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Summary. The saturation-strip model for piezoelectric crack is re-examined in a permeable environ-

ment to analyze fracture toughness of a piezoelectric ceramic. In this study, a permeable crack is

modeled as a vanishing thin but finite rectangular slit with surface charge deposited along crack

surfaces. This permeable saturation crack model reveals that there exists a possible leaky mode for

electrical field, which allows applied electric field passing through the dielectric medium inside a crack.

By taking into account the leaky mode effect, a first-order approximated solution is obtained with

respect to slit height, h0, in the analysis of electrical and mechanical fields in the vicinity of a

permeable crack tip. The permeable saturation crack model presented here also considers the effect of

charge distribution on crack surfaces, which may be caused by any possible charge-discharge process

in the dielectric medium inside the crack. A closed form solution is obtained for the permeable crack

perpendicular to the poling direction under both mechanical as well electrical loads. Both local and

global energy release rates are calculated. Remarkably, the global energy release rate for a permeable

crack has an expression,

Jg
cr ¼

�pa

2M

� M�þ 4
p e2

M�þ e2
r2
1 þ

4e

p
r1E1

� �
;

where M is elastic modulus, a is the half crack length, � is permittivity constant, and e is piezoelectric

constant. This result is in a broad agreement with some experimental observations and may be served as

the fracture criterion for piezoelectric materials. This contribution elucidates how an applied electric field

affects crack growth in piezoelectric ceramic through its interaction with permeable environment sur-

rounding a crack.

1 Introduction

Fracture mechanics of piezoelectric solids has been an active research area since early 1990s due

to the widespread use of smart materials and smart structures. Many research works have been

published in the past decade, e.g., Pak [1, 2], Li et al. [3], Sosa [4], [5], Suo et al. [6, 7], Dunn [8],

Dascalu and Maugin [9]–[11], Park and Sun [12], [13], Gao and Barnett [14], and Gao et al. [15],

Lynch et al. [16], [17], Zhang and Hack [18], Fulton and Gao [19], Ru [20, 21], Yang and Zhu

[22]–[24], Zhang et al. [25], [26], Yang [22], [23] among others. A recent article by Zhang et al.

[27] provides a comprehensive review.

A major challenge in fracture mechanics of piezoelectric materials has been how to resolve an

outstanding discrepancy between experimental observation and theoretic analysis. In a land-

mark experimental work done by Park and Sun [12], it was found that the experimental
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observation contradicts with some basic aspects of fracture mechanics theory of linear piezo-

electric materials. For instance, the experimental results obtained by Park and Sun [12] show

that there is a decrease in the critical stress of a cracked piezoelectric body if the electric field is

applied along the direction of poling axis, and there is an increase in critical stress if the electric

field is applied to the opposite direction, whereas according to linear fracture mechanics theory,

the applied electric field does not induce any nonzero stress intensity factor (e.g., Pak [1], [2];

Suo et al. [6]), and it always predicts a negative definite energy release rate regardless the

directions of the applied electric fields, which implies that the applied electric field always

retards crack growth.

Currently, there are two remedies that have been proposed to explain the discrepancy

between linear fracture mechanics theory and experimental observations.

(i) Yang and Zhu’s transformation toughness theory (Yang and Zhu [22]–[24], [28], [29]);

(ii) Gao et al.’s strip saturation model (Gao et al. [14], [15]) or equivalently, the electric dipole

model proposed by Fulton and Gao [19].

From micro-mechanics view point, the so-called ferroelectric domain switching phenomenon is

the source of nonlinear piezoelectricity (e.g., Yang and Zhu [24], [22], [23], and Sun and Jiang

[30]). The explanation is as follows: the concentrated stress field at a crack tip of piezoelectric

ceramic will cause depoling, or ferroelectric domain switching, which introduces nonlinear

constitutive behaviors, such as a hysteresis loop between the electric displacement and the

electric field, and a butterfly loop between the strain and electric field. This will in turn produce

toughness variations in ferroelectricity, and alter the constitutive relations at the crack tip

region (e.g., Mehta and Vitkar [31]; Sun and Jiang [30]; Zhu and Yang [24]; Yang and Zhu [22],

[23]). Thus, the fracture toughness of ferroelectric ceramics may be controlled by domain

switching.

Zhu and Yang [24], [23] adopted micromechanics based technique to treat the domain

switching induced toughness variation as transformation toughening. At phenomenological

level, Gao et al. [15] and Fulton and Gao [19] proposed a strip-saturation model, or the

equivalent electric dipole distribution model, to estimate nonlinearity due to the overall effect of

domain switching, or polarization. The piezoelectric strip-saturation model is the direct anal-

ogous of Dugdale crack in a cohesive elastic medium. Gao and his co-workers [14], [15] showed

that a local energy release rate criterion derived from the strip saturation model is in close

agreement with the experimental observation, which has become the first theoretical result in

this research area that is actually useful.

In this work, a permeable crack model with finite dimension is incorporated with the satu-

ration strip model (Gao et al. [15]) and surface charge distribution to analyze crack growth

under possible influences of domain switching effect as well as surface charge-discharge effect.

The focuses of this study are:

(i) Energy release rate of combined saturation strip model and permeable crack model;

(ii) Crack growth under purely electric loading.

Another outstanding issue in fracture mechanics of piezoelectric materials is crack growth

under purely applied electric load. It is the central issue in the theory of ferroelectric fatigue

mechanism – a main concern on reliability of many ferroelectric devices, such as non-volatile

ferroelectric random access memories (FRAMs). Experimentally, stable crack growths have

been observed in both high-cycle fatigue test (Tobin and Park [32]) and low-cycle fatigue test

(Cao and Evans [33]; Lynch et al. [16], [17]), under purely electric loading. On the other hand,

the linear piezoelectric fracture mechanics predicts a negative definite energy release rate (e.g.,
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[1]), which implies that the crack growth should have never occurred under purely electric

loading, whereas the nonlinear theory proposed by Gao et al. [15] predicts a positive definite

energy release rate regardless whether the direction of applied electric field accords the poling

direction or not, which leads to additional paradox: the purely applied electric field that is

opposite the poling direction promotes crack growth as well! One of the objectives of this

work is to reexamine this important issue. The crack model proposed here takes into account

three most important aspects in fracture process in piezoelectric materials: domain switching,

permeability, and surface charge distribution. Based on this new crack model, a new solution

has been found, which offers a plausible interpretation that is in agreement with experiments.

The presentation is organized in six sections. In Sect. 2, the simplified opening crack

model proposed by Gao et al. [15] is briefly outlined within the framework of the permeable

crack. The complete solution procedure is provided in Sect. 3, and asymptotic fields of

electrical and mechanical variables are documented in Sect. 4. The main results are pre-

sented in Sect. 5 focusing on energy release rate of a permeable crack. The crack growth

under purely applied electrical load is discussed in Sect. 6. A few remarks are made in the

end.

2 Formulation of the problem

2.1 Simplified constitutive model

The notation adopted in this paper follows that of Tiersten [34]. The governing equations for a

linear piezoelectric solid are as follows:

Equations of motion

rij;i ¼ 0; ð1Þ

Electrostatic charge conservation

Di;i ¼ 0; ð2Þ

Strain-displacement relations

eij ¼
1

2
ui;j þ uj;i

� �
; ð3Þ

Electric field-electric potential relations

Ek ¼ �/;k; ð4Þ

Linear, piezoelectric constitutive relations

rij ¼ cE
ijklekl � ekijEk; ð5Þ

Di ¼ eiklekl þ �SikEk; ð6Þ

where cE
ijkl are the elastic moduli, ekij are the piezoelectricity coefficients, and �Sij are the

dielectric permitivities (with the superscript E or S indicating material constants measured

under conditions of constant electric field or constant strain, respectively).

Using Voigt notation to translate the constitutive relations (5) and (6) into matrix forms, the

type of piezoelectric materials that we are interested in can be put into the following form:
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2
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775: ð8Þ

Using the precise anisotropic constitutive relation in an analysis often increase the difficulty in

finding the closed form solution, or has the danger to obscure the essential physical element of

problem. This is true when study a crack with finite height.

Considering the material constants of PZT-4 piezoelectric ceramics used by Park and Sun

[12] in their experiment, one may gain a sense of the magnitude of primary material constants.

Elastic constants ðN=m2Þ

Piezoelectric constants ðC=m2Þ

Dielectric constants ðC=VmÞ

In order to simplify analysis, we neglect anisotropic effect and adopt the mode-I GZT (Gao,

Zhang, and Tong [15]) crack model, which has the following simplified constitutive relations:

f 
–

f 
+

qs

T

+

n
+

+ + + + + + + + + +
+

+
+

+
+

+
+
+
+
+

+

+

^

Fig. 1. Convention for boundary conditions

cE
11 ¼ 13:9� 1010; cE

12 ¼ �7:78� 1010; cE
13 ¼ �7:43� 1010

cE
33 ¼ 11:3� 1010; cE

44 ¼ 2:56� 1010

e31 ¼ �6:98; e33 ¼ 13:84; e15 ¼ 13:44

�S11 ¼ 6:0� 10�9; �S33 ¼ 5:47� 10�9
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0 0 0 0 0 0
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2
4

3
5 ¼ e

0 0 0 0 1 0

0 0 0 1 0 0
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2
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3
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0 1 0
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2
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3
5; ð10Þ

where three independent constants, M; e and � are approximation of material constants cE
11; e15

and �S11.

It is believed that the simplified equations, (9) and (10), may capture the essential feature of

electrical-mechanical behaviors. In the rest of the paper, we refer this simplified model as the

GZT model.

2.2 Boundary conditions

The boundary conditions or interface conditions for two different dielectric media are:

(a) mechanical boundary conditions

n � ½jrj� ¼ �T̂T on Sr; u ¼ ûu on Su; ð11Þ

(b) electrical boundary conditions

n � ½jDj� ¼ qs and n� ½jEj� ¼ 0 on S; ð12Þ

where Sr;Su identify appropriate subsets of the domain boundary and S ¼ Sr [ Su. Note that the

notation ½j f j� :¼ fþ � f�, and the normal vector n is pointing from medium � to medium þ.

2.3 Saturation strip model

In this paper, a planar crack is modeled as a vanishing thin, finite dimension, rectangular-

shaped slit with height 2h0 and width 2a as shown in Fig. 2

Ω s Ω s

Ω tΩ t

Ω h

b

X

Y

2h0

b

a a

Fig. 2. Geometric configuration of

the saturation-strip model
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The length of the saturation strip in one side is b� a. As h0 ! 0, the permeable crack becomes

a conventional ‘‘Dugdale crack’’ for electrical potential, whereas the length of mechanical crack

is always 2a. One may write crack height as the function of X,

hðXÞ ¼ h0; jXj < a

0; jXj > a

�
: ð13Þ

The interior region of the crack is denoted as Xh,

Xh :¼ ðX;YÞ
��� �a < X < a; and � h0 < Y < h0

n o
: ð14Þ

The saturation zone is denoted as Xs,

Xs :¼ ðX;YÞ
��� a < jXj < b; and � h0 < Y < h0

n o
: ð15Þ

The adjacent two semi-infinite strip regions to the slit and saturation zone are denoted as X‘,

X‘ :¼ ðX;YÞ
��� b < jXj <1; and � h0 < Y < h0

n o
: ð16Þ

Inside saturation zone, the electric displacement is prescribed

DY ðX;YÞ ¼ qs ¼ const:; 8 ðX;YÞ 2 Xs: ð17Þ

Let X ¼ x1;Y ¼ x3, and Z ¼ x2 denote regular Cartesian coordinates, where the Y -axis orients

in the poling direction. Gao et al. [15] made the following approximations on displacement and

electric fields:

uX :¼ u1 ¼ 0; uZ :¼ u2 ¼ 0; and uY ¼ u3ðX;YÞ ¼ uðX;YÞ; ð18Þ

EX ¼ E1 ¼ �
@/
@X

; EZ ¼ E2 ¼ 0; EY ¼ E3 ¼ �
@/
@Y

: ð19Þ

As pointed out by Gao et al. ([15]), the type of approximation adopted here is not new.

For instance, it is similar to a simplification made by Rice et al. ([35]) in a study of three-

dimensional dynamic crack propagation with a wavy crack front.

Consequently, the governing equations simplify considerably. Constitutive relations (9) and

(10) take the form:

rXX ¼ �M
@u

@Y
� e

@/
@Y

; ð20Þ

rXY ¼ M
@u

@X
þ e

@/
@X

; ð21Þ

rYY ¼ M
@u

@Y
þ e

@/
@Y

; ð22Þ

DX ¼ e
@u

@X
� � @/

@X
; ð23Þ

DY ¼ e
@u

@Y
� � @/

@Y
: ð24Þ

The nontrivial equilibrium equations are:

@rXX

@X
þ @rXY

@Y
¼ 0; ð25Þ

@rXY

@X
þ @rYY

@Y
¼ 0 ð26Þ
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and electrostatic charge equation becomes

@DX

@X
þ @DY

@Y
¼ 0: ð27Þ

Substituting Eqs. (20)–(24) into (25)–(27) yields:

@rXX

@X
þ @rXY

@Y
¼ 0) �M

@2u

@X@Y
� e

@2/
@X@Y

þM
@2u

@X@Y
þ e

@2/
@X@Y

¼ 0;

@rXY

@X
þ @rYY

@Y
¼ 0) Mr2uþ er2/ ¼ 0; ð28Þ

@DX

@X
þ @DY

@Y
¼ 0) er2u� �r2/ ¼ 0; ð29Þ

where r2 is the two-dimensional Laplacian operator

r2 :¼ @2

@X2
þ @2

@Y2
:

In traditional approach, both u and / can be treated as harmonic functions since M�þ e2 6¼ 0,

r2u ¼ 0; r2/ ¼ 0; 8 ðX;YÞ 2 R2=Xh: ð30Þ

In the interior of a crack, the electric potential satisfies the electrostatic charge equation,

r2/a ¼ 0; 8 ðX;YÞ 2 Xh; ð31Þ

where /a is the electric potential in the dielectric medium inside a permeable crack, and the

superscript a denotes ‘‘air’’.

A slightly different approach is adopted in this paper. Introduce a new electrical potential

w :¼ /� e

�
u: ð32Þ

By choosing w and u as primary variables, it may be found that

er2u� �r2/ ¼ 0; ! r2w ¼ 0; 8 ðX;YÞ 2 R2=Xh; ð33Þ
Mr2uþ er2/ ¼ 0; ! r2u ¼ 0; 8 ðX;YÞ 2 R2=Xh: ð34Þ

The constitutive relations (20–23) may be rewritten in terms of u and w,

rXY ¼ �MM
@u

@X
þ e

@w
@X

; ð35Þ

rYY ¼ �MM
@u

@Y
þ e

@w
@Y

; ð36Þ

DX ¼ ��
@w
@X

; ð37Þ

DY ¼ ��
@w
@Y

; ð38Þ

where

�MM :¼ M þ e2

�
:

3 Crack solution

Consider a permeable crack that is perpendicular to the poling direction, and it is subjected to

remote traction and charge distribution at remote boundary (see Fig. 3).
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Let T̂T ¼ r1eY and qs ¼ �q1.

n � ½jrj� ¼ �T̂T ! rYY ¼ r1; 8Y !1; ð39Þ

n � ½jDj� ¼ qs ! DY ¼ q1; 8Y !1: ð40Þ

Assume that due to either discharge of dielectric medium inside a crack, or charge separation

due to the newly formed crack surfaces, there is a charge distribution on the entire crack

surfaces (see Fig. 3).

The boundary conditions on the crack surfaces,

n � ½jrj� ¼ 0; 8Y ¼ �h0 and jXj � a ð41Þ

n � ½jDj� ¼ �qD; 8Y ¼ �h0 and jXj � a ð42Þ

n� ½jEj� ¼ 0; 8Y ¼ �h0 and jXj � a ð43Þ

which take the form:

rYY ðX;�h0Þ ¼ 0; 8 jXj � a ð44Þ

DY ðX;�h0Þ � Da
Y ðX;�h0Þ ¼ �qD; 8 jXj � a ð45Þ

EXðX;�h0Þ � Ea
XðX;�h0Þ ¼ 0; 8 jXj � a: ð46Þ

In the saturation strip zone,

DY ðX;YÞ ¼ qS; 8 ðX;YÞ 2 Xs; ð47Þ

uðX;�h0Þ � uðX; 0Þ ¼ 0; a < jXj < b: ð48Þ

And symmetry conditions

uðX; 0Þ ¼ 0; 8jXj > b ð49Þ
/ðX; 0Þ ¼ 0; 8 jXj > b ð50Þ
wðX; 0Þ ¼ 0; 8 jXj > b ð51Þ
/aðX; 0Þ ¼ 0; 8 0 < jXj < a ð52Þ
or

EXðX; 0Þ ¼ 0; 8 jXj > a ð53Þ
Ea

XðX; 0Þ ¼ 0; 8 0 < jXj < a: ð54Þ

In the dielectric medium inside a permeable crack, Da
i ¼ �0Ea

i and Ea
i ¼ �/a

;i; i ¼ X;Y :

q
S

qD

q

qS

+ + + +

+ + + + + + + + + + + + ++

+ + + + + + + + + +++ + + + + + + + + + + + + + + + +

Saturation Strip

b b

aa

Poling Direction

X, (1)

Y, (3)
Piezoelectric 
Ceramic

Dielectric Medium (Air, or Vacuum)

0 0

q 0 0
s 0 0

s 0 0

Fig. 3. A permeable crack with satu-
rated tip subjected remote traction and

charge loads and charge distribution
on the crack surfaces
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Separate displacement and electrical potential fields into two parts: a uniform part due to

remote boundary conditions and a disturbance part due to the presence of a crack.

u ¼ u0 þ ~uu; ð55Þ

/ ¼ /0 þ ~//; ð56Þ

w ¼ w0 þ ~ww ð57Þ

and choose

u0 ¼ E1Y ; /0 ¼ �E1Y ; and w0 ¼ �
q1
�

Y ; ð58Þ

where the remote loading parameters are related through

r1 ¼ ME1 � eE1; q1 ¼ eE1 þ �E1; ð59Þ

E1 ¼
1

D1
ð�r1 þ eq1Þ; E1 ¼

1

D1
ð�er1 þMq1Þ; ð60Þ

where D1 :¼ M�þ e2. The above arrangement ensure the conditions that ~uu; ~//; ~ww! 0 as

Y !1.

Extend the definition domain of /a into Xh [ Xs [ X‘ and let

/a ¼ /a
0 þ ~//a; ð61Þ

where the uniform part of the electrical potential is the leaky mode, which is chosen as

/a
0 ¼

� q1
�0

Y ; 8 ðX;YÞ 2 Xh

0; 8 ðX;YÞ 2 Xs [ X‘

�
ð62Þ

and the perturbed part due to the presence of the crack is

~//a ¼ /a � /a
0 ; 8 ðX;YÞ 2 Xh

0; 8 ðX;YÞ 2 Xs [ X‘

�
: ð63Þ

Introduce Fourier cosine transform

F	ðf;YÞ ¼
ffiffi
2
p

q R1
0

FðX;YÞ cosðfXÞdX

FðX;YÞ ¼
ffiffi
2
p

q R1
0

F	ðf;YÞ cosðfXÞdf

8>><
>>:

; ð64Þ

where FðX;YÞ ¼ ~uuðX;YÞ; ~//ðX;YÞ; ~wwðX;YÞ, and ~//
aðX;YÞ; whereas F	ðf;YÞ ¼ ~uu	ðf;YÞ,

~//
	ðf;YÞ, and ~//a	ðf;YÞ. The transformed governing equations become

d2

dY2
F	 þ f2

F	 ¼ 0: ð65Þ

Within the piezoelectric ceramic,

~uu	ðf;YÞ ¼ AðfÞ expð�fYÞ; 8 Y > 0 ð66Þ

~//
	ðf;YÞ ¼ BðfÞ expð�fYÞ; 8 Y > 0 ð67Þ

~ww
	ðf;YÞ ¼ GðfÞ expð�fYÞ; 8 Y > 0: ð68Þ

Inside the permeable crack,

~//a	ðf;YÞ ¼ CðfÞ sinhðfYÞ; 8 Y > 0 ð69Þ

which satisfies the symmetry condition ~//aðX; 0Þ ¼ 0.
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Consider the boundary condition (46),

EXðX;�h0Þ � Ea
XðX;�h0Þ ¼ 0; jXj < a ð70Þ

and the symmetry condition

EXðX; 0Þ ¼ 0; jXj > a: ð71Þ
On the other hand, in the extended domain

Ea
XðX; 0Þ ¼ 0; jXj > a: ð72Þ

Combining Eqs. (70)–(72), one may find

~EEXðX;�hðXÞÞ � ~EE
a

XðX;�hðXÞÞ ¼ 0; 8 �1 < X < þ1; ð73Þ

where function hðXÞ is defined in Eq. (13).

In transformed space ðf;YÞ, the condition (73) may be approximated as

~EE
	
Xðf;�h	ðfÞÞ � ~EE

a	
X ðf;�h	ðfÞÞ ¼ 0; 8 0 < f < þ1; ð74Þ

where

h	ðfÞ ¼ h0
sinðafÞ

f
: ð75Þ

Considering Eqs. (67) and (69), one has

BðfÞ ¼ CðfÞ 1
2

�
expð2fh	ðfÞÞ � 1

�

¼ CðfÞ h0 sinðafÞ þ h2
0 sin2ðafÞ þ 2

3
h3

0 sin3ðafÞ þ . . .

� �
: ð76Þ

Let

BðfÞ ¼ B1ðfÞ þ h0B2ðfÞ þ h2
0B3ðfÞ þ . . . : ð77Þ

By virtue of Eq. (76),

B1ðfÞ ¼ CðfÞh0 sinðafÞ; ð78Þ

B2ðfÞ ¼ CðfÞh0 sin2ðafÞ; ð79Þ

B3ðfÞ ¼ CðfÞ 2h0

3
sin3ðafÞ; ð80Þ

� � � ð81Þ
Since h0 ! 0, sinðafÞ is always bounded, the following average approximation is adopted

h0 sinðafÞ � h0sinðafÞ ¼
ffiffiffi
p
2

r
h0

a
; ð82Þ

where

sinðafÞ :¼
ffiffiffi
p
2

r Z1

0

sinðafÞdf ¼
ffiffiffi
p
2

r
1

a
: ð83Þ

The equality (83) holds in the sense of generalized function (see, Erdélyi et al. [36] or Lighthill

[37], p. 33).

Let

r :¼
ffiffiffi
2

p

r
a

h0
: ð84Þ
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Equations (81) can then be translated into

CðfÞ ¼ rB1ðfÞ; ð85Þ

CðfÞ ¼ r2h0B2ðfÞ; ð86Þ

CðfÞ ¼ 3r3

2
h2

0B3ðfÞ; ð87Þ

� � � ð88Þ

After Fourier transform, the boundary condition (45) becomes

ffiffiffi
2

p

r Z1

0

f �GðfÞ expð�h0fÞ þ �0CðfÞ coshðfh0Þ½ � cosðfXÞdf ¼ qD; 8 0 < jXj < a: ð89Þ

Consider series expansions

GðfÞ ¼ G1ðfÞ þ h0G2ðfÞ þ h2
0G3ðfÞ þ . . .

expð�h0fÞ ¼ 1� h0fþ
ðh0fÞ2

2!
� ðh0fÞ3

3!
þ . . . ð90Þ

coshðh0fÞ ¼ 1þ ðh0fÞ2

2!
þ ðh0fÞ4

4!
þ . . . : ð91Þ

Therefore,

GðfÞ expð�h0fÞ ¼ G1ðfÞ þ h0½�fG1ðfÞ þ G2ðfÞ� þ h2
0

f2

2!
G1ðfÞ � fG2ðfÞ þ G3ðfÞ

" #

þ h3
0 �

f3

3!
G1ðfÞ þ

f2

2!
G2ðfÞ � fG3ðfÞ þ G4ðfÞ

" #
þ . . . : ð92Þ

and

CðfÞ coshðfh0Þ ¼ rB1ðfÞ þ h2
0r

�f2

2!
B1ðfÞ

�
þ h4

0r

�f4

4!
B1ðfÞ

�
þ . . . : ð93Þ

Throughout this paper, it is assumed that the product �0r is bounded, i.e. �0r < C;C > 0, and C

is independent with r or �0. When approaching to the impermeable limit, �0r! 0.

The following asymptotic integral equation series may then be derived, 8 0 < X < a:

h0
0 :

ffiffiffi
2

p

r Z1

0

f �G1ðfÞ þ �0rB1ðfÞ½ � cosðfXÞdf ¼ �qD; ð94Þ

h1
0 :

ffiffiffi
2

p

r Z1

0

�f �fG1ðfÞ þ G2ðfÞ½ � cosðfXÞdf ¼ 0; ð95Þ

h2
0 :

ffiffiffi
2

p

r Z1

0

f �
�f2

2
G1ðfÞ � fG2ðfÞ þ G3ðfÞ

�
þ �0rf2

B1ðfÞ
�( )

cosðfXÞdf ¼ 0; . . . : ð96Þ

The saturation condition, DY ðX;h0Þ ¼ qS, provides additional boundary condition in

a < jXj < b. That is
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ffiffiffi
2

p

r Z1

0

�fGðfÞ expð�h0fÞ cosðfXÞdf ¼ qS � q1: ð97Þ

The asymptotic expansion gives

h0
0 :

ffiffiffi
2

p

r Z1

0

fG1ðfÞ cosðfXÞdf ¼ qS � q1
�

;

h1
0 :

ffiffiffi
2

p

r Z1

0

f½�fG1ðfÞ þ G2ðfÞ� cosðfXÞdf ¼ 0;

h2
0 :

ffiffiffi
2

p

r Z1

0

f
f2

2
G1ðfÞ � fG2ðfÞ þ G3ðfÞ

" #
cosðfXÞdf ¼ 0 . . . :

ð98Þ

Consider that /	ðf;YÞ ¼ w	ðf;YÞ þ e
� u	ðf;YÞ, which leads to

BðfÞ ¼ GðfÞ þ e

�
AðfÞ: ð99Þ

Let

AðfÞ ¼ A1ðfÞ þ h0A2ðfÞ þ h2
0A3ðfÞ þ . . . : ð100Þ

The first-order approximation of electric displacement boundary condition can be expressed in

the following integral form:

ffiffiffi
2

p

r Z1

0

f
h
ð�þ �0rÞG1ðfÞ þ

�0re

�
A1ðfÞ

i
cosðfXÞdf ¼ qD; jXj < a;

ffiffiffi
2

p

r Z1

0

fG1ðfÞ cosðfXÞdf ¼ qS � q1
�

; a < jXj < b: ð101Þ

The integral form of the stress-free boundary condition on crack surfaces is

rY ðX;h0Þ ¼ r1 � �MM

ffiffiffi
2

p

r Z1

0

fAðfÞ cosðfXÞ expð�h0fÞdf

þ e

ffiffiffi
2

p

r Z1

0

fGðfÞ cosðfXÞ expð�h0fÞdf ¼ 0; jXj < a: ð102Þ

For jXj < a, asymptotic expansion gives

h0
0 :

ffiffiffi
2

p

r Z1

0

f
h

�MMA1ðfÞ � eG1ðfÞ
i

cosðfXÞdf ¼ r1;

h1
0 :

ffiffiffi
2

p

r Z1

0

f �MM
h
�fA1ðfÞ þ A2ðfÞ

i
� e

h
�fG1ðfÞ þ G2ðfÞ

in o
cosðfXÞdf ¼ 0;

h2
0 :

ffiffiffi
2

p

r Z1

0

f �MM
f2

2!
A1ðfÞ � fA2ðfÞ þ A3ðfÞ

" #
� e

f2

2!
G1ðfÞ � fG2ðfÞ þ G3ðfÞ

" #( )
cosðfXÞdf ¼ 0;

. . . ð103Þ
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Consider symmetry condition

uðX; 0Þ ¼ 0; jXj > a ð104Þ

and note that inside the saturation zone,

uðX; 0Þ ¼ 0; 8a < jXj < b ð105Þ

is assumed.

For electrical potentials, symmetry condition gives

/ðX; 0Þ ¼ 0; and wðX; 0Þ ¼ 0; 8 jXj > b: ð106Þ

They lead to

ffiffiffi
2

p

r Z1

0

AiðfÞ cosðfXÞdf ¼ 0; 8 jXj > a; ð107Þ

ffiffiffi
2

p

r Z1

0

GiðfÞ cosðfXÞdf ¼ 0; 8 jXj > b; ð108Þ

for i ¼ 1; 2; . . . .

By combining Eqs. (94)–(96) and Eqs. (107)–(108), the complete first-order integral equations

for the mixed boundary value problem are found as

ffiffiffi
2

p

r Z1

0

f
h

�MMA1ðfÞ � eG1ðfÞ
i

cosðfXÞdf ¼ r1; jXj < a

ffiffiffi
2

p

r Z1

0

f
h�0re

�
A1ðfÞ þ ð�þ �0rÞG1ðfÞ

i
cosðfXÞdf ¼ �qD; jXj < a

ffiffiffi
2

p

r Z1

0

fG1ðfÞ cosðfXÞdf ¼ qS � q1
�

; a < jXj < b

ffiffiffi
2

p

r Z1

0

A1ðfÞ cosðfXÞdf ¼ 0; 8 jXj > a

ffiffiffi
2

p

r Z1

0

G1ðfÞ cosðfXÞdf ¼ 0; 8 jXj > b

ð109Þ

which may be reduced to two sets of dual integral equations

ffiffiffi
2

p

r Z1

0

fA1ðfÞ cosðfXÞdf ¼ rðXÞ; jXj < a

ffiffiffi
2

p

r Z1

0

A1ðfÞ cosðfXÞdf ¼ 0; jXj > a

8>>>>>>>><
>>>>>>>>:

; ð110Þ
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ffiffiffi
2

p

r Z1

0

fG1ðfÞ cosðfXÞdf ¼ qðXÞ; jXj < b

ffiffiffi
2

p

r Z1

0

G1ðfÞ cosðfXÞdf ¼ 0; jXj > b

8>>>>>>><
>>>>>>>:

; ð111Þ

where

rðXÞ¼ 1

Dc

½ð�þ �0rÞr1þeqD�; jXj<a; ð112Þ

qðXÞ¼� 1

Dc

h
�MMqDþ

��0re

�

�
r1
i
ðHðXÞ�HðX�aÞÞþðqS�q1Þ

�
HðX�aÞ; 0< jXj< b; ð113Þ

where Dc :¼ Mð�þ �0rÞ þ e2 and HðXÞ is standard Heaviside function.

Let

A1ðfÞ ¼
ffiffiffi
p
2

r Zb

0

f ðtÞtJ0ðftÞdt; ð114Þ

G1ðfÞ ¼
ffiffiffi
p
2

r Zb

0

gðtÞtJ0ðftÞdt; ð115Þ

where f ðtÞ and gðtÞ are unknown functions, and

ffiffiffi
2

p

r Z1

0

A1ðfÞ cosðfXÞdf ¼
Rb
X

f ðtÞtffiffiffiffiffiffiffiffiffiffi
t2�X2
p dt; jXj < a

0; jXj > a

8><
>:

; ð116Þ

ffiffiffi
2

p

r Z1

0

G1ðfÞ cosðfXÞdf ¼
Rb
X

gðtÞtffiffiffiffiffiffiffiffiffiffi
t2�X2
p dt; jXj < b

0; jXj > b

8><
>:

: ð117Þ

The dual integral equations (110)–(111) are then reduced to a set of Abel integral equa-

tions

d

dX

ZX

0

f ðtÞ
gðtÞ

 !
tdtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 � t2
p ¼

rðXÞ
qðXÞ

 !
: ð118Þ

Following the standard procedure (e.g., Sneddon and Lowengrub [38]), one may find that

f ðtÞ ¼ 2

p

Z t

0

rðXÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � X2
p dX ¼ 1

Dc

½ð�þ �0rÞ þ eqD�r1; 0 < t < a; ð119Þ

gðtÞ ¼ 2

p

Z t

0

qðXÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � X2
p dX ¼ � 1

Dc

h
�MMqD þ

��0re

�

�
r1
i

þ 1

�
ðqs � q1Þ þ

1

Dc

h
�MMqD þ

��0re

�

�
r1
i� 

�
�2

p

�
cos�1

�
a

t

�
Hðt� aÞ; 0 < t < b: ð120Þ
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Subsequently, the displacement ans electric potential along crack surfaces can be found as well,

uðX;h0Þ�
Za

X

f ðtÞtffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2�X2
p dt¼ 1

Dc

½ð�þ �0rÞþeqD�r1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2�X2
p

; 8jXj<a; ð121Þ

wðX;h0Þ�
Zb

X

gðtÞtffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2�X2
p dt¼ � 1

Dc

h
�MMqDþ

��0re

�

�
r1
i�
þ
� h
p=2

���
qS�q1

�

�

þ 1

Dc

�
�MMqDþ

��0re

�

�
r1
��
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2�X2
p

�
�1

p

��qS�q1
�
þ 1

Dc

h
�MMqDþ

��0re

�

�
r1
i�

� X ln
a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2�X2
p

�X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2�a2
p

X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2�a2
p

þa
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2�X2
p

�����

�����

(
þa ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2�a2
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2�X2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2�a2
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2�X2
p

�����

�����

)
8jXj< b: ð122Þ

By virtue of the identity

/ ¼ wþ e

�
u;

/ðX;h0Þ �
e

�Dc

h
ð�þ �0rÞ þ eqD

i
r1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � X2
p �

HðXÞ � HðX � aÞ
�

þ � 1

Dc

h
�MMqD þ

��0re

�

�
r1
i
þ
� h
p=2

���
qS � q1

�

��

þ 1

Dc

�
�MMqD þ

��0re

�

�
r1
��
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2 � X2
p �

HðXÞ � HðX � bÞ
�

�
�1

p

��
qS � q1

�
þ 1

Dc

h
�MMqD þ

��0re

�

�
r1
i�
� X ln

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � X2
p

� X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2
p

X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2
p

þ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � X2
p

�����

�����

(

þa ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � X2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � X2
p

�����

�����

)�
HðXÞ � HðX � bÞ

�
; ð123Þ

where

h ¼ cos�1
�a

b

�
:

The gradient fields for both vertical displacement and electrical potentials along the upper crack

surface line are given as follows:

@u

@Y
ðX;h0Þ �

E1 � 1
Dc

h
ð�þ �0rÞr1 þ eqD

i
; jXj < a

E1 � 1
Dc

h
ð�þ �0rÞr1 þ eqD

ih
1� Xffiffiffiffiffiffiffiffiffiffi

X2�a2
p

i
; jXj > a

8><
>:

: ð124Þ

To eliminate the singularity of electrical displacement field, the following saturation condition

has to be satisfied at the tip of the saturation zone,

� 1

Dc

h
�MMqD þ

��0re

�

�
r1
i
þ
� h
p=2

� �qS � q1
�

�
þ 1

Dc

�
�MMqD þ

��0re

�

�
r1
�� �� 


¼ 0; ð125Þ

where
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h ¼ cos�1
�

a

b

�
:

From Eq. (125), one may be able to determine the size of saturation zone,

h ¼ cos�1
�

a

b

�
¼
�p

2

� 1
Dc

h
�MMqD þ

�
�0re

�

�
r1
i

�
qS�q1

�

�
þ 1

Dc

h
�MMqD þ

�
�0re

�

�
r1
i : ð126Þ

Let �0 ¼ 0 and qD ¼ q1. We recover the original saturation-strip solution obtained by Gao

et al. [15] under the impermeable assumption,

h ¼
�p

2

� q1
qS

: ð127Þ

From the above analysis, one may find that simply setting �0 ¼ 0 is not enough to recover the

impermeable solution. Instead, it involves a complete discharge process on crack surfaces,

which has to block the passage of applied electrical field completely to suppress the leaky mode.

On the other hand, if there is no charge distribution along crack surfaces, qD ¼ 0, and �0 ¼ 0,

the piezoelectric material in front of the crack tip may not be able to be saturated, because

h ¼ 0! a ¼ b.

In reality, any amount the negative charge distribution along the upper half of the crack

surface may represent a partial discharge, shielding the dielectric medium inside the crack from

the applied electrical field. For the saturation zone with fixed size, the intensity of charge

distribution along crack surfaces can be determined by the following expression:

qD ¼
Dc

�hh
�MMð1� �hhÞ

�qS � q1
�

�
�
��0re

� �MM

�
r1; ð128Þ

where �hh ¼ h=ðp=2Þ.
The gradient of electric potentials are

@w
@Y
ðX;h0Þ ¼

�
�

q1
� � 1

Dc

h
�MMqD þ

�
�0re

�

�
r1
i�
; 0 < jXj < a

� qS

� ; a < jXj < b

�
�

q1
� � 1

Dc

h
�MMqD þ

�
�0re

�

�
r1
i�

þ higher-order terms jXj > b

8>>>>>>>><
>>>>>>>>:

ð129Þ

and

@/
@Y
¼

�E1 þ 1
Dc

h
MqD � er1

i
; jXj < a

� qS

� þ e
�

h
E1 � 1

Dc
ð�þ �0rÞr1 þ eqD

i

þ e
�Dc

h
ð�þ �0rÞr1 þ eqD

i
Xffiffiffiffiffiffiffiffiffiffi

X2�a2
p ; a < jXj < b

�E1 þ 1
Dc

h
MqD � er1

i

þ e
�Dc

h
ð�þ �0rÞr1 þ eqD

i
Xffiffiffiffiffiffiffiffiffiffi

X2�a2
p

þhigher-order terms; jXj > b:

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

ð130Þ
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4 Asymptotic fields and intensity factors

To measure the local mechanical and electrical fields in front a crack tip, intensity factors are

derived for the relevant field variables. At Y ¼ 0, the general forms of asymptotic fields of both

mechanical and electric variables in front of the crack tip can be found as follows:

�YY ¼
1

Dc

�
ð�þ �0rÞr1 þ eqD

� Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ E1 �

1

Dc

h
ð�þ �0rÞr1 þ eqD

i� �
; ð131Þ

EY ¼ �
� e

�Dc

��
ð�þ �0rÞr1 þ eqD

� Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ qS

�

þ e

�Dc

ð�þ �0rÞr1 þ eqD � E1Dcð Þ; ð132Þ

rYY ¼
�MM

Dc

�
ð�þ �0rÞr1 þ eqD

� Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ �MM E1 �

1

Dc

h
ð�þ �0rÞr1 þ eqD

i� �
� eqS

�
; ð133Þ

DY ¼ qS: ð134Þ

The relevant field intensity factors can be found as follows:

KS
I ¼ lim

X!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðX � aÞ

p
�YY ðX; 0Þ ¼ ð�þ �0rÞr1 þ eqDð Þ

ffiffiffiffiffiffi
pa
p

Dc

; ð135Þ

KE
I ¼ lim

X!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðX � aÞ

p
EY ðX; 0Þ ¼ � ð�þ �0rÞr1 þ eqDð Þ e

�Dc

ffiffiffiffiffiffi
pa
p

; ð136Þ

KT
I ¼ lim

X!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðX � aÞ

p
rYY ðX; 0Þ ¼ �MM ð�þ �0rÞr1 þ eqDð Þ

ffiffiffiffiffiffi
pa
p

Dc

; ð137Þ

KD
I ¼ lim

X!aþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pðX � aÞ

p
DY ðX; 0Þ ¼ 0: ð138Þ

A few special cases are deserved special attentions.

4.1 Without surface charge

Assume that there is no surface charge on the crack surfaces. Let qD ¼ 0. The asymptotic fields

become:

�YY ¼
1

Dc

�
�þ �0r

�
r1

Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ E1 �

1

Dc

�
ð�þ �0r

�
r1

� �
; ð139Þ

EY ¼ �
� e

�Dc

��
ð�þ �0r

�
r1

Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ qS

�
þ e

�Dc

�
ð�þ �0rÞr1 � E1Dc

�
; ð140Þ

rYY ¼
�MM

Dc

�
�þ �0r

�
r1

Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ �MM E1 �

1

Dc

�
�þ �0r

�
r1

� �
� eqS

�
; ð141Þ

DY ¼ qS ð142Þ

and the related intensity factors are
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KS
I ¼

ffiffiffiffiffiffi
pa
p

Dc

�
�þ �0r

�
r1; ð143Þ

KE
I ¼ �

ffiffiffiffiffiffi
pa
p

e

�Dc

�
�þ �0r

�
r1; ð144Þ

KT
I ¼

ffiffiffiffiffiffi
pa
p �MM

Dc

�
�þ �0r

�
r1; ð145Þ

KD
I ¼ 0: ð146Þ

They are not affected by remote electric loading as well as domain switching induced satura-

tion.

Furthermore, let �0 ¼ 0, and Dc ¼ D1. We recover the results obtained by Zhang and Hack

[18] for a mode III crack in linear media,

KS
I ¼

�

D1
r1

ffiffiffiffiffiffi
pa
p

; ð147Þ

KE
I ¼ �

e

D1
r1

ffiffiffiffiffiffi
pa
p

; ð148Þ

KT
I ¼ r1

ffiffiffiffiffiffi
pa
p

; ð149Þ

KD
I ¼ 0: ð150Þ

4.2 Zero crack height solution (h0 ¼ 0)

Let h0 ¼ 0 and consequently r!1. That is: the slit has zero height. The physical interpretation

of this limit is that the upper and lower crack surfaces are in close contact during fracture process.

Therefore, there is no dielectric medium inside the crack. The asymptotic fields become:

�YY ¼
r1
M

Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ

�
E1 �

r1
M

�
; ð151Þ

EY ¼ �
�er1

M�

� Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ

�qS

�
� e2

�M
E1

�
; ð152Þ

rYY ¼
�MM

M
r1

Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ

�MM

M
eE1 �

e

�
qS; ð153Þ

DY ¼ qS: ð154Þ

4.3 Impermeable solution

Since �0 
 1 in reality, we consider the crack solution in the impermeable limit, �0r! 0. In this

case, Dc ! D1 ¼ M�þ e2. The asymptotic solution in a permeable and saturated crack front is

�YY ¼
ð�r1 þ eqDÞ

D1

Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ e

D1
ðq1 � qDÞ; ð155Þ

EY ¼ �
�

e

�

� ð�r1 þ eqDÞ
D1

Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ qS

�
þ e2

�

1

D1
ðqD � q1Þ; ð156Þ

rYY ¼
�
r1 þ

e

�
qD

� Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ e

�
ðq1 � qS � qDÞ; ð157Þ

DY ¼ qS: ð158Þ
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Consider the complete discharge process, i.e. the charge distribution on crack surfaces is pre-

scribed as qD ¼ q1. The asymptotic fields in front of the crack tip become:

�YY ¼ E1
Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 � a2
p ; ð159Þ

EY ¼ �
�e

�

�
E1

Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ qS

�
; ð160Þ

rY ¼
E1D1
�

Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p � e

�
qS; ð161Þ

DY ¼ qS: ð162Þ
These results recover exactly the GZT crack solution obtained by Gao et al [15] under the

impermeable assumption. This result unveils that the so-called impermeable solution is more than

just an approximation by setting �0 ¼ 0. It is involved a complete dis-charge process on crack

surface to shield off the interaction between the dielectric medium inside a crack and the piezo-

electric matrix.

The relevant field intensity factors can be found as follows:

KS
I ¼

ffiffiffiffiffiffi
pa
p

E1; ð163Þ

KE
I ¼ �

ffiffiffiffiffiffi
pa
p �e

�

�
E1; ð164Þ

KT
I ¼

ffiffiffiffiffiffi
pa
p D1

�
E1; ð165Þ

KD
I ¼ 0; ð166Þ

where the remote applied electric field strength may be expressed as

E1 ¼
1

M

�
r1 þ eE1

�
: ð167Þ

5 Energy release rate

The expression of J-integral in a piezoelectric medium is given by Cherepanov [39],

J ¼
Z

C

�
HnX � rijniuj;X � niDi/;X

�
dS; ð168Þ

where H is the electric enthalpy density.

For permeable cracks, J-integral has two parts: Local energy release rate, and Global energy

release rate. The so-called local energy release rate is defined as the contour integral, J, along an

infinitesimal circle around the crack tip, C‘; Global energy release rate, which may be defined as

any contour integral, J, starting at the center of the lower part of the crack surface and ending

at the center of upper part of the crack surface (see Fig. 4). The total energy release rate, or the

so-called global energy release rate, is the sum of the local energy release rate and the contour

integral contribution along the crack surfaces, i.e.,

Jg ¼ J‘ þ Jcs; ð169Þ

where Jcs denote the energy release rate contribution from crack surfaces.
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Arguments have been made by Gao and his colleagues [14, 15] about different roles that local

and global energy release rates may play in the process of piezoelectric fracture.

The local energy release rate can be calculated by the following expression:

J‘ ¼
1

2

�
KS

I KT
I � KE

I KD
I

�
¼ 1

2

h
ð�þ �0rÞr1 þ eqD

i2�pa

D2
c

�
�MM

( )
; ð170Þ

when �0 ¼ 0,

J‘ ¼
1

2

pa

�D1

h
�r1 þ eqD

i2

: ð171Þ

Let qD ¼ q1, we recover the local energy release rate result obtained by Gao et al. [15],

J‘ ¼
pa

2M

�
1þ e2

M�

��
r1 þ eE1

�2

: ð172Þ

5.1 Global energy release rate

When a crack grows in a permeable environment, energy release is not only consumed by

supplying the surface energy for newly formed crack surfaces, but also consumed by supplying

electrostatic energy to the dielectric medium inside the crack. In fact, if surface charge is absent

on the crack surfaces, the normal component of electric displacement in piezoelectric medium

may equal to the normal component of electric displacement in the dielectric medium inside

the crack. This suggests that the crack surface contribution to the J-integral is the part of

energy release rate that may go directly into supplying the electrostatic energy increase in the

dielectric medium inside the crack. In general, this part of the J-integral contribution relates to

the interaction between the dielectric medium inside crack and the fractured piezoelectric

material.

By taking into account the contribution of J-integral on crack surface, the so-called global

energy release rate can be calculated,

Jg ¼ J‘ þ Jcs; ð173Þ

where Jcs denote the energy release contribution from crack surfaces, which can be calculated

by

Jcs ¼ �
Z

cs

niDi/;X dS: ð174Þ

Γg

Γl

Y

X

ΓCS

Fig. 4. J-integral contours for evaluating local and
global energy release rates
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The normal component of the electric displacement on the crack surfaces along the crack

surface and saturation zone is

DY ðX;h0Þ � ��
@w
@Y
¼
h
q1 �

�

Dc

�
�MMqD þ

��0re

�

�
r1
�i

þ ��hh
1

Dc

h
�MMqD þ

��0re

�

�
r1
�i

HðX � aÞ

¼ DY1 þ DY2HðX � aÞ; ð175Þ

where

DY1 :¼
h
q1 �

�

Dc

�
�MMqD þ

��0re

�

�
r1
�i
;

DY2 :¼ �
�hh

1

Dc

h
�MMqD þ

��0re

�

�
r1
�i
:

ð176Þ

The electric potential on crack surfaces may be found as

/ðX;h0Þ �
e

�D

h
ð�þ �0rÞr1 þ eqD

i ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � X2
p �

HðXÞ � HðX � aÞ
�

� 1

p�hhDc

h
�MMqD þ

��0re

�

�
r1
i

X ln
a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � X2
p

� X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2
p

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � X2
p

þ X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2
p

�����

�����

(

� a ln
a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2
p

� X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � X2
p

a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � a2
p

þ X
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � X2
p

�����

�����

)
: ð177Þ

Substituting Eq. (175) and Eq. (177) into Eq. (174) yield

Jcs ¼ DY1ð/ð0; 0þÞ � /ð0; 0�ÞÞ þ DY2ð/ða; 0þÞ � /ða; 0�ÞÞ

¼ 2ea

Dc

h
ð�þ �0rÞr1 þ eqD

i
q1
�
� 1

Dc

�
�MMqD þ

��0re

�

�
r1
�� 


þ 4

p�hh

a

Dc

h
�MMqD þ

��0re

�

�
r1
�i

ln
1þ sin h

cos h

����
����

� �

Dc

h
�MMqD þ

��0re

�

�i
� q1

� 


� 4�a

pD2
c
�hh

2

h
�MMqD þ

��0re

�

�
r1
i2

ln j sec hj; ð178Þ

where

h :¼ cos�1
�a

b

�
:
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The global energy release rate is then obtained

Jg ¼ J‘ þ Jcs ¼
pa

2D2
c

�MM
h
ð�þ �0rÞr1 þ eqD

i2

ð179Þ

þ 2ae

Dc

h
ð�þ �0rÞr1 þ eqD

i q1
�
� 1

Dc

�
�MMqD þ

��0re

�

�
r1
�� 


þ 4a

p�hh

1

Dc

h
�MMqD þ

��0re

�

�
r1
�i

ln
1þ sin h

cos h

����
����

� �

Dc

h
�MMqD þ

��0re

�

�
r1
i
� q1

� 

� 4a�

pD2
c
�hh

2

h
�MMqD þ

��0re

�

�
r1
i2

ln j sec hj: ð180Þ

Consider impermeable limit �0r ¼ 0. The global energy release rate becomes

Jg ¼
pa

2�Dc

h
�r1 þ eqD

i2

þ 2a

Dc

�
e

�

�h
�r1 þ eqD

i
ðq1 � qDÞ

� 4a

p�hh�
qD

�
q1 � qD

�
ln

1þ sin h
cos h

����
����� q2

D

4a

p�hh
2
�

ln j sec hj: ð181Þ

In the case that there is no charge distribution along the crack surface qD ¼ 0, one may find that

Jg ¼
pa

2 �MM

�
r2
1 þ

4e

p
r1q1

�
ð182Þ

which may be written in terms of remote stress and electric field,

Jg ¼
pa

2M

 
M�þ 4e2=p

M�þ e2
r2
1 þ

4e

p
r1E1

!
: ð183Þ

This result is similar to the result obtained by the author in a linear analysis of Mode III

permeable crack ([40]).

Let qD ¼ q1 in Eq. (181). One may find that

Jg ¼
pa

2 �MM

�
1þ e2

�MM�

��
r1 þ eE1

�2

� 4

p
q2

S

�
a ln j sec hj ð184Þ

which again recovers the result obtained by Gao et al. [15].

6 Crack growth under applied electric load

Extra care should be taken under purely applied electric loading. Assume that there is no remote

mechanical load, i.e. r1 ¼ 0. Let �0 ¼ 0. The asymptotic fields in front a crack tip, which contains

a saturation zone and a layer of positive charge distribution on the crack surfaces, are

�YY ¼
eqD

D1

Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ e

D1
ðq1 � qDÞ; ð185Þ

EY ¼ �
e2qD

�D1

Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � a2
p þ qS

�
þ e2

�D1
ðqD � q1Þ; ð186Þ

rYY ¼
eqD

�

Xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 � b2
p þ e

�
ðq1 � qD � qSÞ; ð187Þ

DY ¼ qS; ð188Þ
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where

qD ¼
�hh

1� �hh
ðqS � q1Þ: ð189Þ

Note that when qS > q1 ! qD > 0. This excludes any possibility of re-charge. The corre-

sponding energy release rate then becomes

J‘ ¼
e2

�D1

�pa

2

�� �hh

1� �hh

�
ðqS � q1Þ2 > 0: ð190Þ

This suggests that under purely applied electric load crack growth is possible. However, the

global energy release rate pains a slightly different picture,

Jg ¼
2a

Dc

�
e2

�

�
qDq1 �

4a

p�hh�
qDq1 ln

��� 1þ sin h
cos h

���

�
�

2� p
2

�ae2

�Dc

q2
D þ

4a

p�hh�
q2

D ln
��� 1þ sin h

cos h

��� �q2
D

4a

p�hh
2
�

ln j sec hj:

Note that when h
 1,

ln
��� 1þ sin h

cos h

���¼ hþ 1

6
h3 þ 5

12
h4 þ . . . : ð191Þ

The global energy release rate may then be negative, if qD < 1. This result suggests that under

purely electric load, the global energy release rate criterion is sensitive to charge distribution on

the crack surfaces, even though the local energy release rate indicates the propensity to fracture.

This may help to explain the scattered nature of experimental data on fracture under electric

load (see discussions in [27]).

7 Conclusions

In this paper, the combined effects of domain switching, permeability, and surface charge

distribution are taken into account to study crack growth in a piezoelectric ceramic.

The analyses presented in this paper clearly show that the surface charge on a permeable

crack surfaces due to any possible charge-discharge mechanisms is a crucial element to link

applied electric field to crack driven force. Based on the analyses presented in this paper, it is

clear that the surface charge on a permeable crack surfaces due to any possible charge-dis-

charge mechanisms may either shield or assist energy-moment flux flow into or flow out the

dielectric medium inside a crack, which manifests the important role of the applied electric field

in crack growth.

It has been an outstanding problem regarding the energy release rate of a piezoelectric crack.

The impermeable crack solution always leads to negative energy release rate, giving a false

impression that applied electric field will prohibit crack growth. The fallacy of impermeable

approximation is that it artificially impose a re-charge process, which shields and may even

reverse the direction of energy-momentum flux at crack surfaces. In reality, the permeable crack

provides a leaky mode allowing applied electric field pass through. Therefore, by accounting the

interaction between dielectric medium inside a crack and the piezoelectric solids, the global

energy release rate provide a unique criterion to measure the fracture toughness of a piezo-

electric material.
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It is shown that fracture toughness measurement based on the saturation strip model is a

complex subject depending on several different parameters, namely, saturation, charge dis-

tribution, and permeability. The global energy release rate also depends on several different

parameters as well.

It has found that at impermeable limit without surface charge distribution (qD ¼ 0) the

global energy release rate derived for a permeable crack is in a broad agreement with the known

experimental observations (e.g. [12], [13]), which is in contrast with the local energy release rate

criterion proposed by Gao et al. [14], [15] according to the strip-saturation model.

In general, it has been shown that fracture toughness measurement based on the permeable

saturation strip model is a complex subject depending on several different parameters, namely,

saturation, charge distribution, and permeability. The global energy release rate also depends

on several different parameters as well. Especially, under purely electric load, the global energy

release rate changes its sign depending on the surface charge distribution. An in-depth study is

needed to investigate the roles of electric load, surface charge distribution, saturation, and their

interactions.
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