(£2), and denote
R =h{"hy b (3.4)

The Taylor’s formula of order a, |@| = m can then be written as

"

i
wa+h)y= 2, —7 Diu@h" +

fa]=0

> Diula+ 6h)h" (3.5)

Jal=n+1

(m-+ 1)

where 6 € ]0, 1].
For convenience, the definitions of Lebesgue space and Sobolev space are listed as follows.

DEFINITION 3.1. The Lebesgue space is defined as
L@y = {fHlfllrgy <ob. I<p=e (3.6)

where the L, norm is defined as

1p
WAl = ( f! feo)” dx) Visp<s (3.7)
“f”L"(.()) -7 ess. sup{lf(x)l tx € 2} (3.8)
where dx is Lebesgue measure.

DEFINITION 3.2. Let k be a non-negative integer, and let f € L, .({2). For 1 <p <, the Sobolev norm is
defined as

« il p 1/
”f”wf,(m = <‘|z ”an' ILI’(.())) 3 (39)
a|sk
and for p ==
“f”w‘;(!l) = \Izlrlli): ||D:-f”L'1J)) (3.10)

In either case, we define the Sobolev space via

W, (2):={f € LoD fllws0) <} (3.10)

where L/

loc

({2) is the set of locally integrable functions defined as

L. .(02):={fl[f €L (K) VY K C interior £2} (3.12)

loc

Particularly, we denote H"({2) = W7 ({2). Later, we also need the definition of Sobolev semi-norm,
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. 1/
[l = (| |2_ Ip f||’£p<m> ’ (3.13)
and if p = o,
lulwnn, = max {ess. sup |D®ul} (3.14)

In later sections, several standard inequalities will be used for error estimation. For the sake of convenience,
they are listed below.

Holder’s inequality
For 1 <p, g<x, p and q are conjugate to each other such that (1/p)+(1/g) =1,
(I) For a,, b;=0, i=1,....n. Suppose both sums =7_, a? and =}_, b} are finite, then

n n lip/n lig
> ab, s(E af> > bj) (3.15)
i=1 i=1 j=1

(I) If functional f € L”({2), g € L(A2), then fg € L'(2) and

IWrgl <AL reayll gl Lo (3.16)

Cauchy—-Schwarz inequality
This is a special case of Holder’s inequality. Let p =g =2,
(I) If both summations 27_, a’ and =7_, b’ are finite, then

i

Zl ab, s\/Zl a\12 b} (3.17)
i= i= j=1

(I If f € L*(2), g € L*(2); then fg € L' ({2) and

| e a2 <l el 618
By using the multiple index notation, we construct a complete base vector for 7/2(.(2), where 2 CR".

DEFINITION 3.3. Assume {2CR". A complete m-order, ¢-component polynomial vector P(x;, —x)/
o0=[P,,P,,...,P]J(x,—x)/ o consists of the following components

la|=0; P =1

X, —X X, —x
al=1; P=(-”——l>,...,...,P =< n ");
| | 2 Ql n+1 Qn

sey seeg seay

X,;— X a Xy — X @ X ;X oy X, X m
lal=m; ..., Pk=< ”91 1) '( 2’92 2) 2( "’Q ) ,...,P{,( "’Q ) (3.19)

Particularly, forn =2, ¢ =im(m+ 1);andn=3, €=1+Z7_, tkk+1). O

For example, in the two-dimensional case (n =2), the components of a m-order, ¢-component

polynomial base vector, P(x,—x)/@=[P,,P,,...,P]x,—x)/o, forms the following triangular
pyramid,

P =1
¥ — _
P2:( ng); P3=(ylgy

X, —X\2 X, — X - - 2
r=(G57) m=CCT) ()
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X, —X\M . "
P, =( " Vi SR e ey P,=(y—'é—y) (3.20)

where €= [m(m + D1/2.

3.2. Completeness of interpolants

It is well known that in order to meet convergence requirements, finite element shape functions have to satisfy
the completeness condition, i.e. they have to be able to represent rigid body motion and a constant strain field
exactly, if the terminology of solid mechanics is used. For non-conforming elements, due to lack of analytic
estimates, this completeness requirement is tested through the so-called patch test. Following the same idea,
Belytschko et al. [4] have systematically conducted various patch tests for moving least square interpolant
functions. All the MLS interpolants have passed the patch test without exception.

Liu et al. [6] proved analytically that for Lancaster—Salkauskas’ type moving least-square interpolant, the
completeness of the interpolant shape function is automatic. As a matter of fact, one can show that the
reproducing kernel formula can reproduce any type of polynomial at a designed manner, which might be called
‘super-completeness’ if one wishes to exaggerate it. In other words, the moving least-square interpolants enjoy
an extra luxury of completeness.

In what follows, we shall discuss this completeness—a m-consistency structure. First, we show the
completeness in the one-dimensional case, since it offers the physical insight and the essence of the
mathematical structure. The multi-dimensional case will follow as a natural extension. Furthermore, departing
from this point, we shall show that the structure of this type of moving least-square interpolant yields a nice
property, which is essential to the convergence property of the proposing method.

For a one-dimensional case, the polynomial base vector P is

P(Jclg—x)::(1,x,gx,(x,(:x)z,(x,gx)1 ..... (x,gx)m) 321,

the corresponding moment matrix is

my m T m,
ml mZ mm*]

Mx)={ : : . : (3.22)
mm mm+l e e mZm

where m, := [, 7' P(z) dz.
Its inverse matrix has the form

Ay —A, (_I)HmAlm
1 Ay Ay (_I)H’"Az,n
M) =15~ : : : (3.23)
(__])'*”'Aml (_1)3*"’Am2 A,

REMARK 3.1. The matrix (3.22) is a Hankel type matrix, which can be always viewed as a product of the
‘backward identity’ permutation matrix and a Toeplitz matrix [20].

Thus, the number of operations needed in inverting matrix (3.22) should be of the same order as needed in
inverting the corresponding Toeplitz matrix. Therefore, numerically inverting matrix (3.22) only requires Om*)
operations [21].

LEMMA 3.1. The moving least-square kernel interpolant function with basis (3.21) can reproduce any
polynomials f(x) € m, exactly by using the sample values, viz.
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NP
2 N, x,, Ofx,) = fix)
=1
PROOF. 1t is sufficient to show that for 0 <k =m,
NP

2 N(oxx)x=x* VOo<k=m
=1

Xy

_~ ) @ (x,~ %) Av,)xf

NP NP
> N, x x5 = POM ' () 2, (P’(
=1 =1 0

Let

XX i + o
= 0 =x;=(0z, T x)

Thus,
NP NP k -
2 IVI(Qv X, x])xf = 2 N[(Q, X, x])(E (j)Qk_jle(hjxj>
I=1 1=1 i<k
NP

kN i - ' =
-3 (j)gk T POYM ™ (x) 12-:1 (P'2) P, () AV))z

j=k
5
k o NP f—j+l
- Ek (j)gk_’x’P(O)M_l(x) ,21 S [ XCBYN
j= = .
k—j+m

7

By the Laplace Theorem,
z

NP k—j+1

POM™'@ Z| "5 | AV =4,

k—j+m
%

it then follows
3 k .
Z N(o, x, X,)xf = 2 ( ')Qk_j’xjakj = 0O
1=1 i<k J

More generally, in R”, the following completeness conditions hold.

133

(3.24)

(3.25)

(3.26)

3.27)

(3.28)

(3.29)

(3.30)

LEMMA 3.2. The moving least-square shape function, which is generated by a complete m-order, ¢-term

polynomial P(x, — x)/ o, satisfies the following consistency condition:

NP x,—x
Zpk( 5 )N,(Q,x,x,)=6k,, I<ks<¢
i=t

PROOF. The proof is straightforward.

(3.31)

a
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ZN(gxx)P( ) POOM ™ (x)EP( ) ( ) @, (x, — x) AV,

PIPA
v [ PP,
= P(O)M "' (x) IZ] ®,(x, — x) AV,
PP,
Mlk
= POM )| M
€k
Mlk
:—l(—(AH Ao (—D'"4,,) Mf*
M,

Once again the Laplace theorem is used in the last step. [

Direct consequences of Lemma 3.2 are the following.

(3.32)

COROLLARY 3.1 (m-consistency condition 1). For multi-index a, | <|a|<m, the a-order moments of the

MLSRK shape function are identical to zero, Le.

NP

NP
2 @ ) N(@x,x) =2 (- ) H e, —x,x) AV, = 8,
1=1

2 x/N(g,x,x,)= 2 X, 7["(x, x,x) AV, =x"*
!

(3.33)

(3.34)

PROOF. We first show (3.33). By construction, for a compiete mth order MLSRK approximation, there is a
one-to-one correspondence between the polynomial basis P,(z) and the function z*. Therefore, for 0 < |a|<m,

1 <k= ¢ such that
X, — X X, —X\*¢
() =(57)
0 0
_(""11‘xl)“‘(le_xz)"2 (xnli'xn)“”
& Q> Q,

Then, for 0<|a|=m.

g(x,;x) N(Q,xx)—EP( )N(Q,x x,)

= 5/(! = 5(10

which implies

E (x, = x)°N(0, x,x,) = 2 (x, —x)"]["(x, -x.x)AV, =4,
I=1 =1

(3.35)

(3.36)

(3.37)
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Now, we show (3.34).
NP NP
E x/N(o,x,x,)= z x, —x +x)°N(o,x,x,)
= =1
NP a
2 (g (B>(x: —x)“_ﬁxﬁ>N,<9, X, X))

@ NP
= Bg (3>xﬂ /=21 (x, —x)“'BN,(vr, X, X))

=3 (3)**8. po=x" O (3.38)
B=<a

Lemma 3.2 leads a profound consequence for the moments of the derivatives of the shape function, which plays
a key role in the convergence behavior of the MLSRK approximation.

LEMMA 3.3 (m-consistency condition II). Let @ € C"(£2); for £ CR", the shape functions generated by the
complete m-order, {-component polynominal basis (3.19), satisfies the following conditions, ¥ 0 <|a|, |B] < m,

NP NP
> (x, —x)°D’N(0.x,x,) = > (x, —x)“Df?[g(Q, x,—x,x) AV, = a8, (3.39)
I=1 I=1

or equivalently,
NP NP !
2 x7DfNI(Qﬁ X, x[) = 2 x?Df%g(xl - X, x) A‘/l = _.——|xa_B (3'40)
I=1 =1 (o — B)

PROOF. We first prove (3.39). The proof proceeds by induction.

() |8]=0, la| <m; by Lemma 3.1,

NP
2 @, — ) N0, %, X,) =8, = @B, (3.41)
I=1
(2) |B] =1, |a| < m; without loss of generality, one can assume that
B:=(0,0,...,8,0,...,0) and B =1

=D}=4, (3.42)

Hence,

NP NP
Df{zl x, —x)*N(o, x, x,)} = BXJ(IEI (x, —x)*N(0,x, x,))
I= =

NP
—1
Ty > Gy = x )" — X)) (v, — x,) N, X, X))
I=1

NP
+ 2 (x, — x)“axjN,(Q, x,x;)
=1

=0 (3.43)
This leads to
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NP
’E x, —X)"DIN(Q, X, X)) = a,! -+ cap(a; DU, 16, .5(0/‘1)0. 9,
=1

a0

o1 8{1,,()

= ald,, (3.44)

O N D T
al-alrall,

Hence, Eq. (3.39) is true for | 8] =0, 1. Assume that (3.39) holds for || <m — 1 and |a| < m, we need to
that show it is true for the case |B'| =m, and || < m. By assumption

NP
x, —x)"DEN(0,x.x,) = a!d,, . (3.45)
=1
we let
yZ:(0,0,...,y, ..... 0y, Y, =1 (3.46)
Then
D=4, =D!D} =D’ (3.47)

where |8’ = m.
Differentiation Eq. (3.45) yields

NP
o 3 (A a, B
- a, 2 (X” _X|) l(le ‘xz)a- o ‘(x,[ —X,')(/ T (x,'/ _x,) D_\—N[(Q»xaxl)
=\

NP

+ 2 x, —x)"DID®N(0.x,x,) =0 (3.48)
1=1

[t follows that

=z

P

x, —x)“Df'N,(Q, x,x,)

~
[

@

NP
T E (o = X)) 0, X)), ) - "l —xj)"”DfN,(Q,x,x,)
=1

= q,'(al 'al‘ o (a, - l)' T an!)anlﬁ,grvzﬂz e 5{7, ,,B, U 6a"ﬁ"
=@l w08, 5 8By B = A, (3.49)

We now show (3.3).

NP NP
2 xDEN(o.x,x)= 2 (¥, —x +x)"DEN(0. x.x,)
1=1 I=1

NP
=} y=sa
a NP
-3 (e S e o
y<a =
= };ﬂ (Dx@=-yre, ., (3.50)

There can be only one term left; i.e. the term 8 = « — v. It then follows immediately that

!
a S

NP
[04 - .
12::1 x;'DfN,(Q,x,x,)=<a_B)B!x" ”zmx" O (3.51)
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3.3. Interpolation estimate in Hilbert space

In this section, an interpolation estimate for the MLSRK interpolant is given, which is central to the
convergence proof of the corresponding Galerkin method and error estimation. Since the reproducing kernel is
defined only for the Hilbert space [27], it is pertinent to discuss the interpolation estimation in Hilbert space
separately, instead as a special case of Sobolev spaces. The interpolation estimation in Sobolev space will follow
shortly.

THEOREM 3.1. Assume ®(x)E C™(2)NW"(Q), and u(x) EC™' (D) NH" (), where 2 is a bounded
open set in R". Let
R pl(x) = > u(x, )N, X, x,) (3.52)

1€A
where interpolation shape function N,(Q, X, x,) is generated by a complete m-order, {-component polynominal
bases vector (see 3.19); the index set A:={I|1 <I< NP, supp{N,} N 2 # @} represents an admissible particle
distribution over (). Suppose the boundary 04) is smooth enough, for 0<k=<m, then the following
interpolation estimates hold

Hu - ‘%’gn,hu“H"(!)) = kQMH_k”u"H"'*‘(n) (3.53)
particularly, for k=0
e = 9?';',;.“||L2(m = COQMHH"“H’"“({)) (3.54)

where C,, C, are constants, which are independent with the dilation parameter Q.

PROOF. 1t suffices to show
lu — Ryl gy < €™ Hulymer g, (3.55)
By definition

R ux) = 2, u@®)N/(0,x,x,) (3.56)

IeA

Taking the deivative of (3.56) yields
DPRT u(x) = 2 utx, DN/, x,x,) (3.57)

IeA

By Taylor expansion

1 1
ux,) = >, —7 (6, = ) DJutx) + > —7 &, ~ )" DJulx + 6x, — x)) (3.58)

la|sm —° lal=m+1

where 0 < 6 < 1. Substituting (3.58) back to (3.57) yields

DIy jutx)) = E{E D b+ S (x; )Du(x+0(x,—x»}~DfN,<e,x,x,)

1eA |a|s”. |a|=m+1

= —D (x)(Z &, — x)*D"N,(0, x, x,))

lal<m &

1
+2 Y 7~ DG + 66, — x)DEN(e, X, %))

1€A |al=m+1

1
= 2 —Diu(x)als,; «byLemma 33

lafsm
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] ¥ (24
+ 1621 J ‘2 | o & —x)'Diux + 0x, — x))D N0, x,x,) (3.59)
Ajal=m+
If 342 is smooth enough, one can carefully choose a particle distribution and dilation parameter @ such that each
sub-domain supp{N,} N (2 is star-shaped with respect to x,, i.e. Vx € supp{N,} N 2,

x +6(x, —x) Esupp{N,} N 12 (3.60)

thus, the above expansion always make sense. It should be noted that this is a rather loose condition, which does
not require domain {2 to be convex.
It follows then
DY =DERL <2 Xk, xl

0.k
€A e =m+]

Dlu(x + 6x, — x))| - |DEN,(0. x, x,)| (3.61)

If x € supp{N,(0, x, x,)} then 3 r >0, such that |x, — x| < ro: therefore

|Df“ - Df‘%g{hul = 2 2 }a, —xfa|D:u(x + 6(x, *x))| IDfN/(Q’ X, xl,)l

Te \x) ai=m+1

<C, " " X X D ux + 6x, — x))| [DPN(o, x. x,) (3.62)
1€ Ax) fa|=m+1
where A@):={I € Alx € supp{N} N{2}.
By the Cauchy’s inequality, one will have the estimate,

lDfu-vahu)izC{ > ( > D;'u(x+H(x,~x))>2('DfN,(Q,x,x,))}~{ > Dfl\_’i(g,x,x,)} (3.63)

1€ 1(x) JE A(x)

la|=m+1

Let
.\’/
Zi=—", or gz, =—- (3.64)
0 0,
One has
D®Nfo,x,x,)= DNz x,)D’z (3.65)
where
phy = ((Z)” 821)”1. X\
* ax, X, ax,
=9,%0," 0, =0"" (3.66)
= D=0 (3.67)
Thereby
IDEN(0. x. x,)| < |DZz|DEN,G. x, )|
<o ‘IDIN( x,)| (3.68)

On the other hand, by the Leibniz rule

- . AV,
DfM(ZJ,)Z(E (5)02‘6&,2,)&‘3 y(z,-z))(*%); (3.69)
ysp >~ Q

Considering the stability condition (2.85), 4, <r"@", then

Ay,
(5"_) ~ (1) (3.70)
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and Cauchy’s inequality, we have

o~ 2 —_

DN x) = C\[ 2 [(fj)nz {ca z,)] 2 DI b ) (3.71)
y=p y<p

Since @(-) € C"({2), by Lemma 2.1, € € C"({2), and |D f ,2,)| is bounded over (2. Furthermore, from Lemma

2.1, one can observe that the correction function € is a function of ¢ at zero order, as ¢ — 0. Thus, D] €z, z,)

will be also a function of @ at zero order. Therefore, there exists a constant €, such that

€, = sup > [ €>D;"€]2<w (3.72)

xeNiea Y y=p

where €., is independent of @.
Hence, the derivatives of the shape function can be always bounded as follows:

IDPNz, x,) < C; | Plys 0, (3.73)

From the pointwise overlap condition (2.91), for fixed x,

card{AX)} <N, , (3.74)
then 3 I € A(x), the following pointwise estimate holds

DL — RG l* < a,ﬂ,nNiaxI@éV;(mrz‘"‘“)e“'"“‘“( 2 O°ulx + 6Gx, —x»f) (3.75)

lal=m+1

One can readily show that

ID2u = DERT iz < CopngoV ™™ Q"7 | 2 DU L (3.76)

lal=m+1

Then, we conclude that 30 < C <,

e — Rl ray < €™ Hlulymer, k=0,1,....m (3.77)
or

e — Rl gray < C@™ ' ltllymeg, k=0,1,....m O (3.78)

3.4. Interpolation estimate in Sobolev space
From theoretical perspective, the continuous version of the MLSRK representation is more fundamental than

its discrete counterpart. In this section, a Bramble—Hilbert type theorem is asserted for the MLSRK integral
approximation.

THEOREM 3.2. Assume that £ is a convex, compact region in R". V1<p <, (1/p)+(1 /q) =1, assume
WEC™ NW T (12) and ® ECTUD)NW D). Let

gi'gu(x) = L) u()H(y —x,x) df), (3.79)

for 0<k<=m, m>n/p, the following interpolation estimate holds

l” - %gulwg(m = ClQMHFk”¢“w§(n)l“|w;;'*'(n) (3.80)

or
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Juu — ‘%Z““w,‘,uz) = CszH/k”(p”Wﬁ”’”uHW;"I‘”’ 381

Before we prove Theorem 3.2, few lemmas are needed. However these lemmas are the continuous counterparts
of Lemmas 3.2 and 3.3. The proofs of following Lemmas are omitted, because they are similar to the proofs of
Lemmas 3.2 and 3.3.

LEMMA 3.4. The MLSRK approximation, generated by the complete m-order, {-component polynomial basis
vector P(y —x)/0:=[P,, P>..... P}y — x)/ 0, has the properties

f %)X (y —xx)df), =5, VO<|a|<m (3.82)
Q ¢ :
or equivalently,
f YOIy —x,x)dd) =x". (3.83)
Q

LEMMA 3.5 The derivatives of the MLSRK function generated by the complete m-order, {-component

polynomial satisfy the following conditions, ¥ 0 < |a|, || < m,
f (y —x)"Df%’Q(y ~x,x)df), = a!s,, (3.84)
2 :
or equivalently
f 5 a! o
!ly Dy H(y —x,x)dL), :mx (3.85)

PROOF [Theorem 3.2/. It suffices to show (3.80). By Taylor’s theorem, V f(x) € C"" ([0, 1]), one has

1 m+1) (!

D= 25 Oy, a0 ds (3.86)
(=0 ™ .

Assume {2 is convex. supp{?{o(y —x,x)} N {2 must be also convex; therefore Vs € [0, 1],

z=x+s(y —x) Esupp{H, (y —x. x)} N {2 (3.87)
Suppose u(x) € C" "' (22) MW" " '(£2). One can define the real function f(s) as

fs)i=ulx +s(y —x)) (3.88)

Then by the chain rule, it can be verified that

| |
ﬁf”"(s) = > 7 D ulx + s(y —xD(y — )" (3.89)

jat=k

Let s =1 in (3.88) and considering (3.86) and (3.89), it yields

1 (43 o (y _x)u (! m (¢4
uy)= 2 D uEy —x)+ 2 j (m+ Ds"D"u(y + s(x —y)) ds (3.90)
lal<m & P :
By definition,
%'gu(x) :f u(y)K (y —x,x)df2, . (3.91)
{2 -

then
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DX RTux) = L u(y)DE X (y — x,x)df2,

Substituting (3.90) into (3.92) yields

1
DR Gu) = L{ 2 o7 D)y — )"

ja|<m

— \* [l
+ 2 (m + I)QT‘xLJ; s"D%u(y + sx — y)) ds}Df%Q(y —x,x)d{2

Ja|=m+1

= 2 D;’u(x)(f %(y~x)"Df%(y—x,x)d.0y)

|n|$m

s (y" x)” U (m + 1)s"D"u(y + s(x — y))dS}Df%g(y’x’x)dny

2 gl=m+1

=2 Dju(x)8,, < By Lemma 3.5

|aj<m

o,

Let {:=x/p, »:=y/o and consider the fact that

la|=m+1

ly —x[<ro y,x&supp{¥,(y —x,x)}
VBl =k, 0<k<m, one has

|DPux) — D”%”’u(x)l<lf{ tin x) (f (m+ 1)s"Du(y + stx — )’))d5>

la|=m+1

DKy —x, x»} dn|

<EC, f {Z ly —x|* (J s"|D*u(y + s(x — y))dS)

latsm

~(DFH(n = £ OIDI¢h}d,

1
<C,., Q""" L { (L s"ID%u(y + s(x — y))| ds)
(DA~ £ O f a0
4 0 y

where H(n—& ) =61, n— & OH)P(n— 0).
Then, by Holder’s inequality

lal=m+1

IDEH(n— ¢ &)=

s{ygﬁ [( )DB *%]p}”p{ 2 wpor}
s (2, [ (G)ore] )" <4

we have

)(DB ’%’)(D’cp)l

Since

_(y_’?)_{J' (m+ 1Ds"D u(y+s(x—y))ds}fo)’[g(y—x,x)dﬂy

141

(3.92)

(3.93)

(3.94)

(3.95)

(3.96)

3.97)
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: "1
D) = Ryutxp < C,,p,, 0" 0" J { ( J (m + Ds"D"u(y + s(x —y)) ds)
) 10 0 /

a'=mt !

_ - ; ]
l > ;D‘;cp}"J‘ K ~,;} a0, (3.98)
Y

y=8

Consequently,
ID % utx) = R UGN s, = Jf DL = w|" 40,

]
<C,..,0"""" MJ {j ( 2 (j s"|DPuy + sx — y)) ds))
o ‘(!\ “(l\- ]u =m il 0

(/‘/J/“(_y Jnt,\'))(Z 'D?@V)l/‘/ d-()y}l) d.{)\
; y=B

e P
<C,,, """ L {(L Xorr )[ 2 Uﬁ s"[DPuly + st~y dsﬂ d.Qy)

af=m+ |

Py
(L (2 ID}(D|")Q”“’ d!l‘,) }d!.l‘

y<g
Wh J f (X )

WA H oy xx

0 g S, ol ¥

, . ,
( > (J s"IDu(y + s(x 'y)))l ds)) dsf2 da, (3.99)
for=mt | a

< Ck.m‘”.er(nH Lk H“(p'

where X, ., ., is the characteristic function of compact support of J (y — x,x), i.e. for fixed y,

1 Vx&Esuppl#. (y —x.x)}
= 0 3.100
Koty -xm {0 otherwise ( )
Making change of variable, for fixed y, we let
Z:=y+sx—y) (3.101)

then d{2 = s" df2, thus

“Df(u - ‘%Zu)“{“(!l) = (:(lx.nul,r‘('})Qmm+ b 7””@“&’2(!1\

1 P
X ([j s ds] Jr [ 2 Dfu@) f Xoryy—xx dnv] dnz) (3.102)
0 Q. Q2, e ’

fi=m e
If m>n/p,
DL = RN, iy < Coman @ V@Il 10 (3.103)
Hence, 30 < C < such that
lu = Gl < €™ NPy el o, (3.104)

and (3.81) follows readily. []
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4. Galerkin procedures and numerical example
4.1. Error estimation for elliptic partial differential equation

The interpolation estimate obtained in last section can be used to derive the abstract error bound for
approximate solutions obtained by using the moving least-square kemel Galerkin method. In fact, a better
convergence rate has been observed for the MLSRK method than that of the conventional finite element method.
This issue will be further explored in the Part II of this series [11]. To illustrate the general procedure, an error
estimate for elliptical partial differential equations is considered.

4.1.1. The Neumann problem

Since natural boundary condition problems require fewer restrictions on both trial functions and weighting
functions, it is convenient to consider the following model problem—a Neumann problem for the second-order
elliptic partial differential equation

Lwy=-Vu+u=fxy x€0 4.1
3
5':; —gx) xEIN (4.2)

where f, g are assumed to satisfy sufficient regularity requirements.
Let us start with the bilinear form a(u, v)

a(u, U)3=f (Vu-VW +u-v)df2 4.3)
[
It is obvious that a(u, v) is coercive on H,({2),

alu, u) = Nu”)qu(m = 7"““1‘(0) Yu€EH' () 4.4)

where 0 <y =< 1. Or we should say that a(u,v) isa H l(.(2)~elliptic form. It is also straightforward to show that
a(u, v) is continuous, i.e. 3 C >0 such that

a(t, 0) <l v *)

As a matter of fact, by Cauchy’s inequality

a(u, v) s\/ fn (Vu)* d2 \/ fn (W)* d2 +\/ J;) (u)’ d02 \/Tn )’ dQ
s(\/L (Vu)* d2 +\/ fn )’ d.(l) (\ﬁn (W)* d +\/ J ) d.())
n

= 2(””“;{'(0)"”“;11(0)) (4.6)

In the last step, the arithmetic-geometric inequality is used.
Then, by the Lax-Milgram theorem, the original problem (4.1)-(4.2) is equivalent to the following
variational formulation (weak form),

Find u € H'(£2) such that Vv € H'(02)

f (Vu-Vv+uv)d!)=J fvd.()+j gu daf2 @7
7] 0 a0

Let
V7 (2):=span{NT|l € A; supp{N7} N 2+ P} (4.8)

Here, the superscript m indicates that the shape function is constructed by the complete mth order polynomial.
Clearly, ¥7(2) C C"({2) C H'({2) provided that m = 1.
Then, we formulate the moving least-square kernel Galerkin problem [ as
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Find 4* € V7 ({2) such that V v* € ¥ ({2)
MLSRKG(I) j
(Vu
12

"-Vu9+u"v"_)d{)=f Sut d.{2+f gu*dof?
k2] afl

4.9)

For the moving least-square Galerkin solution 1" of (4.9), we have the following error estimate, which is based

on the celebrated Céa Lemma [22].

THEOREM 4.1. Let u € C" "' (2); if u is the solution of Newmann problem (4.1)-(4.2), and u® € V3(92) is the

solution of weak formulation (4.9), then 3 C,, C, >0 such that

”u - uv“H‘(.(l) = Cl QmHuJ H™ e

and

e “Q“L:(ﬂ) = UQW ]““”H"" 'udy

where the constants, C,. C,, do not depend on dilation parameter 9.

PROOF. We first show (4.10). Since v* € ¥7/({2) CH'(12)
a(u,v”)=f fUQd..()+f gut daf
2 adl

a(u®, v’) = f fodf2 + f gu’daf?
{2 itf2
Subtraction (4.13) from (4.12) yields
a(u —ut, v =0, Vv'e ‘V'::(.Q)
thus
e = ulli 0, = @t = u®, u = u®)
=al(u—u®), (u—v*) + ©° —u")
=a(u—u’,u—v+awu—u’,v—u")

=a(u—u",u—0v° v —ut € V)

<Clu —u®l, o llu =0y, & by continuity of a(u, v)

Thus, Vv* € 77 (),

”u - uQ”H Lg2) =C Ueeilr’lgm ) ”“ - UQ”H 3

— s J—
=C UQEI;E?(I“ "u v ”H'(!)»

Since v* is an arbitrary element in Vi (2), let

0 _ m
vt =R u

Note that u® # R, ,u! Consequently, by the interpolation estimate (3.53), we obtain

[jue = MQHH'(.()) < Cllu - %:.h“”H'(ﬂ'

= ClQm“““H""‘(!l)

(4.10)

4.1

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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Next, we show (4.11). The procedure is the standard duality technique known as Nitsche’s trick. Let ® = u — u®
and consider the following auxiliary problem,

Lw)=¢e* (4.19)
The corresponding weak solution satisfies

aw,v)=(",v), YvE V(D) (4.20)
Choosing v = e¢® and considering

a@® u—u®)=a@® e®) Vv*E V(D) 4.21)
one has

lell. 2y = atw, %) = a(w —v°, %) (4.22)

Let v° = w®. By Cauchy’s inequality, the above expression can be bounded as follows:
||e9||iz(m =aw — w®, u—u®
< Clw — wlgiolu —u®ly1o, <= by continuity of a(u, v)
< CC'elwllyz gl =410y & by (3.53)
On the other hand, the continuous dependence of the solution on the data requires
Wlz) < Cleflliza) (4.23)
Thus,
le®l2.0, < CC’C"elle N2l = ulli1ay (4.24)
which finally leads to
e = “g”u(m <CC'Collu - uQ"H'(!)) = CoQMHH“HH"'“(n) 0 (4.25)

In most numerical computations, the interpolated function f°%(x), g%x) are used instead of exact input data
function f{x) and g(x). Generally speaking, the moving least-square Galerkin methods adopted are usually
‘non-interpolation’ schemes; this makes the numerical computation extremely intriguing. In the actual
computations, the following scheme is implemented:

fx):= %g,hf(x) x€E (4.26)
g°®) = R",5x) xE 0 4.27)
where function gix)E H l(—.F)) N C'(2) or even more smooth, such that

g, x €41
continuous function; x € (2

400y i= { (4.28)

In this manner, the so-called moving least-square kernel Galerkin method is based on the following variational
formulation

Find u® € 77, (£2) such that V v°* € V7 ({2)

MLSRKG(II): 4.29
b J (Vu®Ww? + u®v®) d.()=f fev® d.(l+f g%v%dan (4-29)
n 7] an
REMARK 4.1. In (4.29), the expression [,, g°v® dof2 should be interpreted as
Ln g°%(0, ¥, x)v°(y,x,) dy (4.30)

where y € 002, x, €. .
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Based on the formulation MLSRKG(II) (4.29), we have the following error estimation.
THEOREM 4.2. Assume 042 is Lipschitz; the solution of (4.7) u(x) € C "”_'(.(2), and also the input data are

sufficiently smooth and regular f € C""'(2), g € C" " (34D = g € C"" ' (£2). The approximation error of the
solution of Neumann problem (4.1)-(4.2) based on formulation MLSRKG(II) (4.29) is bounded by

e = ¢l 5100, < €, 0" (4.31)

and

mtl

e — “ulllﬁ(!z) Y (4.32)

where the constants C,, C, do not depend on the dilation parameter 0.

Since the proof is standard and it is very similar to the proof of Theorem 4.1, we omit the detail here.

4.1.2. The Dirichlet problem
Here, let us consider the following model problem

~Viu+u=fx) x€ (4.33)
u=hx) x€af (4.34)

To solve this problem, the conventional finite element method is to minimize the functional

Ju) = f} (Vi) (V) + u - u] d2 — 2[ fudd? (4.35)
‘ 0

Unlike the finite element interpolating shape function, most moving least-square interpolant based trial functions
do not satisfy the essential boundary condition generally unless special care has been taken. Thus, the classical
technique cannot be legally used in the computation. An early alternative suggested by Belytschko et al. [4] is to
seek the stationary point of the following functional,

Ju, ’\):j” [(Vu) - (V) +u-u]d.(242)lj (u —h)da!)—zL fudfl, (4.36)

e
by using the Lagrangian multiplier method.

The physical meaning of the Lagrangian multiplier in this case is the boundary flux [23]; if we solve the
elastostatic problem, the Lagrangian multiplier would be the boundary traction. In contrast to the finite element
shape function, the interior particles, in a MLSRK interpolating field, have non-trivial contribution to the
boundary flux, specifically, V x € 042,

NP

Ax) =, pN(e.x.x,) x,E (4.37)
=1

Thereby, we are basically dealing with a typical mixed problem here. It is well known that the mixed algorithm
is not always stable unless additional restrictions are imposed on its weighting function space, or trial function
space [23].

It has been discovered recently that the correction function can actually enforce the shape function to fulfill
the essential boundary condition by carefully choosing the dilation parameters.

Technically speaking, at least in one dimensional problem, it is possible to construct a finite-dimensional trial
function space, %7, such that
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U € UTQ) (438)
U5 (42):= span{N7 |supp{N7} N 2 # §; N,(x,) = §,,, YV x, € 3.2} (4.39)

In terms of weighting function, one can show that it is feasible to construct a finite-dimensional weighting
function space,

W o(2) := span{N7 |supp{N7'} N 2 # §; N,(x) =0, V x € 302} (4.40)

where W, C U7 . For one-dimensional problems, two pictorial examples of such finite-dimensional trial
function basis are shown in Figs. 10 and 11. Some other examples of such finite-dimensional spaces may be
constructed by proper choice of dilation parameter.

The family of shape functions in Fig. 10" are constructed based on cubic spline window function with linear
generating polynomial, and the family of shape functions in Fig. 11 are constructed based on the fifth-order
spline window function with quadratic generating polynomial. In both cases, the particle distributions are
uniform. The group of shape functions in Fig. 10 have the support radius r@ = 2 Ax; for those shape functions in
Fig. 11, the support radius is r@ = 3 Ax. For the multiple dimensional problem, proper trial function basis or
weighting function basis can be devised with care. The significance of this finding is not just a happy ending, it
shows that the moving least-square kernel Galerkin method still preserves some essential advantages that the
traditional finite element method possesses.

By employing the classic variational technique, the moving least-square reproducing kernel Galerkin
formulation for Dirichlet problem (4.33) and (4.34) can be set as follows:

Find u® € 97 ({2) such that ¥ w® € W' ((£2)

MLSRKG(III): (4.41)

f} (Vu® - Wt +u®-w®dn =J fwed?
« 0

Following the same procedure in the last section, one can show that the following statement holds.

1 L} L L L T T T T

0.8t {
06} 1

‘-’| 0.4} L

p-4
0.2} _
b
_02 1 ' 1 L I bl P L .
0 01 ©02 03 04 05 06 07 08 09 1
X

Fig. 10. A finite-dimensional trial function basis that belongs to the space ¥ [0, 1].

" This example is discovered by Jeffrey Gosz, a graduate student at Northwestern University.
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A

06

04

N_i(X)

0.2

| NALAAAAA AN )

NAUARNAY

_0.2 1 A —_ L i 1 i e 1
0 0.1 02 03 0.4 0.5 0.6 0.7 08 0.9 1
X
Fig. 11. A finite-dimensional trial function basis that belongs to space ollf,[O, 1].

THEOREM 4.3. Let u € C™"'(02). If u is the solution of Dirichlet problem (4.33)—(4.34), and u® is the solution
of weak formulation (4.41), then 3 C such that

”“ - uQ“H'(!l)Cdl Qm”"”H'" i (4.42)

and

”“ - uQ”LZ(!)) = dOQ"'+IIIu|

7 a (4.43)

where the constants C,,, C,, do not depend on dilation parameter .

The above nice finite-dimensional trial function subspace can be constructed for nonuniform particle
distribution. On the other hand, it has been found recently that one can always construct the following
finite-dimensional shape function basis for highly irregular particle distribution with special care,

‘7/”: := span{N7 |supp{N] N 2#), N,(x) =0 Vx, € (2 and x € 342} (4.44)

This is good enough to handle the general Dirichlet problem. Following Hughes [24], we can define a new
function,

h(x), x €3

Oy —

a continuous function x € 2 (445)
such that the trial solution can be chosen as

ut=vt A (4.46)

where v° € <7/"/‘:(.()).
Therefore, for general multi-dimensional problem, we can have the following Bubnov—Galerkin formulation
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Given f(x), find u® =v°® + h®,

where v € ‘7}':(.0), such that Yw® € ‘7}';(!2)

MLSRKG(IV): (4.47)

f (W W +0v%-w%dN = fn (fw® —Vh® — h®-W?-w?)dn
0

The proof of convergence of above algorithm is almost the same as the proofs in the last section.

4.2. Numerical example

There are many problems which have been tested and solved by using the moving least-square kernel
Galerkin method. In order to compare with other numerical algorithms, here, a special benchmark problem is
tested. This problem was originally proposed by Rachford and Wheeler [25] to test the convergence property of
the H '-Galerkin method, and was used again by Babuska et al. [26] to test the mixed-hybrid finite element
method. It is a two point boundary value problem,

—u_+u=fx) x&(,1
{u«);; u(1) A (4.48)
where
20(1 + (1 ~X)(x —x
o= ((1 + ag(x —3:;2)2 >
+ (1 — x)(arctan(a(x —Xx)) + arctan(ax)) (4.49)
The exact solution of Eq. (4.48) is
u(x) = (1 — x)(arctan(a(x —x)) + arctan(ax)) (4.50)

According to the designed feature, the solution (4.50) changes its roughness as the parameter o varies. When «
is relatively small, the solution (4.50) is smooth; as a becomes large, there will be a sharp knee arising close to
the location x =x. Thus, it provides quite a challenging test for numerical computations.

Following the choice of Babuska et al. [26], the two representative parameter groups chosen are as follows:

. Ja=50

the smooth solution: {)—c -0 (4.51)
. Ja=500

the rough solution: {} =040 (4.52)

In Fig. 12, the exact solutions—both smooth and rough are plotted in comparison with numerical results. One
can see that the numerical solutions agree with exact solutions fairly well in both cases—the smooth solution as
well as the rough solution. In Fig. 13, the comparison between exact solution and numerical solution is made for
the first-order derivatives. As mentioned above, two types of shape functions have been used in numerical
computation: the shape functions generated by cubic spline window function and those generatedf by fifth-order
spline window function, i.e. the shape function families shown in both Figs. 10 and 11. The computation is
carried out for four different particle distributions: 11 particles, 21 particles, 41 particles and 81 particles. The
results shown in Figs. 12 and 13 is obtained by using the first group of shape function with 41 particles
uniformly distributed in the domain.

Based on numerical results, the convergence rate of the algorithm is also shown with respect to different
norms: L, norm, H, norm, and |- | ., norm. For the shape functions generated by cubic spline window function,
the corresponding convergence results are plotted in both Figs. 14 and 15, and the convergence results for the
shape function based on fifth order spline window function are displayed in Figs. 16 and 17.

As mentioned above, the shape function family in Fig. 10 is generated by linear polynomials, i.e. m = 1, and
the shape function family in Fig. 11 is generated by quadratic polynomials, i.e. m = 2. Based on Theorem 4.42,
the convergence rates with respect to L, norm are 2 and 3, respectively. The numerical results in Figs. 14—17
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Fig. 13. The derivatives of exact solutions and numerical solutions.

show that the numerical computation is doing far better than the estimate. Nevertheless, when the particle
density increases, the theoretical bound will become evident. On the other hand, one may observe that there
seems to be a tendency that H, error norm converges almost as fast as the L, error norm.

One may also notice an interesting fact that both L, norm and H, norm have faster convergence rate than that
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Fig. 14. The convergence rate for the smooth problem, @ = 5.0, x = 0.2, for shape functions with basis of linear polynomial.
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Fig. 15. The convergence rate for the rough problem, & = 5.0, x = 0.2, for shape functions with basis of linear polynomial.

of the maximum norm, which is totally in contrast with the conventional finite element method; the regular finite
element method has an opposite tendency that maximum norm always have a faster convergence rate than H
norms.
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Fig. 16. The convergence rate for the smooth problem. a =50.0, ¥ = 0.4, while using shape functions with the base of quadratic
polynomial.
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Fig. 17. The convergence rate for the rough problem, a = 50.0, X = 0.4, while using shape functions with base of quadratic polynomial.
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S. Closure

After Nayroles et al. [3], Belytschko et al. [4] and Liu et al. [6] applied and modified the moving least-square
approximation, a class of meshless methods have emerged with a completely different outlook. This is
particularly evident after the connection between the reproducing kernel particle method and spectral analysis
was made [7]. The use of moments, dilation parameter, and spline window function, . . ., etc. show its affinity to
spectral method and, in particular, the wavelet method.

In this paper, a formal documentation of the MLSRK method has been presented. The analysis has shown that
the numerical solutions obtained by using this method will converge as the dilation parameter ¢ approaches to
zero. This is also confirmed by various numerical experiments conducted in Northwestern University in the last
three years.

There are several points that we would like to reiterate. First, the MLSRK method builds a bridge between the
traditional interpolation method and the spectral method; that is very desirable for the next generation of finite
element methods. Second, by using moving least-square interpolant, higher-order conforming shape functions,
such as u® € C*(2) or higher, can be easily constructed, which is difficult to realize by using the regular finite
element method. This could have a direct impact on computational structural mechanics, such as numerical
simulations of plates and shells. In addition, as we hope, the complete avoidance of ‘variational crimes’ may be
possible. Third, as a meshless or semi-meshless method, a tremendous work reduction has been achieved in
mesh data preparation. This is a significant advance for numerical computations that involve complex
geometrical objects and mesh refinement and adaptivity procedures. However, the tradeoff is that there is also an
increase of computer time to generate and evaluate these shape functions. How to balance this tradeoff still
remains an issue of future research, which is crucial for this method to gain its popularity.

From our perspective, up to this point, the MLSRK method is not yet a mature numerical tool. There is still
much room for improvement so that the method can fit various computational tasks. Nevertheless, whatever the
modification might be, the key issue is to increase the computation efficiency. If this problem can be properly
handled without losing its original technical merits, there is no doubt that the meshless methods could become
powerful numerical tools.
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