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Abstract. Dual conservation laws of linear planar elasticity theory have been systematically studied based on stress function
formalism. By employing generalized symmetry transformation or the Lie-Bicklund transformation, a class of new dual con-
servation laws in planar elasticity have been discovered based on the Noether theorem and its Bessel-Hagen generalization. The
physical implications of these dual conservation laws are discussed briefly.
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1. Introduction

The conservation law of elasticity has been well studied in the past 30 years, though the origin of its
intellectual inspiration may be traced back to Eshelby’s seminal work in 1950s [1, 2]. Since Rice [3]
linked J-integral with the energy release rate of a crack, the subject has become part of the theoretical
foundation of fracture mechanics. Contributions on conservation laws of elasticity include: [4-10,
27, 28], among others.

Classical elasticity is a perfect embodiment of duality, in which strain representation and stress
representation complement each other to describe a complete image of an equilibrium-deformation
process. On the variational level, the duet are the minimal potential energy principle and the minimal
complementary energy principle. Since conservation laws of elasticity are manifestation of symme-
try properties of variational principles in elasticity, naturally, conservation laws of elasticity ought to
come as dual pairs, and they should be displayed on an equal footing. Indeed, some authors have
studied conservation laws based on the complementary variational principle. Several dual invariant
integrals or dual conservation laws have been derived. Among them, the dual J-integral derived
by Bui [11] is the earliest contribution. Other notable contributions include those of Sun [12] and
Li[13].

The early studies on dual conservation laws are mainly based on physical observation or intuition
via direct divergence-free inspection. The path integrals derived are indeed invariant. However, most
early studies are not only incomplete, they also do not match the standard of elegance and rigor that
are usually expected in continuum mechanics. Part of the reason may be attributed to lack of serious
attention to the subject. Probably the lack of proper physical interpretation of dual conservation laws can
be attributed as another reason for such public oblivion. In fact, most dual conservation laws published
in the literature are trivial in the sense that they can be easily obtained by integration by parts from the
conservation laws of the potential energy variational principle, which may give an impression that the
conservation laws of the Navier equations may have exhausted all the possible symmetry properties of
linear elasticity. The dual conservation laws may be just a repetition of the conservation law derived from
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the minimal potential energy principle, and no more non-trivial conservation laws are left undiscovered
in linear elasticity theory.

Apparently, this is a false impression. Over the years, people have realized that additional conservation
laws may still exist in linear elasticity, and some of them remain undiscovered. The conservation laws
discovered by Christiansen et al. [14, 15] and the conservation laws derived independently by Horgan et
al. and Flavin [16-19] are such examples. In fact, these conservation laws are very useful as theoretical
apparatuses in applications, e.g. estimating energy bounds, justifying the Saint-Venant principle, and
possibly in convergence study of finite element methods.

2. Preliminary
2.1. PLANAR ELASTICITY

To fix the notation, we start by reviewing some basic facts of planar elasticity. For a plane stress state,
linear two-dimensional (2D) elastic constitutive relations can be written,

Eap = CaﬂAMUAu Or  Oup = Eaﬂ)\u&‘)\u (1)

where €44, 04 are the usual strain, stress tensor, respectively; and Cygy,., Eqpa, are the elastic com-
pliance, and stiffness tensor respectively. Note that the Einstein summation convention is implicitly
assumed throughout the paper.

For isotropic, homogeneous elastic materials, the 2D elastic compliance tensor can be expressed as

1+v v
Cozﬂ)»p, = Taaksﬂu - Eaaﬂ(s)»u; (2)

and the 2D elastic stiffness modulus tensor has the form

E Ev
Eaﬂ/\u = H_—VSaASﬁM + 1_—811/35)»#’ 3)

v2
where E is Young’s modulus, and v is the Poisson ratio.

The above elastic stiffness tensor and compliance tensor are only valid in the plane stress state. To
find the elastic stiffnes tensor and compliance tensor in the plane strain state, one can replace Young’s
modulus and Poisson’s rate by

Eo L - )
1 —v?’ T
and the corresponding tensors in the plane strain state are:
14+v (1+v)yv
CO(,B)»[I. = Sakaﬂu - T(Saﬁaku’ (5)
Eupin = —— sy + 5,8 ©)
T T )1 = 2wy P

In the rest of paper, we mainly deal with the plane stress description, with the understanding that all the
results are valid for the plane strain description as well, unless it is indicated otherwise.
In absence of body force, one may introduce the Airy stress function, such that

Oaf = €ar€puPan O Qop = €xr€8u0)u, (7
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where €, is the 2D permutation tensor, i.e.

=[] o) ®)

A useful identity of the 2D permutation tensor is self-contraction,

€ya€yp = 80[/3. (9)

For the plane stress state, the density of the complementary energy is

1
L.(o;x) = ﬁ[(l + V)0us0up — V011.0u,] (10)
In terms of the Airy stress function, the complementary energy density in the plane stress state can be
written as
(se)rq2 1
L7@079:x) = oM+ v)appap = VP11 an

where 9%¢ = {¢,ap}, o, B = 1,2 and the complementary energy density in the plane strain state is

a (I+v)
LEY(@%¢;x) = g [0apPes = V000 (12)

Assume that the stress function is prescribed over the whole boundary. The total complementary
potential energy is

Mg = [ [ Li@vivas. (13)
Q
The Euler-Lagrangian equation of the complementary energy functional is the biharmonic equation,
ie.

dL. 9 9L, N 9> AL,
o 0Xy 0Q o 0x,0x8 09 op

=0= Qaups =0, (14)

which carries different information from the 2D Navier equations. Specifically, the biharmonic equation
satisfied by stress function, ¢, characterizes the compatibility constraint of 2D elasticity.

Given linear operator L = Lygy €. @ €g ® €, ® e,;and a = aqe, # 0, b = b.e, #0; a,b e RR>.
Let A := a ® b. We say that L is strongly elliptic if

A:L:A = Logyuagbparb, > 0. (15)

It is not difficult to verify the positive definite condition for complementary potential energy,

1+v 1—-2v

z > 0, >0 (plane stress); (16)
1 1 1-2

_Ei_ . 0, W >0 (plane strain). a7

Therefore, for a two-dimensional elastic solid, a positive definite elastic compliance tensor is equivalent
to E > 0and —1 < v < 1/2, which is the same as in three-dimensional elastic solids (see [20]).
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2.2. ONE-PARAMETER GROUP OF INVARIANT TRANSFORMATION

The Lie group analysis of partial differential equations has been a triumph in mathematics, physics, and

engineering science. For contemporary expositions, readers may consult monographs by Ibragimov,

and Olver [21-23]. In this section, we briefly summarize the main technical ingredients of generalized

symmetry transformation, or the Lie-Bécklund transformation, and Noether’s theorem [29]. The no-

tation adopted in this paper mainly follows Olver [23] and Ibragimov [22]. In this paper, we are only

interested in the partial differential equation of a scalar function and its associated variational problem.
Let

XZ(XI,.XZ,...,X")E]Rn, (18)

where R" is the n-dimensional Cartesian space and

ou *u .
ou = e , ’u = -t ..., l<s, 1<i<n. (19)
ax; ax?

The space Z is a direct product,

Z=R'xYV, (20)
where V is an infinite dimensional vector space with component

y=,ou,...,%u,...)evV. 21
The point z = (21, 22, . . .) € Z can be written as

z=(X,y) = (X1, X2, ..., Xp, U, 0U,...,0°U,...). (22)

Denote the vector space of all differential functions of finite order m as A and any finite sequence of
z as [z]. Then elements of .4 may be written as f([z]) € A.
Consider a formal one-parameter group G of generalized transformation of the following type,

x; = exp(e&)x;; (23)
u* = exp(en)u; 24)
where
dx*
Ei = Xl ) (25)
de e=0
d *
n= . (26)
de |._

The transformation is generalized in a sense that its infinitesimal generators have the form

E=§&X,u,ou,...,0%u,..)=¢§@), 1<i<n 27
n=nx,u,du,...,3%u,...)=nz). (28)
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Definition 2.1 (Olver [23]). A generalized vector field is a formal expression of the following form

am +M@—- (29)

Themorem 2.1 (prolongation formula) (Ibragimov [21], Olver [23]). An infinite prolongation (or
prolongation for short) formula of the generalized (Lie—Bdcklund) vector field v is

(s)

vV=yV 30

p + ;n,l i au” " (30)
where

). = Di o Dy(n— Eju ) + Ejl jiyen,, s =1,2,... (31)
and

D Fug A (32)

i = u; Ujjjeiy y

dx; du T Qg

A p-th order prolongation formula of generalized vector field v is

priPv =v + Z . 33)

15t ls
1<s<p aM’l iy

where p is the maximal order of non-vanishing derivatives, and

= Di - Di(n = &u )+ Ejujia, <5< p (34)
d d d

D; = K iy > 35

8x,+u 8u+ +iLin P U (33)

Consider a g-th order scalar partial differential equation (PDE) denoted by

F=F(z])= F(X,u,du, ...,3%u), (36)
where g > 1 is some positive integer. Define the differential manifold

[F]1: F=0, ... Dy,...D;F =0, k=p+gq. 37
We have the following theorem.

Theorem 2.2 (Ibragimov [21], Olver [23]). Let G be a group of the Lie—Bdcklund transformation,
with tangent vector field prv. The differential manifold [ F] is invariant under G, if and only if

prvF =0. (38)
[F]
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Note that
prvF =0 = pr'“vF([z]) = 0. 39)
Equation (39) is often referred to as the determining equation.
Define the Euler—Lagrangian operator
Eo= +> (=1y'Dy,...D (40)
T u = e Y ou,
and the Noether operator
Ni= &+ — &) |+ S 1Dy . Dy
=& — & - j...Dj——
n (ALY 81,{7[ £ J1 Js 8”,[j1...jv
+ 3 Dy, (7 — £t o) 0 +> (=1’Dj,...D 0
ko (1 — Seld g - ... Dj————— 1.
I=r ! au,,-kl...k, 5=1 / / al,t’,‘kl...1(,_]‘14..]‘A
(4D

The celebrated Noether theorem can be stated as follows.

Theorem 2.3 (Ibragimov [24]).
Lie—Bdcklund operator prv, the following identity

prv + Di& = (n — &u j)E + D;N;

holds.

Given a formal Lie-Biicklund transformation group with the

(42)

Consequently, for y satisfying the Euler—Lagrangian equation

E(L([z])) =0,
the prolongation equation equals to a divergence form

prv(L) + LDiv€ = DivN(L) = 0.

(43)

(44)

Taking into account null Lagrangians, there exist functions {B;(z)} such that

prv(L) 4+ LDiv€ = DivB,

then the following conservation laws yield

DivP(L) = 0,

where P;(L) = N;(L) — B;, or P(L) = N(L) — B.

(45)

(46)
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3. Symmetry and Invariant Group
3.1. LIE-BACKLUND SYMMETRY

For planar elasticity, the Euler—Lagrangian equation of complementary energy potential is the bihar-
monic equation satisfied by the Airy stress function ¢. Since the variational symmetry group is a
subgroup of invariant transformation admitted by its Euler—Lagrangian equation, we begin by finding
the Lie-Bécklund symmetry admitted by biharmonic equations. Different from the approach adopted
by Bluman and Gregory [25], we are looking for more general symmetry—the Lie-Bécklund symmetry
admitted by the biharmonic equation.

Letx = (x1, x2), u = ¢(x1, x7), and

x* = exp(e)X, 47
¢* = exp(en)g. (48)

The generalized vector field is given as
V= by g (49)
X
Consider the infinitesimal generators of the following forms

§a = Ea(x), (50)
n= f(X) + g(X)(p + hy(x)ﬁo.y + kw(")‘ﬂ,m + p}»(x)(p,aozka (51)
where f(x), g(x) are the unknown scalar functions; &,(x), h«(X), k,(X), and p,(x) are the unknown

vector or tensorial functions.
By Theorem (2.2), the invariant conditions, or the determining equations, are

84
priy(— 2% )y, (52)
0X40Xq0xg0x8
where
0 0 d d
PV = Eum— o e g, (53)

8xa 8¢ * a(p,ot agﬂ,aﬂku .

This leads to an algebraic equation for the fourth-order extensions,

4
Mgy = 0. (54)
The determining equation can be written as follows,

(C))
naﬂaﬁ = f,otﬂotﬂ

+ [8.apap® + 48.app¥.0 + 28 00® pp + 48,0p¥.0p + 48,0 P,app]
+ [(hy,aﬂaﬁ - gy,aﬁutﬂ)w,y + 4(py,aa/3 - gy,aaﬁ)w,yﬂ
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+ 4(hy,a/3 - Sy,aﬁ)w,yaﬁ + 2(hy,ata - sy,aa)w,yﬂﬁ + 4(hy,a - Ey,a)ﬁo,yaﬂﬂ]

+ knw,apap @i + Hnp,aap® s + 2knm,aa® )88

+ 4k apPiapap + Akrp pPopaps T Kap® ipapap]

+ [Praapp®.yyir T 4DnappP.yyia + AP0 ap®P.yyiap

+ 2praaPyyrpp + APraPyyipp + Pr@yyraappl = 0.

(55)

Let & := & — h,. The determining equation can be split into a set of coupled differential equations

among unknown functions, f(x), g(X), h(X), k3, (X), p(x), and &, (x):

(pO : f,a(xﬁﬁ =0
(pl : 8.aaps = 0;
a(p : 4g,aﬁﬂ‘p,o¢ - ék,aaﬂﬁ(p,l( = 0;

82g0 . 4g,a/3§0,a/3 + 2g,aa‘p,ﬁﬂ - élc,otﬁﬂqj,/ca + kku,aaﬂﬁ(p,)»u = O;

83(p: 4g.a‘p,aﬁf3 - 4§K,aﬁ(p,/caﬁ - 2§K,aa(p,/(ﬂﬁ + 4kku,aﬁﬂ(p,kua + Pr.acppP.css = 0
84()0: _4§K,a§0./ca/3ﬁ + 4kku,aﬁ§0,ku§0,kuaﬁ + 2kku,aa§0,)\uﬁﬂ + 4p/c,a/3ﬁ§0,;ca56 =0;

85¢ : 4kku,a§0,kuv¢ﬂﬂ + 4pK,aﬂ¢,Kotﬁ/L/L =0.
A set of special solutions of the above differential equations are obtained:

PK(X)Z p,((z)xut-xa + p(l)Enyy + pr((O)’

k(0 = kP8 1500 + (k&”xu + k! )xx) + k&)

£(X) = Py X0 + Oupp + .
he(X)= P(fwx,\xﬂ + Gjﬂxﬁ +d2.

The superscript (i) in a coefficient indicates the order of polynomial that the coefficient preceeds.

superscript ¢ = 1, 2, indicates different sets of coefficients.
The free parameter tensors P, , and 6, satisfy the conditions
oim = PO‘W\, (=1,2
= " Prays aF A =12
Oup0sy = Saydet|0], and det|0'| = 01,05, — 01,05, 1=1,2.

Denote APy, := P!

i — Py DNup 1= 045 — 034, Ady = d} — d. Then

ap>

éa(x) = APuuXpXy + AbOgpxg + Ad,,
1. 1
g(X): E‘i:a,a +c= APaauxp, + EAeaa +c,
f=f(x), where [faups=0,

and f(x) can be any function that satisfies the biharmonic equation.

(56)
(57)
(58)
(39)
(60)
(61)
(62)

(63)
(64)
(65)
(66)

The

(67)
(68)
(69)

(70)
(71)
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3.2. VARIATIONAL SYMMETRY

The symmetry group admitted by the Euler—-Lagrangian equation may not necessarily yield variational
symmetry. A simple procedure to find the variational symmetry group is to test all invariant solutions
admitted by the Euler—Lagrangian equation and to select those that indeed satisfy both the determining
equation and the prolongation equation, i.e.

?) 3LC
prvL. + (Doéo)Le =1 + (Doéa)L: =0

Olﬂ aw,aﬁ
oL,
= (DeDg(n — &,,0,,) + ‘Sy(p,yaﬁ)m + &y Lc
oL,
= 0w {flap +(8ap9 + 8008 + 8500 + 8P.ap)

+ hk‘p,mxﬂ - (ék,aﬁ‘p,/( + ék,a(p,i(ﬂ + ék,ﬂ(o,f(a)
+ (+kku,zx§0,)\uﬁ + kku,ﬂw,kua + kku‘/’,kuaﬁ)

+ (PeapPuyy T PeaPuyy + PepPurayy + PuPrapyy)) (72)
1
+ ﬁ((l + V)‘p,a(x(p,aoz - V‘p,aa(p,ﬁﬂ)éy,y = 0» (73)
where
oL, (14w v s (74)
a‘ﬂ,aﬁ - E D.ap E(p,rr af |-

Consequently, one obtains the following Killing’s equations,

Po: L f =0, 75)
a(p,aﬂ
, L.
90p: o —(98.ap) =0 (76)
(p,aﬁ
L. _
093’ Gy 888 T 80~ Beepp) =0 (77)
) dL. _ _ 1
il (08 (2 8(/7 5 8P.a — %-K,ot(p,l(ﬁ - %-K,ﬁ(p,/(ot + Esy,yga,aﬁ = 0;
203 L
il (pa (2 8(/7 P (hK(p,Kaﬂ + klu,a@,kuﬁ + kku,ﬁ(p,)\ua + pK,aﬂ(D,Kyy) = O; (78)
2 o4 oL,
il (pa (2 m(kku(p,kuaﬁ + pk,ago,)»ﬂ]/y + pl,ﬁ(p,)\ayy) = 0; (79)
L,
82(p85(p : PePxapun = 0. (80)
8()0,0(/3

By substituting solutions (63)—(66) and (66)—(71) in the above equations, one may find the following
additional constraints:

82
f =0, (81)
0xq0xg
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hy =0, (82)
kap = 0, (83)
pa = 0. (84)

Thus, the variational invariant transformations are'

& =aix; —ayxy + as, (85)
& =ax| + aixy + ag, (86)
n=(asx| + agxz +a7) + a1 @, 87)

where a; are arbitrary constants. Note that Equations (85) and (86) may be written as &, = a;x, +
ar€qpXp + by, with by = a3 and by = ay.
When v = 1/2 for plane strain case, we have additional inversion transformations

& = ag (x] — x3) + 2a9x1x2, (88)
EZ = 2a8x1x2 — do (x12 - x%) , (89)
n= (2agx; — 2a9x2)¢. (90)

Note that a similar solution can be obtained when v = 1 for plane stress. Since Poisson’s ratio cannot
be greater than 1/2, an invariant solution at v = 1 is not realistic.
Therefore, the Lie group of variational invariant transformation, i.e., the tangent vector fields, is

X — + —8 X —8 + —8 + 0

=—x x , =x x —,

! ox1 " oxs 2T T 0 T Mg
d ad d 0 0

X3 =—, X4 = —, X5 =x1—, X6 =x2—, X7=—. on
ax; dxo o ap ap

When v = 1/2, there are two additional invariant vector fields for plane strain state

ad d d
Xg = (x2 —x3) — 4+ 2x100— + 2x10—,
s = (xf —x3) o + X1x28x2+ S
a a ad
Xg=-2 —_— 2_x)— -2 —.
9 X1X2 o + (xl xz) o X2Q P

3.3. DIVERGENCE SYMMETRY

The variational symmetry group found is only a subgroup of point transformation, as shown in (91).
However, the generalized transformations, or Lie-Bécklund transformations, can have divergence sym-
metry. There exist functions, By, such that the Noether theorem holds in the following Bessel-Hagen
form,

prV(Lc) + (Daga)Lc' = DyB,. (92)

In the following, several divergence symmetric transformations are found.

There may exist some higher-order variational symmetry.
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i) Divergence symmetry |
Consider the following proper Lie—Bicklund transformation, which is admitted by the biharmonic
equation,
& =0, and 7 =1Y(x,x), 93)
where the function ¥ is an arbitrary solution of biharmonic equation. Choose

Ba = hﬁﬁ,y},a(p,ﬂ (94)

where hg is a constant vector and ¥ is another solution of the biharmonic equation, i.e. ¢ 448 = 0.
Consequently,

D(xBa = hﬂﬁ,yyaﬁp,aﬁ~ (95)
Hence, by Noether identity (42), one may find that
‘ﬁ[/,otﬂ = Eaﬁkuhu ﬁ,yy)u (96)

or vice versa,

hﬂﬂ.yya - Caﬁ)\ul//,)\;u (97)
By = Copru¥ an®.ps (98)
where Eg,,, and Cqg),, are the elastic stiffness tensor and elastic compliance tensor defined in Equations

(2) and (3).
It is worth verifying that indeed,

E 2Ev
2 Dyyups = 0. 99)

aq Zhl. P T 5
V.aapp ’(1+u+l—v

A tangent vector field with divergence symmetry is found to be

0
Xi=Y(xr, x2)—, (100)
dp
with w,aaﬁﬂ =0.
ii) Divergence symmetry 11
Let
£ =0, and 0 =Dbine,y, (101)

where {b;;, } is a constant vector. It can be readily shown that

@ L, 9

L. D &)L, = =bi;,— {Cqy o . 102
prv(Le) + (Doéa) Nop 0w oy, {Caprnp.ap @i} (102)
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Choose

1

B, = Ebllacxuyé(p)\u@yé- (103)

The divergence symmetric tangent vector field is

0

Xin= ¢,1%, (104)
0

Xin=¢2—. (105)
dp

This divergence symmetry is equivalent to the variational symmetry due to coordinate translation.
iii) Divergence symmetry III
Let

=0 and  n=>bi(p —x,0,), (106)

where b, is an arbitrary constant. It is straightforward to verify that

DozDﬂr/: _bIII((p,otﬂ +xy(p,yaﬂ) (107)
b d
PrV(Le) + (Dafa)Le = =~ —{CapruP.ap@oiny }- (108)
2 dx,
Choose B, = —ay;L.x,. The following vector field is divergence symmetric,
0
X =(p— Xy(p,y)ﬁ‘ (109)

This divergence symmetry is equivalent to the variational symmetry due to scaling.
iv) Divergence symmetry IV

Let

£, =0, and N = by X (110)
One may find that

IL. 1+v v
2) c
Vet 0¢.ap = b ( E (T Ew'VV5Qﬂ> (€A X2 pap)
byy d [1+v Y )
=2 dx, {—E (©nX20.apPap) — ¢ (erwxr9’,,) 1 - (111)
Choose
by [1+v v
B, = —T { E (Gaﬁxﬂﬁo,lu(p,ku) + E (Gmgxlg(p?yy)} . (112)
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The divergence symmetric tangent vector field is

a
Xy = Eaﬂxﬂfﬂ,a@- (113)
Again, this vector field belongs to the equivalent class of a variational symmetry due to coordinate
rotation.
v) Divergence symmetry V

Let

& =0, and n=>byy,,. (114)
Subsequently

7753;? = by @ jiup> (115)
and

2252% = by ! ; z %(w,ﬁw,mﬁ). (116)

Choose

By = by Lt vﬁo,xmﬂﬁﬂ,ﬁ- (117)

The divergence symmetric tangent vector field is

0
Xy =@—. (118)
de
vi) Divergence symmetry VI
Let
& =0, and n=>byvneiuu, (119)

where {by,} is a constant vector. Hence

N = bV 1P Aupap- (120)

Consequently,

(z)aLC 1+U 8

=b — . 121
naﬁ‘p,aﬁ Vg axa(ﬂl?,ﬁfﬂ,muaﬁ) (121)

Choose

14+v
B, = by,

PP ppap- (122)
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The corresponding divergence invariant vector field is

a
Xyn= 90,1;;;4%,
0
Xyp= (0.2;1/1£~
vii) Divergence symmetry VII
Let
& =0 and n= bVHenyy(p,K/L/L'

It can be readily shown that

dL, 1+v 3
N —

= Vv —{2[61( D uuka®, ]+[6K Xy @ rupap®P, ]}
ﬁ(p’aﬁ E ox, BYE . B YAy ¥ hppapP.p
Choose
14+v
Ba = bVlI {z[ekﬁ(p,uuxa¢,ﬂ] + [Ekyxyw.kmmﬁw,ﬂ]}'

E

The divergence invariant vector field is

a
Xy = Exy Xy Pcpn %

Remark 3.1.

(123)

(124)

(125)

(126)

(127)

(128)

e The above calculation is demonstrative; we have not exhausted, in any way, the possibilities of

divergence symmetry.

e There could be a confusion regarding the relationship between null Lagrangian and natural boundary
conditions. In our problem, prescribed stress function on the boundary will mean Dirichlet boundary
condition, even though it is stress type of boundary condition in physics. In other words, there is
a difference between the Neumann boundary condition in mathematics and the ‘natural boundary

condition’ in physics.

4. Dual Conservation Laws

There are two groups of dual conservation laws:
e The genuine variational-symmetric conservation laws:

1
Po(tvar) = LcS(x —

L.
E ’ 9

0
(n— Ey(o,y)ﬁo,ﬁﬁoz + D,B(n - E)/(p,y)a(p

of
e The generalized (divergence-symmetric) conservation laws:

oL,
— B
a(p,aﬁ

; 1
P = Loty = —

E(n - éyﬁ”,y)@.ﬂﬂa + Dﬂ(ﬂ - Ey(a,y)

o

(129)

(130)
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4.1. VARIATIONAL-INVARIANT CONSERVATION LAWS

Variational dual conservation laws in planar elasticity are listed as follows.

1) Scaling.

91

Leta; = 1,and a; = 0, i # 1 in variational symmetric transformations (85)—(90). One then has

&y = Xq,

goz.ﬁ = 80{/3’

Denote

Sa = Pévar)

n=e;

ng=¢.p-

{a170}

One may find that

1
Sa = Lc-xoz - E(w - xﬂ/’,x)@ﬂtm - xy¢,yﬂ(—

2) Coordinate rotation.

Leta, =l and a; =0 (i # 2) in Equations (85)—(90). One has

Soz = €qpXg,

n—=§&0,=—€,X0,,

Denote

Ry 1= PO

{a2 70}

One may find that

n=0;

14+v
E

v
Dap — _(p,trfsaﬂ

E

)

Dg(n — &,9,) = —€,p0.y — €020,

1
Ra - Lceaﬁxﬂ + Eey)\x)»(p,ygo,ﬁﬂa

- (eyﬂ(p,y + Ey)\xﬂp,yﬂ)(—

14+v
E

3) Coordinate translation.

Let as = §1x, as = 8z, and a; = 0, i # 3, 4 in transformations (85)—(90). Consequently,

Eoz = Sos

n=0.

(p,aﬁ -

v

Ew,rt‘s

)

(131)
(132)

(133)

(134)

(135)
(136)

(137)

(138)

(139)
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Define
Ty i= PO . (140)
{as,as7#0}
It follows that
1 1+v v
7:)4/( = LC80¢K P« o — Pk — QPap — S 7:7:8a 141
(k) : +E</), ®.p ‘P,ﬁ( 5 e~ 5P ﬂ) (141)

where o, k = 1, 2.

Remark 4.1. The divergence-free second-order tensor 74, may be called the dual-Eshelby tensor.
The following integral

14+v

1 v
Ji= Lcn, =¥« alla =P\ — o P — &= g, o ds, 142
p /m< e + L kP ppalla = ¢, 5( g Y T P ﬁ)” ) (142)

may be called the dual J-integral.

4) Compatibility identities.
Letas =ag = 1anda; =0, i #5,6. We may assume that
& =0, N = SaxXa) (143)

where « is a fixed number.

Let
Cat) 1= Py " : (144)
{as=as=1, and a;=0, i#5,6}
‘We have the dual conservation law,
1 1+v %
Cou(z_/c o 6[(—()(__ '17'1750( s 145
(k) EX<P,ﬁﬁ+ﬁ<E<P,ﬂ z? ;s) (145)
where o, k = 1, 2.
5) Gauss theorem (divergence theorem).
Assume a; = 1 and a; = 0, i # 7. Then
£, =0; n=1. (146)
Let
Gy 1= POgV“’) . (147)

{ar=1}
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We recover the Gauss (divergence) theorem

1

0 s 148
G AL (148)

6) Inversion.

When v = 1/2 for plane strain state, additional conservation laws is valid. Assume ag = 81,, a9 = O
for a fixed k, and @; = 0, i # 8, 9. The infinitesimal generators have the forms

S0 = 2Xa X — SarcXrXas (149)
n=2x.¢. (150)
Subsequently,

N =8¢y =2Xcp — (2xy X = 8y X2 X3)QP.y (151)

Dﬁ(n - gyw,y) = 285’(90 - 2(5ﬁKx)/ - 5)/,()6'3)@)/
—2(2xy X — 811 X2 X0)P 8- (152)

Define
Tage) i= P : (153)
{as#0,a97#0}

It then follows that

Zoz(/c) = (2xaxl( - 8aK-xAxk)Lc

(1—v%)
- 2xep — (2xkxy - 8ykxkxk))(p,y(p,ﬁﬂa
(I+v)
+ E {25;9;(90 - 2(8}3ny + Sykxﬂ)(p,y
- (nyxk - (Sykxkxk)(p,ﬂy}((p,aﬂ - pr,nSaﬂ), (154)

where o, k = 1, 2.

4.2. BESSEL-HAGEN TYPE CONSERVATION LAWS

The dual conservation laws in this category involve a term, B,, which can be introduced by a null
Lagrangian. A few examples of Bessel-Hagen type conservation laws are presented in the following.

1) Reciprocal formula of Betti-Rayleigh type.

Let

& =0, n=1, and By = Copon ¥ ru®.8 (155)
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where 1 is a solution of biharmonic equation, i.e. ¥ ,,,,, = 0. We then have the following Betti-Rayleigh
type reciprocal formula,

- 1 1+v v 1+v v
H,' = _Ew(p,ﬁﬂot + Vs Twﬂﬁ - E@.fraaﬁ — 98 E Vg — Ew’rfaaﬁ : (156)

2) Higher-order conservation law (II)

Let
& =0, n= 9y (157)
Hence ng = ¢,,,,,5. Choose
By = Coprn® 6Py yrn- (158)

It then follows

1
H((x”) = _E‘/’,VV‘P,ﬁﬂa + Copru®in®.yvs — Cappu®.yyin®.p- (159)

3) Higher-order conservation law (III).

Let

£ =0, N =8P aun = Pucups (160)
for a fixed number «: 1 or 2. Therefore 1,g = ¢ ,.,8¢. The corresponding null divergence is

Byoy = CoprnPopuyyc®,p- (161)

We have the following conservation law

1
11
H‘(x(,?) = _Ew,xxk(p,ﬁﬁa + Caﬂ)\u(p,)up,(p,ultﬂk - Caﬂku(p,kuyykﬁo,ﬂ (162)

4) Higher-order conservation law (IV).

Let

£.=0, and 1= €%y @nn. (163)
Choosing

Bo = 1 st e 1 + [y ¥y 0o ). (164)

E



Dual Conservation Laws in Linear Elasticity: Stress Function Formalism 95

we have the higher-order conservation law

1
H((X[V) = —Eékyxyw./cuu(p,ﬁﬂa + Caﬁku‘/},xu(ekﬁ(p«uu + Enyy(p.AAK/S)

1+v
- T(z[ekﬁ‘p,uukaﬁo,ﬂ] + [Ekyxy(p./(uuaﬂ‘p,ﬁ])~ (165)

5. Closure

Most dual conservation laws derived in this paper are new, except the conservation laws corresponding
to Gauss (divergence) theorem and Betti-Raylaigh reciprocal formula.

Using stress function formalism to derive conservation laws has practical interests. It is well known
that the Airy stress function can be expressed by two analytical functions, a fact guaranteed by Goursat’s
theorem (see Muskhelishvili [26]). In fact, the stress function related complex variable formulation has
been a primary method used to solve many engineering problems such as crack problems, and the
success of fracture mechanics owes a great deal to it. The dual conservation laws obtained in this paper
may allow us to make an easy link between invariant path-integrals and Muskhelishvili’s complex
potentials.

The same procedure can be readily extended into three-dimensional (3D) elasticity. Dual conservation
laws can be derived based on general Maxwell-Morera stress function formalism. The 3D extension of
this paper will be discussed in a separate paper.
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