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Abstract

An analysis is presented for transient response of a mode-III interfacial crack propagating between two dissimilar pie-
zoelectric half spaces. The dynamic fracture toughness of a piezoelectric interface is examined, which is a central issue relat-
ed to the interface strength of multi-layered sensors and ferroelectric thin film devices.

For the mode-III crack propagation in piezoelectric materials, an electro-acoustic surface wave, the Bleustein–Gulyaev
wave, controls the crack propagation speed. It is shown that the propagation of an interfacial crack in piezoelectric media
may excite an interfacial electro-acoustic surface wave, the Maerfeld–Tournois wave, which is fundamentally different from
the mode-III interfacial crack propagation in purely elastic media. Moreover, it has been discovered that the existence of the
Maerfeld–Tournois wave may play a significant role in determining the dynamic fracture toughness for piezoelectric
composites.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

One of the challenging problems in dynamic fracture of piezoelectric media is the problem of interfacial crack
propagation in dissimilar piezoelectric media. Much of the current research efforts has focused on static and non-
linear fracture behaviors. Only few of them consider dynamic effects. Among the few contributions to dynamic
fracture mechanics of piezoelectric materials, we would like to mention Shindo and Ozawa [31], Dascalu and
Maugin [7], Li and Mataga [19,20], Narita and Shindo [22], Li [16,17], and more recently Ing and Wang [14].

Recently, Ru et al. [30,29,27,28] have systematically examined electrode–ceramic interfacial cracks. To the
best of the authors’ knowledge, the transient behaviors of dynamic electrode–ceramic interfacial crack prop-
agation have never been examined before. Interfacial crack propagation between two dissimilar piezoelectric
materials may excite several SH surface waves, e.g., Bleustein–Gulyaev waves in both media, and an interfacial
electro-acoustic surface wave – Maerfeld–Tournois (MT) wave [21]. How the presence of these surface waves
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affect the interfacial crack propagation is an open problem. It is of fundamental importance in establishing a
rational physical theory to estimate dynamic fracture toughness of piezoelectric materials.

The presentation of the paper is organized as follows: we first set up the mixed initial boundary problem in
Section 2; Section 3 presents the fundamental solution of the dynamic fracture problem in Laplace transform
space; in Section 4, the fundamental solution in physical space is derived; and in Section 5, some immediate
consequences of the obtained solution are discussed.

2. Formulation of the problem

For the mode-III crack propagation problem considered in this paper, the relevant electromechanical
couplings are between the anti-plane displacement and the in-plane electric field. They can be expressed as:
u ¼ ð0; 0;wðX ; Y ; tÞÞ; ð1Þ

E ¼ � o/
oX

;� o/
oY

; 0

� �
. ð2Þ
Introduce a pseudo-electric potential function
w ¼ /� e15

�11

Cf w; ð3Þ
where Cf :¼ c2
‘=ðc2

‘ � c2
aÞ, c‘ := (�11l0)�1/2, ca :¼

ffiffiffiffiffiffiffiffiffiffiffi
�c44=q

p
, and �c44 :¼ cE

44 þ e2
15=�11.

Following Li [15], we can derive a system of decoupled wave equations:
o2

oX 2
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oY 2
� 1

c2
a
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w ¼ 0; ð4Þ
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w ¼ 0. ð5Þ
We employ the so-called ‘‘quasi-hyperbolic’’ approximation, which neglects the rotational electric field but
maintains the hyperbolicity of the problem to simplify the governing equations. Readers are referred to [16,32]
for further details on the quasi-hyperbolic approximation. Under the quasi-hyperbolic approximation, the rel-
evant constitutive equations are:
rxz ¼ ~c44

ow
oX
þ e15

ow
oX

; ð6Þ

ryz ¼ ~c44

ow
oY
þ e15

ow
oY

; ð7Þ

DX ¼ e15ð1� Cf Þ
ow
oX
� �11

ow
oX

; ð8Þ

DY ¼ e15ð1� Cf Þ
ow
oY
� �11

ow
oY

; ð9Þ
where ~c44 :¼ �c44½1� ð1� Cf Þðe2
15=�c44�11Þ�.

2.1. Semi-infinite moving crack

Consider a semi-infinite crack located at Y = 0, X < 0, along an interface between two welded dissimilar
piezoelectric half spaces (Fig. 1). It is assumed that the crack is in a state of static equilibrium when t < 0,
and its leading edge is parallel to the poling direction of the piezoelectric body. At t = 0+, a pair of concen-
trated longitudinal shear forces are applied on the surfaces of the pre-existing semi-infinite crack, and the
crack is assumed to propagate at a constant speed v.

In the mode-III crack model considered here, it is expected that several different surface waves can influence
the dynamic fracture behavior: the Bleustein–Gulyaev (BG) wave for each of the medium [3,13], the Maerfeld–



Fig. 1. A running crack subjected to concentrated point load.
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Tournois (MT) wave [21], and the shear wave (see also [32]). The complex interaction between all these waves
is unseen in any previous dynamic mode-III crack models. The only other dynamic crack model that has such
rich behavior is the mode-I semi-infinite interfacial crack in purely elastic materials considered by Brock [4].
In that model, the dynamic fracture behavior is dictated by four different waves: two Rayleigh waves, the
Stoneley wave, and the p-wave.

For dynamic fracture problems, it is usually convenient to study the crack propagation in a moving
coordinate system (x,y,z), with
x ¼ X � vt; y ¼ Y ; z ¼ Z. ð10Þ

We define the following nondimensional parameters:
sa :¼ ð1� v2=c2
aÞ

1=2
; ð11Þ

sl :¼ ð1� v2=c2
l Þ

1=2. ð12Þ

By making use of (10), the equations of motion in the moving coordinate system are cast into the form:
s2
a

o
2w

ox2
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2w
oy2
þ 2v
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a

o
2w

oxot
� 1

c2
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2w
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s2
l

o2w
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þ o2w

oy2
þ 2v

c2
l

o2w
oxot
� 1

c2
l

o2w
ot2
¼ 0.

ð13Þ
Without loss of generality, we assume in the rest of the discussion that the acoustic speed in the lower half
space c0a is the slowest among the four wave speeds, ca, c0a, cl, and c0l, where the quantities with prime ( 0) denotes
those of the lower piezoelectric half space as shown in Fig. 1.

At infinity, the acoustic displacement and the light wave potential are assumed to vanish:
wðx; y; tÞ ¼ 0

wðx; y; tÞ ¼ 0

�
y !1; ð14Þ

w0ðx; y; tÞ ¼ 0

w0ðx; y; tÞ ¼ 0

�
y ! �1. ð15Þ
To find the solution under general loading conditions, we first consider the fundamental solution of tran-
sient crack propagation, i.e., crack propagation under a concentrated load acting on the crack surface, so that
the following mechanical boundary conditions are imposed:
ryzðx; 0; tÞ ¼ r0yzðx; 0; tÞ ¼ �dðxþ vtÞHðtÞ; x < 0; ð16aÞ
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wðx; 0; tÞ ¼ w0ðx; 0; tÞ; x P 0. ð16bÞ

The second equation stems from the continuity condition of the displacement at the interface.

In this paper, we have adopted the conducting crack model, in which the crack surface is assumed to be
covered with a thin metal film with infinite conductivity. This is equivalent to assuming that the crack surfaces
are coated with an infinitesimally thin, perfectly conducting film that is grounded, i.e.
/ðx; 0; tÞ ¼ /0ðx; 0; tÞ ¼ 0; �1 < x <1. ð17Þ

The full set of boundary conditions considered in this paper can be summarized as:
ryzðx; 0; tÞ ¼ r0yzðx; 0; tÞ ¼ �dðxþ vtÞHðtÞ; x < 0; ð18Þ
wðx; 0; tÞ ¼ w0ðx; 0; tÞ; x P 0; ð19Þ
/ðx; 0; tÞ ¼ /0ðx; 0; tÞ ¼ 0; �1 < x <1; ð20Þ
with quiescent initial conditions:
wðx; y; 0Þ ¼ w0ðx; y; 0Þ ¼ 0; _wðx; y; 0Þ ¼ _w0ðx; y; 0Þ ¼ 0; ð21Þ
wðx; y; 0Þ ¼ w0ðx; y; 0Þ ¼ 0; _wðx; y; 0Þ ¼ _w0ðx; y; 0Þ ¼ 0. ð22Þ
3. Integral equation solutions

3.1. Solution procedures

The standard procedure of multiple Laplace transforms is employed to seek the solution of the above mixed
initial boundary value problem. The multiple transforms are introduced for the variable pair (x, t). To sup-
press the time variable t, the usual, one-sided Laplace transform is applied:
f �ðx; y; pÞ ¼
Z 1

0

f ðx; y; tÞ expð�ptÞdt; ð23Þ

f ðx; y; tÞ ¼ 1

2pi

Z
Br1

f �ðx; y; pÞ expðptÞdp; ð24Þ
where the inversion integration is taken over the usual Bromwich path.
To suppress the spatial variable x, the two-sided Laplace transform is used:
f̂ �ðf; y; pÞ ¼
Z 1

�1
f �ðx; y; pÞ expð�pfxÞdx; ð25Þ

f �ðx; y; pÞ ¼ p
2pi

Z
Br2

f̂ �ðf; y; pÞ expðpfxÞdf. ð26Þ
After transformation, the governing equations (4) and (5) become:
d2

dy2 � p2 1
c2

a
� 2 v

c2
a
f� s2

af
2

� �h i
ŵ�ðf; y; pÞ ¼ 0

d2

dy2 � p2 1
c2

l
� 2 v

c2
l
f� s2

l f
2

� �h i
ŵ�ðf; y; pÞ ¼ 0

9>=
>;y > 0; ð27Þ

d2

dy2 � p2 1

c0a
2 � 2 v

c0a
2 f� s0a

2f2
� �h i

ŵ0�ðf; y; pÞ ¼ 0

d2

dy2 � p2 1

c0l
2 � 2 v

c0l
2 f� s0l

2f2

� �� 	
ŵ0�ðf; y; pÞ ¼ 0

9>=
>;y < 0. ð28Þ
To satisfy the boundary conditions at infinity, we choose the solution of the following form:
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ŵ�ðf; y; pÞ ¼ 1
p2 AðfÞ expð�payÞ

ŵ�ðf; y; pÞ ¼ 1
p2 BðfÞ expð�pbyÞ

)
y > 0; ð29Þ

ŵ0�ðf; y; pÞ ¼ � 1
p2 A0ðfÞ expðpa0yÞ

ŵ0�ðf; y; pÞ ¼ � 1
p2 B0ðfÞ expðpb0yÞ

9=
;y < 0. ð30Þ
The coefficient functions a, b, a 0, and b 0 are written as:
aðfÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c2
a

� 2vf
c2

a

� s2
af

2

s
¼ sa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fþ 1

ca � v

� �
1

ca þ v
� f

� �s
; ð31Þ

bðfÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c2
l

� 2vf
c2

l

� s2
l f

2

s
¼ sl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fþ 1

cl � v

� �
1

cl þ v
� f

� �s
; ð32Þ

a0ðfÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c0a
2
� 2vf

c0a
2
� s0a

2f2

s
¼ s0a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fþ 1

c0a � v

� �
1

c0a þ v
� f

� �s
; ð33Þ

b0ðfÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

c0l
2
� 2vf

c0l
2
� s0l

2f2

s
¼ s0l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fþ 1

c0l � v

� �
1

c0l þ v
� f

� �s
. ð34Þ
Substituting the solutions (29), (30) into the transformed electrical boundary condition Eq. (20), one finds
that
BðfÞ ¼ � e15

�11

Cf AðfÞ and B0ðfÞ ¼ � e015

�011

C0f A0ðfÞ. ð35Þ
Now, the displacement and the light wave potential in y > 0 can be expressed in terms of a single unknown
function A (f):
w�ðx; y; pÞ ¼ 1

2pip

Z faþi1

fa�i1
AðfÞ exp½�pðay � fxÞ�df; ð36Þ

w�ðx; y; pÞ ¼ � e15Cf

2pip�11

Z fbþi1

fb�i1
AðfÞ exp½�pðby � fxÞ�df. ð37Þ
3.2. The Wiener–Hopf decomposition

We use the Wiener–Hopf decomposition technique to find the solution in transformed space. To apply the
Wiener–Hopf technique, it is expedient to expand the mechanical boundary conditions over the full range of
the x-axis. This can be done by introducing two unknown functions:
rþðx; tÞ :¼
ryzðx; 0; tÞ ¼ r0yzðx; 0; tÞ; x P 0;

0; x < 0;



ð38Þ

Dw�ðx; tÞ :¼
0; x P 0;

wðx; 0; tÞ � w0ðx; 0; tÞ; x < 0;



ð39Þ
such that:
ryzðx; 0; tÞ ¼ r0yzðx; 0; tÞ ¼ rþðx; tÞ � dðxþ vtÞHðtÞ; �1 < x <1; ð40Þ
wðx; 0; tÞ � w0ðx; 0; tÞ ¼ Dw�ðx; tÞ þ 0; �1 < x <1. ð41Þ
After suppressing both x and t:
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r̂�yzðf; 0; pÞ ¼ r̂0�yzðf; 0; pÞ ¼
RþðfÞ

p
þ 1

pv
1

ðf� 1=vÞ ; ð42Þ

ŵ�ðf; 0; pÞ � ŵ0�ðf; 0; pÞ ¼ DU�ðfÞ
p2

; ð43Þ
where:
RþðfÞ :¼ p
Z 1

0

r�þðx; pÞ expð�pfxÞdx; ð44Þ

DU�ðfÞ :¼ p2

Z 0

�1
Dw��ðx; pÞ expð�pfxÞdx. ð45Þ
On the other hand, substituting (29), (30), and (35) into the transformed constitutive equations for the stresses
ryz and r0yz, one obtains
AðfÞ ¼ � p
DðfÞ r̂

�
yzðf; 0; pÞ and A0ðfÞ ¼ � p

D0ðfÞ r̂
0�
yzðf; 0; pÞ; ð46Þ
where
DðfÞ ¼ ~c44ðaðfÞ � ~k2
ebðfÞÞ and D0ðfÞ ¼ ~c044ða0ðfÞ � ~k02e b0ðfÞÞ; ð47Þ
are recognized as the Bleustein–Gulyaev wave functions [3,13] modified by the prescribed velocity v for the
upper and lower piezoelectric half spaces, respectively. ~k2

e and ~k02e are the electro-mechanical coupling
coefficients
~k2
e :¼ e2

15

�11~c44

Cf and ~k02e :¼ e015
2

�011~c
0
44

C0f . ð48Þ
Substituting (29), (30), and (46) into the displacement boundary condition (43) leads to the standard
Wiener–Hopf equation
RþðfÞ þ
1

vðf� 1=vÞ ¼ KðfÞDU�ðfÞ ð49Þ
with
KðfÞ :¼ �DðfÞD0ðfÞ
MðfÞ ; ð50Þ
where
MðfÞ :¼ DðfÞ þ D0ðfÞ; ð51Þ

is recognized as the Maerfeld–Tournois wave function modified by the prescribed propagating velocity v [21].

The key to solving the Wiener–Hopf equation (49) is to factorize K (f) into sectionally analytic functions in
the left and right half complex-f planes, respectively.

Define the Bleustein–Gulyaev wave speeds for upper and lower half spaces, respectively
cbg :¼ ca

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~Cf ð1� ~k4

eÞ
q

and c0bg :¼ c0a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~C0f ð1� ~k04e

q
Þ; ð52Þ
where
~Cf :¼ c2
l

c2
l � ~k4

ec2
a

and ~C0f :¼ c02l
c02l � ~k04e c02a

. ð53Þ
The product decomposition of Bleustein–Gulyaev function is given by Li and Mataga [19] or in [16]:
DðfÞ ¼ ð1=ðcbg � vÞ þ fÞð1=ðcbg þ vÞ � fÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=ðca � vÞ þ fÞð1=ðca þ vÞ � fÞ

p T þðfÞT �ðfÞDsðvÞ; ð54Þ
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D0ðfÞ ¼
ð1=ðc0bg � vÞ þ fÞð1=ðc0bg þ vÞ � fÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=ðc0a � vÞ þ fÞð1=ðc0a þ vÞ � fÞ

p T 0þðfÞT
0
�ðfÞD0sðvÞ; ð55Þ
where
DsðvÞ :¼ ~c44ðsa � ~k2
eslÞ and D0sðvÞ :¼ ~c044ðs0a � ~k02e s0lÞ ð56Þ
and
T �ðfÞ :¼ exp � 1

p

Z 1=ðca�vÞ

1=ðcl�vÞ
arctan

IðDð�gÞÞ
RðDð�gÞÞ

� 	
dg

g� f

( )
;

T 0�ðfÞ :¼ exp � 1

p

Z 1=ðc0a�vÞ

1=ðc0l�vÞ
arctan

IðD0ð�gÞÞ
RðD0ð�gÞÞ

� 	
dg

g� f

( )
.

ð57Þ
The Maerfeld–Tournois wave exists if there exists a real root v to the following Maerfeld–Tournois wave
equation:
DsðvÞ þ D0sðvÞ ¼ 0; ð58Þ

where Ds (v) and D0sðvÞ are Bleustein–Gulyaev wave functions defined in (56). The real root v = cmt that satisfies
(58) is called the Maerfeld–Tournois (MT) wave speed.

Define c as follows:
c :¼
cmt if the Maerfeldwave exists,

c0a; otherwise.



ð59Þ
It can be shown that the Maerfeld–Tournois wave function, M (f), can be factorized as products of sectionally
analytic functions
MðfÞ ¼ ð1=ðc� vÞ þ fÞð1=ðcþ vÞ � fÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=ðc0a � vÞ þ fÞð1=ðc0a þ vÞ � fÞ

p SþðfÞS�ðfÞ � ðDsðvÞ þ D0sðvÞÞ; ð60Þ
where
S�ðfÞ :¼ exp � 1

p

Z 1=ðcmin�vÞ

1=ðcmax�vÞ
arctan

IðMð�gÞÞ
RðMð�gÞÞ

� 	
dg

g� f

( )
; ð61Þ
where cmax and cmin are, respectively, the maximum and minimum of the four wave speeds, ca, c0a, cl, and c0l.
The product factorization of M (f) is quite different from those of D (f) and D 0 (f), because it depends on the
existence of the Maerfeld–Tournois wave.

We now can solve the Wiener–Hopf equation (49). First, define
QðvÞ :¼ DsðvÞD0sðvÞ
DsðvÞ þ D0sðvÞ

; F þðfÞ :¼
T þðfÞT 0þðfÞ

SþðfÞ
; and F �ðfÞ :¼ T �ðfÞT 0�ðfÞ

S�ðfÞ
ð62Þ
and
GþðfÞ :¼ 1

F þðfÞ
ð1=ðc� vÞ þ fÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=ðca � vÞ þ fÞ

p
ð1=ðcbg � vÞ þ fÞð1=ðc0bg � vÞ þ fÞ . ð63Þ
Following the procedure in Noble [23], the solution to the Wiener–Hopf equation (49) is:
RþðfÞ ¼
1

vðf� 1=vÞ
Gþð1=vÞ

GþðfÞ
� 1

� �
; ð64Þ

DU�ðfÞ ¼ �
ð1=ðcþ vÞ � fÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=ðca þ vÞ � fÞ

p
vðf� 1=vÞð1=ðcbg þ vÞ � fÞð1=ðc0bg þ vÞ � fÞ �

Gþð1=vÞ
QðvÞF �ðfÞ

. ð65Þ
The functions A (f) and A 0 (f) are then obtained by substituting Eqs. (64), (65), and (43) into Eq. (46):
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AðfÞ ¼ � GþðfÞ
~c44ðaðfÞ � ~k2

ebðfÞÞvðf� 1=vÞGþðfÞ

¼ �
ðcbg � vÞðc0bg � vÞ

~c44ðaðfÞ � ~k2
ebðfÞÞvðf� 1=vÞcbgc0bgðc� vÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffi

vca

ca � v

r ð1=ðcbg � vÞ þ fÞð1=ðc0bg � vÞ þ fÞ
ð1=ðc� vÞ þ fÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=ðca � vÞ þ fÞ

p
� F þðfÞ

F þð1=vÞ ; ð66Þ

A0ðfÞ ¼ � Gþð1=vÞ
~c044ða0ðfÞ � ~k02e b0ðfÞÞvðf� 1=vÞGþðfÞ

¼ �
cðcbg � vÞðc0bg � vÞ

~c044ða0ðfÞ � ~k02e b0ðfÞÞvðf� 1=vÞcbgc0bgðc� vÞ
�
ffiffiffiffiffiffiffiffiffiffiffiffi

vca

ca � v

r ð1=ðcbg � vÞ þ fÞð1=ðc0bg � vÞ þ fÞ
ð1=ðc� vÞ þ fÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=ðca � vÞ þ fÞ

p
� F þðfÞ

F þð1=vÞ . ð67Þ
The functions B (f) and B 0 (f) are then obtained by Eq. (35).

4. Solutions in the physical domain

Having carried out the Wiener–Hopf decomposition, we are now in a position to invert the integrals in Eqs.
(36) and (37) to obtain the explicit solution in the physical domain. This inversion can be done by using the
Cagniard-de Hoop scheme [5,8].

4.1. The Cagniard–de Hoop procedure

We proceed by replacing the original Bromwich path by a deformed Cagniard contour such that the one-
sided Laplace transform can be obtained by inspection. We seek particular contours in the f-plane (see Fig. 2)
along which the exponentials in each integral of Eqs. (36) and (37) take the form exp(�pt). To achieve this, we
let
aðfÞy � fx ¼ t. ð68Þ

Then the first set of deformed paths are obtained as
Fig. 2. Cagniard–de Hoop contours in f-plane.
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fa� ¼
1

x2 þ s2
ay2

� txþ v
c2

a

y2

� �
� iy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

at2 � 2v
c2

a

xt � r2

c2
a

s !
; ð69Þ
where r2 = x2 + y2.
The inversion path fa± intercepts the Re(f) axis at the location
fai ¼ �
1

s2
a ca

v
ca
þ xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ s2
ay2

p
" #

at ta ¼
1

s2
a

vx
c2

a

þ 1

ca

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ s2

ay2

q� 	
. ð70Þ
It can be verified that
�1

ca � v
< fai <

1

ca þ v
. ð71Þ
As shown in Fig. 2, the contour fa± may intercept the Re(f) axis through the branch cut. Therefore, for fa±,
a supplemental contour fta may be needed consisting of two straight segments and a circle of radius d (d! 0)
centered at the end of the branch cut at f = �1/(cl � v). The two segments are represented by
fta� ¼
1

x2 þ s2
ay2

� xt þ v
c2

a

y2

� �
þ y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2vxt
c2

a

þ r2

c2
a

� s2
at2

s !
� id. ð72Þ
for the following range of t:
ta0 6 t 6 ta; ð73Þ

where:
ta0 ¼
x

cl � v
þ y

caðcl � vÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2

l � c2
a

q
ð74Þ
for
fðta0Þ ¼ �
1

cl � v
. ð75Þ
Similarly, for the second set of deformed paths, let
bðfÞy � fx ¼ t. ð76Þ

Then the second set of deformed paths is obtained as
fb� ¼
1

x2 þ s2
l y2

� txþ v
c2

l

y2

� �
� iy

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2

l t2 � 2v
c2

l

xt � r2

c2
l

s !
. ð77Þ
The inversion path fb± intercepts the Re(f) axis at the location
fbi ¼ �
1

s2
l cl

v
cl
þ xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ s2
l y2

p
" #

at tb ¼
1

s2
l

vx
c2

l

þ 1

cl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ s2

l y2

q� 	
; ð78Þ
where
�1

cl � v
< fbi <

1

cl þ v
. ð79Þ
As shown in Fig. 2, the contour fb± always avoids the branch cut, and so there is no need to deform the
integration path as in the case for fa±.

For the third and forth set of integration paths, let
�a0ðfÞy � fx ¼ t ð80Þ
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and
�b0ðfÞy � fx ¼ t; ð81Þ

respectively. The procedure is identical to the first and second sets of integration paths and will not be present-
ed here.

As a result of the foregoing manipulations, the closed form solutions can be found directly from the inver-
sion integrals along the Cagniard contours for y > 0:
wðx; y; tÞ ¼ 1

p

Z t

ta

Im AðfaþðsÞÞ
ofaþðsÞ

os

� 	
ds; ð82Þ

wðx; y; tÞ ¼ � 1

p
e15

�11

C0f

Z t

tb

Im AðfbþðsÞÞ
ofbþðsÞ

os

� 	
ds; ð83Þ

rxzðx; y; tÞ ¼
~c44

p
Hðt � taÞIm faþAðfaþÞ

ofaþ

ot

� 	
� ~k2

eHðt � tbÞIm fbþAðfbþÞ
ofbþ

ot

� 	� �
; ð84Þ

ryzðx; y; tÞ ¼ �
~c44

p
Hðt � taÞIm aðfaþÞAðfaþÞ

ofaþ

ot

� 	
� ~k2

eHðt � tbÞIm bðfbþÞAðfbþÞ
ofbþ

ot

� 	� �
; ð85Þ

Dxðx; y; tÞ ¼
e15ð1� Cf Þ

p
Hðt � taÞIm faþAðfaþÞ

ofaþ

ot

� 	
� e15

p
Hðt � tbÞIm fbþAðfbþÞ

ofbþ

ot

� 	
; ð86Þ

Dyðx; y; tÞ ¼ �
e15ð1� Cf Þ

p
Hðt � taÞIm aðfaþÞAðfaþÞ

ofaþ

ot

� 	
þ e15

p
Hðt � tbÞIm bðfbþÞAðfbþÞ

ofbþ

ot

� 	
. ð87Þ
Similarly, for y < 0, the closed form solutions are obtained:
w0ðx; y; tÞ ¼ � 1

p

Z t

ta0

Im A0ðfa0þðsÞÞ
ofa0þðsÞ

os

� 	
ds; ð88Þ

w0ðx; y; tÞ ¼ � 1

p
e015

�011

C0f

Z t

tb0

Im A0ðfb0þðsÞÞ
ofb0þðsÞ

os

� 	
ds; ð89Þ

r0xzðx; y; tÞ ¼ �
~c044

p
Hðt � ta0 ÞIm fa0þA0ðfa0þÞ

ofa0þ

ot

� 	
� ~k02e Hðt � tb0 ÞIm fb0þA0ðfb0þÞ

ofb0þ

ot

� 	� �
; ð90Þ

r0yzðx; y; tÞ ¼ �
~c044

p
Hðt � ta0 ÞIm a0ðfa0þÞA0ðfa0þÞ

ofa0þ

ot

� 	
� ~k02e Hðt � tb0 ÞIm b0ðfb0þÞA0ðfb0þÞ

ofb0þ

ot

� 	� �
; ð91Þ

D0xðx; y; tÞ ¼ �
e015ð1� C0f Þ

p
Hðt � ta0 ÞIm fa0þA0ðfa0þÞ

ofa0þ

ot

� 	
þ e015

p
Hðt � tb0 ÞIm fb0þA0ðfb0þÞ

ofb0þ

ot

� 	
; ð92Þ

D0yðx; y; tÞ ¼ �
e015ð1� C0f Þ

p
Hðt � ta0 ÞIm a0ðfa0þÞA0ðfa0þÞ

ofa0þ

ot

� 	

þ e015

p
Hðt � tb0 ÞIm b0ðfb0þÞA0ðfb0þÞ

ofb0þ

ot

� 	
. ð93Þ
It may be verified that if materials in the upper and lower half spaces are identical, the above solutions recover
the solution for anti-plane crack propagation obtained by Li and Mataga [19].

4.2. Intensity factors

Before deriving dynamic intensity factors, we first use superposition to find the solution corresponding to
the distributed loading case. Assume a general antisymmetric external load distribution, p (X), over the newly
formed crack surface (0 < X < vt). The general stress field and electric displacement field ahead of the crack tip
are then obtained from the fundamental solutions as:
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rðgÞðx; tÞ ¼
Z vt

0

ryz x; 0; t � X
v

� �
pðX ÞdX ; ð94Þ

DðgÞy ðx; tÞ ¼
Z vt

0

Dy x; 0; t � X
v

� �
pðX ÞdX ; ð95Þ

D0ðgÞy ðx; tÞ ¼
Z vt

0

D0y x; 0; t � X
v

� �
pðX ÞdX ; ð96Þ
Making the change of variable vt � X = g and introducing
P ðlÞ :¼
ffiffiffi
2

p

r Z l

0

g�1=2pðl� gÞdg; ð97Þ
the dynamic stress intensity factor for this general load distribution is
KðrÞIIIT ðvt; vÞ :¼ lim
x!0

ffiffiffiffiffiffiffiffi
2px
p

rðgÞðx; tÞ ¼ �
ð1� v=cbgÞð1� v=c0bgÞ
ð1� v=cÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� v=caÞ

p P ðvtÞ
F þð1=vÞ ð98Þ
and the electric displacement intensity factors are
KðDÞIIIT ðvt; vÞ :¼ lim
x!0

ffiffiffiffiffiffiffiffi
2px
p

DðgÞy ðx; tÞ ¼
e15ðð1� Cf Þsa � slÞ

~c44ðsa � ~k2
eslÞ

�
ð1� v=cbgÞð1� v=c0bgÞ
ð1� v=cÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v=ca

p P ðvtÞ
F þð1=vÞ ð99Þ
and
KðD
0Þ

IIIT ðvt; vÞ :¼ lim
x!0

ffiffiffiffiffiffiffiffi
2px
p

D0ðgÞy ðx; tÞ ¼
e015ðð1� C0f Þs0a � s0lÞ

~c044ðs0a � ~k02e s0lÞ
�
ð1� v=cbgÞð1� v=c0bgÞ
ð1� v=cÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v=ca

p P ðvtÞ
F þð1=vÞ ; ð100Þ
where the following denotation of the intensity factors is adopted: the superscripts (r), (D), and (D 0) indicate
stress and electric displacements for the respective upper and lower piezoelectric half spaces; the subscript
(IIIT) indicates that the loading is an antiplane traction loading.

Following Freund [10], it is convenient to introduce a normalization based on the corresponding
‘‘quasi-static’’ intensity factors. The relevant intensity factors are:
KðrÞIIIT ðvt; 0Þ ¼ �P ðvtÞ; ð101Þ

KðDÞIIIT ðvt; 0Þ ¼ � e15

~c44

Cf

1� ~k2
e

P ðvtÞ; ð102Þ
and
KðD
0Þ

IIIT ðvt; 0Þ ¼ � e015

~c044

C0f
1� ~k02e

P ðvtÞ. ð103Þ
Hence, the dynamic intensity factors can be expressed as:
KðrÞIIIT ðvt; vÞ ¼ f ðvÞKðrÞIIIT ðvt; 0Þ; ð104Þ

KðDÞIIIT ðvt; vÞ ¼ gðvÞKðDÞIIIT ðvt; 0Þ; ð105Þ

KðD
0Þ

IIIT ðvt; vÞ ¼ g0ðvÞKðD
0Þ

IIIT ðvt; 0Þ; ð106Þ
where:
f ðvÞ :¼
ð1� v=cbgÞð1� v=c0bgÞ
ð1� v=cÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v=ca

p 1

F þð1=vÞ ; ð107Þ

gðvÞ :¼ ð1� ~k2
eÞ
ðCf � 1Þsa þ sl

Cf ðsa � ~k2
eslÞ

f ðvÞ; ð108Þ
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g0ðvÞ :¼ ð1� ~k02e Þ
ðC0f � 1Þs0a þ s0l
C0f ðs0a � ~k02e s0lÞ

f ðvÞ; ð109Þ
are the nondimensional dynamic intensity factor.
As is the case for the normalized stress intensity factor in the elastodynamic case (to which f (v) reduces

when ~ke; ~k0e ! 0), f (v), g (v) and g 0 (v) are independent of the load distribution function p (X) and the crack
extension distance vt. They only depend on crack speed and the material constants, which include the Maer-
feld–Tournois wave speed or the shear wave speed c, the Bleustein–Gulyaev wave speed cbg and c0bg in the
upper and lower piezoelectric media, and the electro-mechanical coupling factors ~ke and ~k0e. That is, f, g,
and g 0 are universal functions of piezoelectric dynamic crack growth.

4.3. Dynamic free-energy release rate

It has been well established that the free-energy or electric free-enthalpy release rate is the main cri-
terion for fracture toughness in piezoelectric materials, e.g. [24,12,18]. The free-energy release rate crite-
rion has been extensively and exclusively used as the laboratory measurement in experiments, i.e.
[26,25,33].

The dynamic energy release rate has also been a standard criterion as well as the standard measurement for
the dynamic fracture toughness of a purely elastic medium (see [11]). In piezoelectric media, its counterpart,
the dynamic free-enthalpy release rate, has been proposed as the measurement for the dynamic fracture tough-
ness by several authors, e.g. [6,19].

For the interfacial crack studied in this paper, the dynamic free-energy release rate can be calculated as
follows:
Gðvt; vÞ :¼ lim
l!0

Z l

�l
ryzðx; 0; tÞ

ow
ox
ðx; 0; tÞ þ Dyðx; 0; tÞ

o/
ox
ðx; 0; tÞ þ vE

� 	
dx

� lim
l!0

Z �l

l
r0yzðx; 0; tÞ

ow0

ox
ðx; 0; tÞ þ D0yðx; 0; tÞ

o/0

ox
ðx; 0; tÞ þ vE0

� 	
dx. ð110Þ
For a conducting crack, the electrostatic potential is zero both along the line ahead of the crack and on
the crack faces; consequently, there is no contribution from electric field to the dynamic free energy re-
lease rate, and therefore, the free-energy release rate is the same as the purely mechanical energy release
rate
Gðvt; vÞ :¼ lim
l!0

Z l

�l
ryzðx; 0; tÞ

ow
ox
ðx; 0; tÞ þ r0yzðx; 0; tÞ

ow0

ox
ðx; 0; tÞ

� 	
dx; ð111Þ
which can be measured in an experiment.
Making use of the identity
lim
‘!0

Z ‘

�‘

HðxÞffiffiffi
x
p Hð�xÞffiffiffiffiffiffi�x

p dx ¼ p
2

ð112Þ
one may find
Gðvt; vÞ ¼ 1

4

~c44ðsa � ~k2
eslÞ þ ~c044ðs0a � ~k02e s0lÞ

~c44~c044ðsa � ~k2
eslÞðs0a � ~k02e s0lÞ

KðrÞIIIT ðvt; vÞ
� �2

. ð113Þ
A convenient normalization is to the quasi-static elastic result
Gðvt; 0Þ :¼ 1

4

~c44ð1� ~k2
eÞ þ ~c044ð1� ~k02e Þ

~c44~c044ð1� ~k2
eÞð1� ~k02e Þ

P ðvtÞð Þ2. ð114Þ
The normalized energy release rate then reduces to
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Gðvt; vÞ
Gðvt; 0Þ ¼

~c44ðsa � ~k2
eslÞ þ ~c044ðs0a � ~k02e s0lÞ

ðsa � ~k2
eslÞðs0a � ~k02e s0lÞ

ð1� ~k2
eÞð1� ~k02e Þ

~c44ð1� ~k2
eÞ þ ~c044ð1� ~k02e Þ

ð1� v=cbgÞ2ð1� v=c0bgÞ
2

ð1� v=cÞ2ð1� v=caÞ

� 1

ðF þð1=vÞÞ2
. ð115Þ
As a check, let the materials of the upper and lower half spaces be the same, and Eq. (115) reduces to the
result in [19]
Gðvt; vÞ
Gðvt; 0Þ ¼

ð1� ~k2
eÞ

ðsa � ~k2
eslÞ
ð1� v=cbgÞ2

ð1� v=caÞ
ðT þð1=vÞÞ2. ð116Þ
By letting ~ke; ~k0e ! 0, Eq. (115) reduces to the purely elastic result of dissimilar upper and lower space
(e.g. [1]):
Gðvt; vÞ
Gðvt; 0Þ ¼

c44

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2=c2

0

p
þ c044

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2=c020

p
ðc44 þ c044Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2=c2

0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2=c020

p ð1� v=c0Þ
ðF 0
þð1=vÞÞ2

; ð117Þ
where
F 0
þðfÞ ¼ exp � 1

p

Z 1=ðc0
0
�vÞ

1=ðc0�vÞ
arctan

c44

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2=c2

0

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðf� 1=ðc0 � vÞÞðfþ 1=ðc0 þ vÞÞ

p
c044

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2=c020

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=ðc00 � vÞ � fÞðfþ 1=ðc00 þ vÞÞ

p
" #

dg
gþ f

( )
; ð118Þ
where c0 ¼
ffiffiffiffiffiffiffiffiffiffiffi
c44=q

p
and c00 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
c044=q

0
p

are the elastic shear wave velocities of the lower and upper half spaces,
respectively. Furthermore, by letting c44 ¼ c044 and q = q 0, Eq. (118) reduces to the purely elastic result of iden-
tical upper and lower space (e.g. [9])
Gðvt; vÞ
Gðvt; 0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v=c0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ v=c00

p . ð119Þ
5. Discussions

Before examining the characteristics of the universal functions and the normalized energy release rate in
detail, the physical context may be set by tabulating properties for several commonly used piezoelectric mate-
rials (Table 1). The corresponding electromechanical stiffened Young’s modulus, shear wave speed, electro-
mechanical coupling coefficient, and the Bleustein–Gulyaev wave speed are shown in Table 2. The materials
chosen in the illustration cover a fairly large range of electro-mechanical coupling coefficients.

The first example is a classical problem in which a piezoelectric half space is welded to another one of the
same material but in opposite polarity (i.e., e15 ¼ �e015). It is similar to the interfaces in ferroelectric materials
1
ial properties of several piezoelectric media

ound q (density) (103 kg/m3) �S
11 (10�9 F/m) cE

44 (1010 N/m2) e15 (C/m)

[2] 7.6 4.4624 2.22 9.8
H [2] 7.5 15.052 2.30 17.0
] 5.68 0.0757 4.25 0.48

2
acoustic constants of several piezoelectric materials

ound �c44 	 cE
44 þ

e2
15

�S
11

(1010 N/m2) ~ke 	
ffiffiffiffiffiffiffiffiffi
e2

15
Cf

~c44�
S
11

r
ca 	

ffiffiffiffiffi
�c44

q

q
(103 m/s) cbg 	 ca

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~Cf ð1� ~k4

eÞ
q

(103 m/s)

[2] 4.3722 0.7016 2.3985 2.0878
H [2] 4.2200 0.6745 2.3721 2.1123
] 4.5514 0.2586 2.8307 2.8244
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with 180� domains. Under this condition, the existence of the Maerfeld–Tournois wave is always guaranteed.
In fact, the Maerfeld–Tournois wave speed equals the Bleustein–Gulyaev wave speed, cmt ¼ cbg ¼ c0bg, and the
universal functions, g (v) and g 0 (v), are identical. The universal functions for dynamic stress intensity factors
are plotted against crack propagation speed, normalized by the slower Bleustein–Gulyaev wave speed c0bg in
Figs. 3a and b for each material listed in Table 2.

In Fig. 3c, the universal functions for a crack propagating along an interface between a PZT-5H and a
PZT-2 half spaces in which the Maerfeld–Tournois wave exists are plotted; and Fig. 3d, the universal func-
tions for a crack propagating along an interface between a PZT-5H and a ZnO half spaces in which the Maer-
feld–Tournois wave does not exist are plotted. In each case, the universal function f (v) decreases with
increasing crack propagation velocity v and reaches zero when v reaches the slower Bleustein–Gulyaev veloc-
ity. The behaviors of the universal function f (v) are similar to the universal function kIII (v) of purely elastic
solids, to which it reduces when ~ke; ~k0e ¼ 0. However, the universal functions g (v) and g 0 (v) are more compli-
cated and do not necessarily decrease to zero, when the crack speed reaches the slower Bleustein–Gulyaev
wave speed.

In the second example, we consider an interface welded together by a piezoelectric upper half space and a
elastic lower half space. The electro-mechanical coupling coefficient of the piezoelectric half space ~ke is
allowed to increase from zero to unity while the material properties of the elastic half space are held constant.
Fig. 3. Example 1: the universal functions, f (v), g (v), and g 0 (v) for the following pairs of half spaces: (a) PZT-2 and PZT-2 with opposite
polarity; (b) PZT-5H and PZT-5H with opposite polarity; (c) PZT-2 and PZT-5H; (d) PZT-5H and ZnO.
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Figs. 4a–d display the universal functions and normalized energy release rate for a broad range of electro-me-
chanical coefficients ð~ke ¼ 0:00; 0:30; 0:60; 0:90; 1:00Þ, with each plotted against the dimensionless velocity
v=c0bg. Note that when ~ke ¼ 0:00, the solution degenerates to the case of two dissimilar purely elastic half spaces
welded together as considered by Atkinson [1]. Furthermore, the universal function of the stress and the nor-
malized energy release rate for the identical purely elastic case as considered by Eshelby [9] are plotted in thick
solid lines for comparison. In the plot, as ~ke increases, the general behavior of all the universal functions and
energy release rate remains nearly constant except when ~ke approaches unity, each universal function decreases
dramatically. There are two competing wave effects here: with increasing ~ke, the shear wave speed ca and the
Bleustein–Gulyaev wave speed cbg both increase, but the universal functions and energy release rate decreases

with increasing ca while increases with larger cbg. However, since cbg=ca ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~Cf ð1� ~k4

eÞ
q

, the term in the uni-

versal functions and energy release rate involving the shear wave speed dominates, so the overall effect is for
the universal functions and the energy release rate to decrease. However, the effect is not significant at low

values of ~ke.
One may observe that as the crack velocity v increases both f (v), g (v), and G (vt, v)/G (vt, 0) decrease mono-

tonically to zero while g 0 (v) does not decrease to zero, but instead increases at low values of ~ke and high values
of v=c0bg. The curious behavior of g 0 (v) is attributed to the Bleustein–Gulyaev wave term s0a � ~k02e s0l in g 0 (v). This
term tends to zero as v approaches the BG wave velocity c0bg so that g 0 (v) does not reach zero at large v=c0bg.
Fig. 4. Example 2: variations of universal functions (a) f (v), (b) g (v), (c) g 0 (v), and (d) the normalized energy release rate G (vt, v)/G(vt, 0)
versus v=c0bg for various electro-mechanical coupling coefficients ~ke. The thick solid line in (a, d) is for the purely elastic identical media case.
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Next, in the third example, we consider a piezoelectric half space with ~k0e ¼ 0 overlying another piezoelectric
half space with ~ke ¼ 0:70, and the electro-mechanical coupling coefficient ~k0e of the upper half space is allowed
to increase while the material properties of the lower piezoelectric half space are held constant. Figs. 5a–d dis-
play the universal functions and normalized energy release rate for a broad range of ratios of electro-mechan-
ical coefficients ð~k0e=~ke ¼ 0:00; 0:30; 0:60; 0:90; 1:00Þ plotted against the dimensionless velocity v=c0bg. Note that
when the ratio is unity, the model becomes two half space of identical piezoelectric materials as considered by
[19]. As the ratio increases from zero to unity, the universal functions and the energy release rate decrease
except at crack propagation velocities (v) near the Bleustein–Gulyaev wave velocity of the upper layer c0bg.
Note that when the ratio ~k0e=~ke ¼ 0:00, the Maerfeld–Tournois wave does not exist, but as the ratio ~k0e=~ke

increases to 0.62, the MT wave begins to appear. Fig. 6 plots c=c0bg versus ~k0e=~ke, where c = cmt if the Maer-
feld–Tournois wave exists and c ¼ c0a otherwise. Note from the figure that c is always greater than or equal
to c0bg, and since c0bg increases with increasing ~k0e=~ke, the effect of c dominates and the overall effect is for
the universal functions and energy release rate to decrease. Examining their behavior more closely for all elec-
tro-mechanical ratios, we find that f (v), g (v), and G (vt, v)/G (vt, 0) decrease monotonically to zero with increas-
ing v=c0bg except at ~k0e=~ke ¼ 0:00 where g (v) = g 0 (v) does not decrease to zero. Also, g 0 (v) does not decrease to
zero for increasing v=c0bg but instead increases at low electro-mechanical ratios and high crack propagation
velocities. As in the previous case, the curious behavior of g 0 (v) is attributed to the Bleustein–Gulyaev wave
Fig. 5. Example 3: variations of universal functions (a) f (v), (b) g (v), (c) g 0 (v), and (d) the normalized energy release rate G (vt,v)/G(vt,0)
versus v=c0bg for various electro-mechanical coupling ratios ~k0e=~ke.



Fig. 6. Variations of velocities ðc=c0bgÞ versus electro-mechanical coupling ratio ð~k0e=~keÞ.

Fig. 7. Example 4: variations of universal functions (a) f (v), (b) g (v), (c) g 0 (v), and (d) the normalized energy release rate G (vt,v)/G(vt, 0)
versus v=c0bg when the Maerfeld–Tournois wave exists (solid line) and when it does not exist (dashed line).
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term s0a � ~k02e s0l in g 0 (v) because it tends to zero as v approaches the BG wave velocity so that g 0 (v) does not
reach zero at large v=c0bg (see Fig. 5d).

In the last example, it is not clear exactly how the existent Maerfeld–Tournois wave affects the universal
functions and the normalized free-energy release rate, because change in the electro-mechanical coupling ratio
causes the BG wave speed to change as well. Here, we compared these quantities with a classical example: in
the first case, the upper and lower half spaces have identical properties, while in the second case, everything is
the same as the first case except that the polarity is different (i.e., e015 ¼ �e15). The Maerfeld–Tournois wave
does not exist in the first case while it is guaranteed to exist in the second case. Notice that the light wave veloc-
ity v‘, the shear wave velocity va, the BG wave velocities vbg, and the electro-mechanical coupling coefficient ~ke

are identical for the two cases. To compare the universal functions and the normalized energy release rate, the
ratios for the first and the second case are derived from Eqs. (107)–(109) and (115):
Raðf ðvÞÞ ¼ RaðgðvÞÞ ¼ Raðg0ðvÞÞ ¼ ð1� v=cmtÞ
ð1� v=caÞ

; ð120Þ

Ra
Gðvt; vÞ
Gðvt; 0Þ

� �
¼ ð1� v=cmtÞ2

ð1� v=caÞ2
6 1:0; ð121Þ
where Ra (Æ) is the ratio of the quantity of interest of the first case to that of the second case. Since the Maer-
feld–Tournois wave velocity is always less than the shear wave velocity, these ratios are always less than one.
In other words, the universal functions and the normalized energy release rate are always higher at the same
crack propagating velocity when the Maerfeld–Tournois wave exists, even when the electro-mechanical cou-
pling coefficient is identical in both cases as shown in Fig. 7. This result can be justified in qualitative terms: An

interfacial surface wave can supply more energy to a crack to create new surface, or, the existence of the MT

interfacial surface wave traps additional energy on crack surfaces, which may propel the crack propagation.
6. Conclusions

In this work, we have studied dynamic fracture of an interfacial crack in dissimilar piezoelectric media.
First, we have observed that in all universal functions for dynamic intensity factors the effects of the Bleu-
stein–Gulyaev waves of the upper and lower half space are competing with those of the faster shear wave
and the Maerfeld–Tournois wave (or the slower shear wave if the MT wave does not exist). The competing
effects in turn depend on the electro-mechanical coefficients ð~ke; ~k0eÞ where the higher the electro-mechanical
coefficient, the lower the nondimensional stress intensity factor and the dynamic free-energy release rate. Sec-
ond, the existence of the Maerfeld–Tournois wave will increase the dynamic intensity factors and the dynamic
free-energy release rate. Nevertheless, the lowest stress intensity and free-energy release rate are always
controlled by the slower Bleustein–Gulyaev wave; that is, the limiting crack propagating velocity vlimit equals
to the slower BG wave c0bg. In conclusion, it may be possible that for two piezoelectric interfaces with the same
electro-mechanical coupling coefficient, the interface that allows the existence of the Maerfeld–Tournois wave
will have relative weak interface strength, and the interface that excludes the possibility of the Maerfeld–Tour-
nois wave will have higher interface fracture toughness.
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