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Abstract

We present the dynamic formulations for sliding beams that are deployed or retrieved through prismatic joints. The beams can
undergo large deformation, large overall motion, with shear deformation accounted for. Until recently, the sliding beam problem
has been tackled mostly under small deformation assumptions, or under quasi-static motion. Here we employ geometrically-exact
beam theory. Two theoretically-equivalent formulations are proposed: A full Lagrangian version, and an Eulerian—Lagrangian
version. A salient feature of the problem is that the equations of motion in both formulations are defined on time-varying spatial
domain. This feature raises some complications in the computational formulation and computer implementation. We discuss in
detail the transformation of the equations in the full Lagrangian formulation from a time-varying spatial domain to a constant
spatial domain via the introduction of a stretched coordinate. A Galerkin projection is then applied to discretize the resulting
governing partial differential equations. Even though the system does not have any rotating motion as in gyroscopic systems, the
inertia operator has a weak form that can be decomposed exactly into a symmetric part and an anti-symmetric part. The
distinction between the full Lagrangian formulation and the Eulerian-Lagrangian formulation from the computer implementation
viewpoint is indicated. Several numerical examples — ‘spaghetti/ reverse spaghetti problem,” beam under combined sliding motion
and large angle maneuver, parametric resonance — are given to illustrate the versatility of the proposed approach. The results
reveal a rich dynamical behavior to be explored further in the future.

Dedicated to the memory of Professor Juan Carlos Simo'

1. Introduction

Flexible moving structures are present in several important applications, encompassing diverse
engineering areas such as hot rolling process, copy machines, film and tape transporters, cloth handling
equipment, traversing yarn system in the textile industry, and even fluid jets [1]. Another class of
important engineering system having flexible moving structures consists of robot manipulator arms, or
deployable space structures, with prismatic joints. In these (primal) problems, the structures are
moving relative to the supports (which themselves may undergo rigid body motion). A class of problems
dual to the above is found in moving loads over flexible beams, where the moving loads can be thought
of as moving supports. These dual problems also.have important engineering applications such as
high-speed trains moving on flexible guideways {2-7].

A first formulation for the primal problem is presented by Carrier [8] who studied the ‘spaghetti
problem’, which consists of describing the motion of a cord of finite length, being retrieved vertically

* The present work was presented at an invited seminar at the MacNeal-Schwendier Corp., Pasadena, CA, and at the
Symposium on Mechanics of Flexible Media, ASME Winter Annual Meeting, Anaheim, CA, in November 1992 (Vu-Quoc and Li
[53)).

* Corresponding author.

" Whose early demise is a great loss for the applied and computational community.
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into an orifice. The cord was modeled using string theory. The ‘spaghetti problem’ owes its name to an
amusing observation that compares the mechanical process of retrieving the cord to the sucking of
spaghetti by a person at lunch.' Also investigated in the same paper was a dual problem consisting of an
oscillating elastic guitar string having a rigid support being slided along the string. For these two
problems to be tractable analytically, linear (small deformation) string theory was used.

Demanded by industrial applications, there has since been a plethora of publications focusing on the
study of ‘axially moving continua’, Zaiser [9] appears to be the first who derived successfully the
non-linear equations for a moving string.” Mote [10] and Thurman and Mote [11] gave accounts on the
non-linear oscillation of axially moving strings. A more recent follow-up work on moving strings was
given in [12], with a thorough review of the literature on the subject in [13]. Simply-supported boundary
conditions at both ends of the string were assumed, since research on moving strings was motivated by
applications such as high-speed magnetic and paper tapes, power transmission chains and belts, etc.’

The advent of space exploration and robotic technology requires a consideration of the flexural
stiffness of axially moving ‘strings’, thus making the latter into sliding beams, with cantilever boundary
conditions. Early works on the sliding beam problem often relied on the small deformation assumption
imposed a priori to obtain the linearized equations. Cherchas [14], Lips and Modi [15], Tsuchiya [16]
Ibrahim and Modi [17], Kalaycioglu and Misra [18] and Creamer [19] are some examples of research
works on sliding beams for applications in aerospace engineering. Most of these works are concerned
with the deployment of flexible beams (reverse spaghetti problem), and not so much on their retrieval
(spaghetti problem), for a simple reason, that in general once deployed, the appendages of a spacecraft
are expected to remain in place throughout the lifetime of the spacecraft. When a study of non-linear
deformation is needed, the sliding beam was modeled, not by using beam theory, but by using a chain
of links connected by elastic hinges as in, e.g. [20, 21].

In robotic applications, sliding beams are designed to function under both deployment and retrieval.
Rapid periodic sliding motion of beams can be found in machine tools. In this area too, sliding beams
(manipulator arms with prismatic joints) were often modeled using the small deformation assumption at
the outset. With the limited power supply in space environment, manipulator arms with prismatic joints
have an advantage over those with revolute joints since the former consume less energy. Most past
studies on flexible manipulators concentrated on the dynamics and control of manipulators with
revolute joints. To date, however, only a small number of studies have been conducted on flexible
manipulators with prismatic joints. Perhaps the reason is due to the complexity of the model having its
vibrating length changing with time. Such problem does not arise in the case of manipulators with
revolute joints, where the links have fixed lengths.

Elmaraghy and Tabarrok [22], and Zajaczkowski et al. [23,24] presented a stability analysis for
Euler-Bernoulli beams subjected to periodic sliding motions. Their analysis, even though restricted to
linear beams, revealed the complex nature of the instability of sliding beams. It is then reasonable to
expect that the stability behavior of fully non-linear sliding beams would be even richer, and may
contain surprising results. A model for robot arm with two revolute joints, one prismatic joint and a
flexible link, together with numerical results, were given in [25]. Clamped-free mode shapes were used
to model the vibration in the flexible link. In their model, the mode shapes were assumed to be time
independent, and thus the sliding motion was not completely accounted for, perhaps for the purpose of
simplifying for the controller design and due to the relatively slow sliding motion considered. In a
different study, by considering the time rate of change of the total vibrational energy, Wang and Wei
[26] presented a formulation for the sliding Euler-Bernoulli beam. They used the spectral Galerkin
method to discretize the spatial coordinate by assuming time-dependent mode shapes. Similar to this
approach is the work of Krishnamurthy [27] who considered a dynamic model for flexible cylindrical

" Professor Carrier’s interest in the spaghetti problem at that time was primarily as an exercise in applied mathematics, without
being motivated by any other particular applications [54].

* Tabarrok et al. [32]. See also Ames et al. [55].

* More recently, Hwang and Perkins [56] give a stability analysis of axially moving beams, using non-linear rod model, that
admit initial curvatures due to sagging.

* See also Jankovic [57].
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manipulators.” More recently, Pan et al. [28,29] used the Lagrangian formulation to derive the
equations of motion for a chain of flexible links connected to each other either by revolute joints or by
prismatic joints. Results from numerical simulations were compared with experimental measurements.
The importance of accounting for the sliding motion in the vibrational/ positional control of sliding
beams is considered by Buffinton [30] and Tadikonda and Baruh [31].

The first to formulate the equations for fully non-linear sliding beams appear to be Tabarrok et al.
[32] for applications to spacecraft antennae. Unlike previous works in which the equations were derived
with simplifying assumptions imposed a priori, these authors first obtained the equations for a
non-linear Euler-Bernoulli beam having time-varying length. But due to the difficulty of obtaining
analytical solutions to non-linear problems, linearized equations had to be considered. These authors
then linearized the resulting non-linear equations of motion in a consistent manner, however, with the
introduction of small deformation and inextensibility assumptions. Such linearization process is
necessary for obtaining analytical solutions due to the difficulty of performing non-linear analyses. The
linearized equations possess extra convective terms as compared to the equation for beams with fixed
length.

More recently, Mansfield and Simmonds [33] studied the fully non-linear reverse spaghetti problem.
They formulated the equations for the elastica, sliding out of a horizontal guide, and under the effects
of gravitation. Similar to Tabarrok et al. [32], the elastica is inextensible. Their work was motivated by
the motion of a sheet of paper coming out of a copy machine. Also motivated by high-speed copy
machines with paper speed approaching 2 m/s, Stolte and Benson [34] extended the work of Mansfield
and Simmonds [33] to account for arbitrary paper exit angle (i.e. not horizontal) and with accelerating
paper feed rate. A distinct feature of these more recent formulations is the use of non-linear models
and their solutions, which provide better tools to gain insight into the dynamic behavior of this
non-linear problem. These studies, however, have left more to be desired as far as non-linear dynamics
and stability are concerned.

Within a prismatic joint, the mechanical interaction between the joint wall and the beam may be
more complex in many ways. There are indeed some concerns about the modeling of what actually
happens mechanically inside the joint. Future works should address these concerns in more details.
Since for most industrial applications, the motion of the beam inside the joint channel can be
complicated, but also of less interest than what happens outside the channel, most works on this topic
do not model the beam part inside the joint in detail.

1.1. The proposed formulations

Our approach is based on the geometrically-exact theory presented in [35], which addressed the case
of beams with fixed undeformed length. The computational formulation for beams with fixed
undeformed length, together with several complex numerical examples, are given in [36]. Geomet-
rically-exact structural theories are shown to be versatile in a wide range of applications. A
geometrically-exact formulation for the dynamics of multibody flexible spacecrafts is introduced in [37].
For an extensive historical review of past contributions to this subject, we refer to Simo and Vu-Quoc
[38].

Two formulations for sliding geometrically-exact beams are proposed herein: A full Lagrangian
version and an Eulerian-Lagrangian version. In the full Lagrangian formulation, the resulting
equations of motion resemble closely those for beams with fixed undeformed length; the inertia
operator does not carry any convective terms. The difference is, however, the time-dependent material
domain, which can cause certain inconvenience in the computer implementation, requiring alterations
of the existing data structure in conventional finite element codes. An approach adopted to circumvent
such inconvenience is to transform the time-varying material domain to a fixed domain via the
introduction of a stretched coordinate. Such transformation leads to equivalent equations of motion
having, however, convective terms in the inertia operator. A comparison of the equations of motion for
a geometrically-exact beam with fixed undeformed length to those with varying undeformed length
underscores the additional physics encountered in sliding beams. Finally, with the domain being fixed, a

* See also Weeks [58].
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conventional Galerkin projection can be employed to discretize the governing equations, without
requiring extensive modifications to the basic data structure and data flow in conventional finite element
codes. With this formulation, a sliding beam problem is first solved on a fixed domain; the results are
then transformed back to the actual space by a post-processing. An important feature of the proposed
full Lagrangian formulation using stretched coordinate is that the inertia operator has a weak form that
can be decomposed exactly into a symmetric (self-adjoint) part and an anti-symmetric (non-self-adjoint)
part; the resulting semi-discrete equations are similar to those of gyroscopic systems, even though the
system has only sliding, not rotating, motion.

While the full Lagrangian formulation for sliding beams, before the transformation using a stretched
coordinate, differs from the formulation for beams with fixed material length given in [35]} only in the
changing of the material domain, the proposed Eulerian-Lagrangian formulation begins from a
different viewpoint. An intermediate configuration fixed in the inertial frame plays the role of a
‘material’ configuration with respect to the current deformed configuration. On the other hand, with
respect to the sliding undeformed beam in rigid body motion, this intermediate configuration plays the
role of a (spatially fixed) Eulerian domain (with moving boundary, though). The equations of motion
are expressed with respect to the coordinates of the intermediate configuration. Even though the
resulting equations in the two formulations are different, they can be obtained from each other via
appropriate coordinate transformations.

The present formulations encompass formulations in previous works on sliding beams, among which
are the linearized approaches widely adopted in the past, as particular cases. The sliding geometrically-
exact beam can accommodate shear deformation, extensibility, large deformation, large overall motion.
Many robotic and space structure applications involve large overall motions, and in particular large
angle maneuvers, of flexible beams under deployment or retrieval. A salient feature of the present
geometrically-exact formulation is a natural accommodation of large overall motions in sliding beams.
Even though the inertia operator becomes more complex due to the presence of convective terms, the
versatility of geometrically-exact theory with respect to large overall motion and large deformation is
intactly preserved. The dynamics of sliding beams is referred directly to the inertial frame, bypassing
the need for a floating reference frame. We use this versatile tool to investigate the fully non-linear
spaghetti problem, the combined sliding motion and large angle maneuver, and the contained
parametric resonance.

In the present work, we consider only the cantilever boundary conditions. From the stability
viewpoint, a linear sliding cantilever beam is neither a conservative nor a gyroscopic system (cf. [39]).
The problem will become more complex, if in addition, we have large deformation. From the energy
balance viewpoint, the rate of change of energy in a sliding beam with prescribed time-varying length,
which is an open physical system, is time-dependent. It was shown that a sliding linear Euler-Bernoulli
beam exiting a channel with uniform velocity has a positive energy supply rate [26]. Thus, the total
energy can accumulate in time if damping is weak enough. Such accumulation of energy provides a
physical ground for instability. Wang and Wei [26] presented numerical examples of parametric
resonance existing in linear sliding beams.

There is a fundamental difference in the character of parametric resonance found in the present fully
non-linear sliding beam formulation as compared to that in the linear formulation: Unlike the linear
theory, which leads to a blow-up of the structural displacement to infinity at resonance, we have here
contained resonance in the sense that, even though the beam can undergo violent vibration at
resonance, its structural displacement always remains finite. Infinite structural displacement can only
occur if the beam material breaks down, but this possibility is not considered herein. On the other
hand, considerable numerical difficulties are encountered at such parametric resonance, as the semi-
discrete differential equations become much ‘stiffer’ than usual, requiring extreme care in the choice of
the solution strategy and the choice of the time-step sizes. In these cases, the failure of conventional
integration strategy manifests itself through the blow-up of the numerical results at resonance,
indicating that a revision of the integration strategy is needed.

An important issue worth addressing here is the role of non-linear beam theories in capturing the
stiffening effects in structures subjected to significant centrifugal forces and/or longitudinal inertial
forces. Centrifugal forces are present in rapidly rotating structures, whereas longitudinal inertial forces
are present in axially moving structures having transverse deflections. In sliding beams under large
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angle maneuvers, one encounters a combination of both motions (see Section 5 for an example). Since
often linearized equations are of interest because they are easy to work with (e.g. for the control
purposes), it was pointed out in [40, 41] that unless a consistent linearization of the non-linear equations
of motion is performed—as opposed to using small deformation assumption at the outset of the
formulation—the stiffening effects cannot be correctly captured. A ‘premature’ linearization can lead to
results opposite to that found in reality.” The present formulations readily include all relevant dynamic
effects due to rapid rotation and rapid sliding motion.

The organization of the paper is as follows. In Section 2, we present the full Lagrangian formulation
for planar, sliding, geometrically-exact beams. The partial differential equations (PDEs) of motion are
derived for the case with time-varying domain, followed by a transformation of the governing PDEs to
a fixed domain. The alternative, but theoretically equivalent, Eulerian—Lagrangian formulation is given
in Section 3. Discussed in Section 4 is Galerkin projection for discretizing the full Lagrangian PDEs on
fixed domain, leading to a convenient finite element implementation. Time discretization is introduced
via the Newmark algorithm. A brief discussion will be given on the computational formulation and
computer implementation aspects for the Eulerian-Lagrangian PDEs developed in Section 3. Some
comparison with linearized models will be given. Finally, we present in Section 5 several numerical
examples that involve the spaghetti problem, reverse spaghetti problem, combined dynamic deployment
and large angle maneuvers, and parametric resonance of sliding beams.

2. Full Lagrangian formulation

The essential ingredient in the full Lagrangian formulation for sliding beams is the use of
geometrically-exact theory [35] based on a spatially fixed material (initial undeformed) configuration
with moving partition boundary.

It is common to assume that the material frame coincides with the spatial frame, which plays the role
of an inertial frame. Such choice is purely for the convenience of the formulation. The initial
undeformed configuration is customarily chosen as the material configuration whose coordinate systems
do not necessarily coincide with those of the spatial configuration. A general concept is to view the
material configuration as a different space than the spatial configuration, with a different coordinate

system, even though both configurations are embedded in the same ambient Euclidean space (e.g. R?).
The structural deformation is described by a mapping, which could be time-dependent, from the
material configuration to the spatial configuration.

The deformation of sliding beams can be ‘naturally’ decomposed into a rigid sliding translation of the
initial undeformed beam to the sliding undeformed beam, and a superposed ﬁmte deformation from the
sliding deformed beam; a description of the sliding motion is given in Fig. 1. As shown in Fig. 3, the
sliding undeformed beam is not the same as the ‘shadow beam’ discussed in [35]: Unlike the shadow
beam that undergoes rigid body translation and rotation for structures subjected to large overall
motions, the sliding undeformed beam only translates, but does not rotate, with respect to the inertial
spatial frame. Thus, the orientation of the sliding undeformed beam in the spatial frame remains
constant throughout the motion.

We will postpone, however, the above ‘natural’ viewpoint of sliding deformation until Section 3.
Somewhat less ‘natural’ is the viewpoint adopted in the present full Lagrangian formulation. The initial
undeformed configuration, which can have any arbitrary orientation and is fixed within the spatial
configuration, is chosen to be the material configuration, which may have a coordinate system not
necessarily coincident with the spatial coordinates (Fig. 3). The material configuration is divided into
two parts—inside the joint channel and outside the channel—with the partition boundary (or channel
orifice) moving with respect to the material frame, i.e. the channel orifice is moving relative to the
material observer O, as shown in Fig. 2. On the other hand, in the ‘patural’ viewpoint, the sliding
undeformed beam is moving relative to the spatial observer O, .

*It is perhaps due to a certain ‘linearization’ process that the equations in [59] did not reduce exactly to those in [32], as noted
in [31].

" Even though the initial undeformed configuration is drawn horizontal in Fig. 1 to avoid confusion in the explanation of
different configuration spaces, the formulations presented here allow arbitrary orientation of the initial configuration; see Fig. 3.
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SLIDING DEFORMED BEAM
Initial Undeformed Beam

Prismatic Joint

Sliding Undeformed Beam

.

SLIDING MOTION
Fig. 1. Sliding beam: Description of sliding motion, time-varying length Z(r).

Let (x', x°) be the coordinate system for the spatial configuration, denoted by B,, and {e ,e,} the
related basis vectors. The material configuration, denoted by %,, is parameterized by the coordinates
(X', X?), having basis vectors {E,, E,}. The material basis vectors {E,, E,} do not necessarily coincide
with the spatial basis vectors {e,, e,}. The origin O, of the spatial coordinates (x', x°) is also the center
of rotation in the present formulation. Let O, designate the origin of the material coordinates. Thus,
the material configuration %, in Fig. 2 can be described as®

By ={(X", XHER’ X' €10, L[, X’ €]-h, h[} . 2.1
)(2
E, )
Joint Channel Channel Motion
‘) Material Beam (fixed) Bo

Ox { —
E1 \

Xl

j".

2
:
[}
S
8
|

Fig. 2. Sliding beam: Material configuration %,. Moving partition boundary (channel orifice). The figure shows the case of beam
under deployment: The channel orifice is moving toward the material observer O,.

* An open interval is written as |a, b|.



L. Vu-Quoc, S. Li | Comput. Methods Appl. Mech. Engrg. 120 (1995) 65-118 71

Let 4, denote the (constant) angle from e, to E, (see Fig. 3); the angle 9, essentially represents the
initial orientation of the undeformed sliding beam with respect to the inertial frame {e , e,}. The basis
vectors describing the shadow beam configuration are denoted by {a,,a,} (Fig. 3).

2.1. Basic kinematic assumptions

The part of the material (undeformed) beam %, inside the channel is assumed to be non-deformable
(even axially); the part outside the channel, denoted by %,, is finitely deformable, and is the part that
we are interested in. Let the length of the material beam inside the channel be denoted by

Cty:=L-%@), (2.2)

where L is the total length of the material beam, and #(¢) the time-varying length of the material beam
outside the channel (Fig. 1). The time-dependent vector

C(t):= C()E, = C(t)[cos T, e, + sin T, ¢,] (2.3)

essentially describes the motion of the channel orifice relative to the material observer O,. Thus, the
time-varying subset %, of the material configuration %,, corresponding to the deformable part of the
sliding beam outside the channel, can be described by

B, ={(X" XHER*| X' €|CO), L[, X €-h,h[} C R, . (2.4)

Let the spatial point x = (x', x*) € B, be the image of the material point X = (X', X*) € %, outside the
channel under the deformation map; the relationship between x and X at a given time ¢ is

x=X-Ct)+u(lX,t), forXe B, (2.5)

where u(X, 1) = u“(X, t)e, denotes the displacement vector’ of the material point X.

™

Shadow Beam
SLIDING DEFORMED BEAM k ..

i

Initial Undeformed Beam

PrismaticJoid ¥ /. A X o e

Fig. 3. Sliding beam: Configuration spaces. Initial (material) configuration, sliding undeformed configuration, shadow beam,
sliding deformed (spatial) configuration.

* Summation convention is implied on repeated indices, with Greek indices take values in {1,2}. Also, similar to X = (X', X?),
we write u(X, t) as a shorthand notation for u(X', X°, r).
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REMARK 2.1. The displacement vector u = u“e, is customarily defined as
u=x—-X, or x=X+u. (2.6)

There is a major difference between (2.5) and (2.6). The assumption that there is no deformation inside
the channel, and thus the translation C(r) of the channel orifice with respect to the material observer
Oy, is already accounted for in the displacement vector u as defined in (2.5). On the other hand, unlike
the shadow beam approach (see Fig. 3), displacements due to finite large overall rotations are not
eliminated from the displacement u in (2.5), i.e. the displacement u is measured relative to the fixed
spatial frame {e ,e,}. This feature of the present full Lagrangian formulation allows a convenient
accommodation of the sliding motion of the beam, while retaining the versatility of geometrically-exact
formulation with regards to large overall motions. As an illustration, we refer the reader to Example
5.3 for a deployment of a beam under large angle maneuver in Section 5. O

Let us now introduce some kinematic quantities. The orthonormal basis vectors attached to a typical
cross section at the point with position X'E, are denoted by {t,(X', ), t,(X', 1)}, with ¢, being always
normal to the cross section. The angle from the spatial basis vector e, to the section basis vector
¢, (X', t) is denoted by 9(X", ). The whole system can be subjected to large angle rotation about the
origin of the spatial frame; such angle of rotation (from E, to a,) is denoted by ¢(t)."’ Purely due to
structural deformation is the rotation angle 8(X', 7) from the shadow beam (or channel) axis a, to the
section basis vector £,(X', ). Let A®(X', ) denote the angle from E, to ¢,, i.e. the total angle of
rotation of a cross section—which includes the rigid body rotation ¢(t) and the deformation rotation
#—from its initial orientation to its current orientation. Therefore,

X' 1) =09, + ANX ', 1), (2.7)
AKX, D)=y + (X', 1) . (2.8)

The definition of various angles is best summarized in Fig. 4.
Let A be the rotation tensor from the material configuration to the spatial configuration defined as
follows

A=Agen®EB , suchthat  t,:=A-E;=1tse, . (2.9)

Then the matrix of components of A, denoted by [Ag] € R>?, is'"!

t

O O (3]

Ox
Fig. 4. Sliding beam. Angles of rotation.

' The angle (¢) is similar to that in [35], where it represented the angle from the spatial basis vector e, to the basis vector a, of

the shadow beam.
' With the convention that the superscript « in Aj designates the row index, whereas the subscript 8 designates the column

index. This convention is to be applied to all matrices throughout the paper.
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ay_ | cos & —sinﬁ:l 2x2
[451= [sin{} cos 9] ER (2.10)
Extending the Timoshenko kinematic assumption for linear beam deformation—i.e. sections that are
plane before deformation remain plane after deformation, but not necessarily perpendicular to the
deformed centroidal line—to non-linear deformation to account for shear, the deformation map
& : B — B, can be written as follows

x=®X, 1) =X, 1)+ X°t,(X', 1), (2.11)

where @, represents the deformation map of the beam centroidal line (see Fig. 5). The main difference
between relation (2.11) above and a similar relation in [35] is in the expression for @,(X", t), which will
be given below shortly.

Let X, = ([X'~ C(r)],0) € %, denote a point on the centroidal line (since X =0); the material
position vector of X, relative to the material observer O, denoted by X, is

X, =X,—-0,=[X'-CQ)E, . (2.12)
The image of the centroid X, under the deformation @ is denoted by x,. We have from (2.11) that
x,=D(X,, 1) =D (X',1). (2.13)

The expression for @,(X ", t) for each part of the material configuration will be given below. We denote
the spatial position vectors of x and x, relative to the spatial observer O, by @ and ®,, respectively

®:=x-0,, D :=x,—0,, (2.14)

X

i.e. @ is a point-to-point mapping, whereas @ is the spatial position vector of the image point under the
map @; a similar interpretation holds for @, and @&,. Inside the channel, i.e. for X '€1]0, C(t)[ in (2.12),

\
x* . A A%
* 9
Ez = ey
Lo

\ 2~

E] =€
O—Sum———
Ox

X' - C(t)
| ow T

-

Fig. 5. Sliding beam. Kinematics of deformation. The case with 9, =0 is presented above to explain clearly the kinematics of
deformation.

"2




74 L. Vu-Quoc, S. Li | Comput. Methods Appl. Mech. Engrg. 120 (1995) 65-118

the point x, is given by a rigid body motion
(X', ) =[X"-C(t)]a,
= [X" = C(1)]{cos(I, + P(t))e, + sin(DF, + ¥(t))e,} . (2.15)
Let uy(X', 1) = ul(X', t)e, denote the displacement vector of the point X, on the centroidal line. Then

inside the channel, u, = 0. Outside the channel, i.e. for X' € ]C(t), L[, the spatial point x,, is related to
the material point X, by

Xo =D (X", )=X,+u (X', 1), (2.16)
thus, with the position vector of X, defined in (2.12), we have
DX, 1) =[X'~ COIE, +uy(X', 1)
=[X"~ C(t)]{cos 9, e, +sin I, e,} + ui(X', t)e,, VX' E€]|C(), L. (2.17)
REMARK 2.2. Apart from the time-varying domain |C(¢), L[, the deformation map for the centroidal
line (2.17) accommodates the case where 9, # 0 (i.e. when the material frame is not coincident with

spatial frame), whereas Simo and Vu-Quoc [35] consider the particular case where 9, =0. A discussion
on this aspect in a more general context can be found in [42]. O

2.2. Full Lagrangian equations of motions

We briefly review the derivation of the equations of motion for geometrically-exact beams, with a
particular emphasis on sliding beams. Recall that inside the channel, i.e. in B,\%, (see (2.1) and (2.4)),
the beam is assumed to be non-deformable. Even though we are considering planar deformation of
beams, it is sometimes convenient to think in a 3-D context, where the beam is considered as having a
unit width in the E, direction, such that, e.g. X €]0, 1[. The area of a cross section in the material
configuration is then denoted by

Ay ={(X*, X)ER’| X €]-h,h[, X’ €]0,1]} . (2.18)
Let P(X, t) denote the first Piola—Kirchhoff stress (two-point) tensor
P(X,t)=E,QT'(X,t), and T =E'-P, (2.19)

where T' is the spatial traction force corresponding to the material facet with normal E' (see e.g.
[43])"%. The stress resultant £, and the stress couple m with respect to the displaced centroid x,, per unit
of undeformed beam length, are defined as

fx' 0= L T'd,, (2.20)

m(X‘,t):zf [x—xO]XTld&i(,:f X’t,xT'dst, (2.21)
sy sy
where the last equality follows from (2.11) and (2.13).

Consider a spatial control volume (2, C 93, with normal » on the boundary 942,. The time rate of the

linear momentum, and of the angular momentum with respect to Q_, of £, in terms of the applied
forces (i.e. the Euler equations) is given by

d
d_J- prd(2) = J n-od(ef) + f pbd(f2) VQ,C%AB,, (2.22)
tJo, 20, Q,

d
EJ @ X pv d(.Q,)=Jn @ x (n- o) d(802,) +f @ xpbd(2) VQ,C%B,, (2.23)
0, a0, a,

vlz The symbol E' designates a covector, such that E’ -E/.=6;, where 8 is the Kronecker delta. For Cartesian coordinates,
E'=E,.
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where
9P(X, 1)
ot

is the spatial velocity vector at the spatial point x = @(X, ) € %, (see [43]), o(x, t) is the Cauchy stress
tensor, b(x, t) the body force, and p(x, ¢) the mass density. Now let {2, be a fixed material volume in the
material configuration @, (see Fig. 2), with normal N = N.E' on the boundary 3£, such that

Q,=0(0,1), (2.25)

v(x, ) =V(X,1)= =:¢ (2.24)

i.e. £ is the image of 2, under the deformation @. Even though the boundary of %, (channel orlﬁce) is
changmg with time, the materlal volume €2, remains fixed with respect to the coordmates x', x? "), thus
the subscript ‘0’ in 2,. By pulling the integrals in (2.22) and (2.23) back to the material volume (2, one
obtains (see [43])

d . - - ~ - -
S pba@)=| N-Pa@D)+ ]| puBd@) vRCH, (2:26)
2 ady 2

d o _ ] -
Fr Iy, P ® @d(00)=fg @ x (N-P) d(ano)+f‘ ® xp,  Bd,) VQA,CRB , (2.27)
3 {2,

where p,(X) = p(x, 1)J(X, t) the mass density per unit volume of undeformed beam, with J(X, ¢) bemg
the Jacobian determinant of the deformation map ®(X,t), and B(X, t) = b(x, t) is the body force.” By
the divergence theorem, and using DIVP = T'|,, the balance of linear and angular momenta (2.26) and
(2.27) can be rewritten as

| b a@y=| piveany [ s.Baa) va,ca,. (2.28)
0 0 QU

| b xba@y=| @x1a@)+ | ®xp Ba@) VO,CH, (2.29)
2 2 o

We first consider the reduction of the balance of linear momentum (2.28) to a resultant form. From the
relation (2.11), we have

DX, =X, )+ XX 1) (2.30)
Let A, be the mass per unit of undeformed beam length, i.e.

A = L” 0.e; A, | (2.31)
and assume that the origin of the X* coordinate coincides with the center of mass of a cross section, i.e.

L Pre X dsly=0. (2.32)

o

Using (2.30)-(2.32), the inertia operator in (2.28) can be written as

L Peet @ dstly= A, DX, 1) (2.33)

Next, by the divergence theorem on &, and the definition (2.20) of the stress resultant f, we can write
the divergence term in the balance of linear momentum (2.28) as (cf. [60])

4 )
DIV P dsf, = )’;+f (N,T? + N,T?) d(34,) . (2.34)

Ay

P B(X, 1) is the spatial body force, parameterized on the material configuration %,; in other words, B is a spatial vector field
covering the deformation map @ [43].
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The second term in (2.34) is then combined with the body force term in (2.28) to define the applied
stress resultant f; per unit of undeformed beam length

fri= f [N,T? + N,T°} d(8s,) + f Poo; B A4, . (2.35)
ast g
Now, since the choice of £, in the balance of linear momentum (2.28) (and also in (2.29)) is completely

arbitrary, we can particularize £}, to be a transverse slice AL X &, of the material beam B, where AL
is any interval in ]C(¢), L[. The balance of linear momentum (2.28) then becomes

. of
LL (quz) T fr) dx'=0 VALC|C@),L{. (2.36)
With L being a constant, we have from (2.2) that
City= -2 . (2.37)

Then, by using the expression (2.17) for @, in (2.36), we arrive at the local resultant form of the
balance of linear momentum

A, iy + ZE\) =5% +f. ¥VX'€]C@), L], (2.38)

by virtue of the du Bois—Reymond lemma (assuming that the integrand in (2.36) is continuous). We
now consider the balance of angular momentum (2.29). With the aid of the balance of linear
momentum (2.38), and by using the divergence theorem on &, the right-hand side of (2.29) can be
written as follows (cf. [60])

[ @xm)a@)+ | @xp.Bad)
a1, 0,
—f NI +f @, x d,) dst, b dX'
sz lox' | ax? ftm o, Pret(Dy ) Aty ) (2.39)
with the applied stress couple m;. defined as

mp. = fm (® — B,) X [2 NaT“] d(asty) + L (- ®,) X p,; B dst, . (2.40)

0

Now, using (2.11), (2.30), the choice of the X* coordinate in (2.32), together with the definition of the
mass moment of inertia of a cross section

L= L P X?)? dA (2.41)

the inertia term (left-hand side) of the balance of angular momentum (2.29) and the inertia (last) term
in (2.39), which is shifted to the left-hand side, become

f‘ Pre{® X D — B, x B} d(2,) =J Lt, x {,dx" =f [ de,dX', (2.42)
G, N INA

where the last equality comes from the restriction to the planar sliding motion in the present work, i.e.
2

i =%t2 =—38t, - &%, , (2.43)
which follows directly from (2.9), and

L XL =t =e;. (2.44)
Using (2.39) and (2.42) in (2.29), and by virtue of the du Bois—Reymond lemma, we arrive at the



L. Vu-Quoc, S. Li | Comput. Methods Appl. Mech. Engrg. 120 (1995) 65-118 77

balance of angular momentum in local resultant form

om 0D,
+——=Xf+m. (2.45)

l,0e,= E) G &

For beams with fixed undeformed lengths, we refer the reader to [38] for a detailed literature review on
the subject.

With the rotation angles defined in (2.7) and (2.8), and recalling that f = f“e,, m = me,, m; = mye,,
etc., the equations of motion for sliding geometrically-exact beam in component form are summarized
below

vx'e|Ccw), L:

.1 5y afl 1
A, (g + & cos D) =—8X1 +fr

af’

X +fi (2.46)
. . om 0P,

LY=1(6+4) == + (aXl

A, (iig + & sin 9y) =

xf>-e3+mr

with the clamped (essential) boundary conditions at X' = C(¢)

ue(C(t), 1) =0,
u(C@), 1) =0, (2.47)
0(C(t),)=0, or  8(CQ@),t)=8+ ()

where it should be noted that the deformation angle 6 is used to specify the clamped boundary
condition, and not the angle A&, which includes the rigid body rotation angle ¢. Alternatively, if & is
chosen as a primary unknown function—which is the case in our computational formulation and
implementation to be discussed in Section 4—then the clamped boundary condition is imposed if ¢ is
equal to the rigid body rotation angle (¥, + ¢) as indicated in (2.47),. At X' =L, the beam tip is
subjected to the free (natural) boundary conditions

fiL,n=0,
fiiL,n=0,
m(L,t)=0.

(2.48)

REMARK 2.3. By following the above development, one obtains the equations of motion for 3-D
sliding geometrically-exact beams below

vX'e]C@), L[:
o of
A (uy+ ZLE,) = ox +frs (2.49)
om AP,
l+ 1
X' oX

Lw+wxXlw= Xf+m..
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where w is the angular velocity of the cross section basis vectors ¢, for i =1, 2, 3,
X, )=wxt(X',1). (2.50)

The reader is referred to [44] for more details on the case of beams with fixed undeformed lengths. [
2.3. Equations of motion in stretched coordinate

The equations of motion (2.46) for 2-D sliding geometrically-exact beams are defined on the
time-varying material domain ]C(t), L[. We could devise algorithms that account for time-varying
domain to solve (2.46). Evidently, these algorithms must contain the update of the domain with time.
There is a number of ways to deal with time-varying domain: Keeping the same number of finite
elements, but having the element length changing in time, or increasing with time the number of
elements, whose length has an upper limit, etc. There are certainly some complications that must be
addressed in the implementation of such algorithms regarding the data structure and data flow when
using conventional finite element codes.

To circumvent these difficulties, our approach in the present section is to transform the equations of
motion (2.46) to a constant domain by introducing a ‘stretched’ coordinate. Consider the following
constant domain

Byi={(¢", £)ER?|¢' €10, 1[, £ €]~h, h} . (2.51)

Let £ = (&', £%) € 9, be the image of the material point X = (X', X*) € %, by the mapping ¢ : B,— %,
defined as follows: ¢ = ¢(X, ¢), and

— X'-C X'-L
£ =¢'(X,1)= 3@)0) =lt—2q - €010 (2.52)

£=¢X,1)=X’ €]-h,h.

In other words, 1nstead of parameterizing the material body B, using the coordinates (X', X?), we use
the coordinates (§ £%). The same material point X € %, can now be described by two coordinate
systems (X', X%) and (&', £%), which are related to each other as in (2. 52), or equivalently, with
¢! % — ?/3 defined as

{X =C@t) + L()¢' €)C), L[,

X*=¢ E€l-h, il . (2.53)

Since the coordinate £' belongs to a fixed interval ]0, 1[ for all time ¢, it is also referred to as the
‘stretched’ coordmate with Z(t) as the stretching factor, representing the ratio between the old
coordinate X' and the new coordinate f

1

-1

We use the superposed tilde on functions that have (X, t) as arguments to indicate that the arguments
for these functions are now (¢, ¢)

F() = (2.54)

OE H=O)' X", 0, 0=()xX",1). | (2.55)
Thus, for example

ﬁo(é:lvt)EiiO(d)l(Xl’t)’t)::uO(Xl’t)’ (256)

F(e, =3 (X', 1), 0):=9(X", 1), (2.57)

and similarly for other relevant functions. The time derivatives in the equations of motion (2.46) must
now be interpreted as the material time derivatives, keeping the material point X fixed. Thus, in terms
of the new variable £', the balance of momenta (2 38) and (2.45) become
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velelo, 1],

A {(zz)zw) %¢+%—¢+::‘+55E} ;;f ;’i iF (2.58)

Ip{(jg?)z (¢') +2%¢ afl P ’9}% Zaa_g 2;’; + <‘Z‘;° :ﬁi) xF+dip.  (2.59)
Elementary manipulations on (2.52) vield the following relations

Zi i ) :‘%’ (2.60)

¢1_=3_;’*;_1=(_1T§Q$’ (2.61)

b a;j; S ggﬁ (1-)E)* (2.62)

Substituting (2.60)—(2.62) into (2.58) and (2.59), and multiplying the resulting equations throughout by

%£? to avoid numerical difficulty when the (undeformed) length £(¢) of the beam outside the channel

gets close to zero, we obtain the following full Lagrangian equations of motion in stretched coordinate.
Axial and transversal motion: V¢' €]0, 1|

9 2~ 2,.
AP{@[(l ENYVg? §]+2(1—g)$§£ 0 +(1 5)5555 pyy +$2 +$££E}
| S ) ~ S v | S —— | S —
(I) (II) (IH) . @) (V)
of ~
:$3‘§—{+$2j}~ s
(2.63)
Flexural motion: V&' €0, 1]
d a9 R 99 3* 9
Li— 2 - ¢! +(1 -V —+ & }
p{a§1 [( —-¢Y'eg o] ]+2(1 §)tL ag ot (1-£9) PYE Py
b g pa - ~ Sl e (2.64)
(0 (1) _ (Iv)
an 3 .
BT v R

REMARK 2.4. Some rearrangements of terms had been made to obtain the convective terms (I) in the
inertia operators of (2.63) and (2.64); these terms will lead to symmetric matrices—in addition to the
symmetric matrices resulting from the regular mass terms (IV)—in a Galerkin projection of (2.63)-
(2.64). On the other hand, anti-symmetric matrices will result from the convective terms (II) and (III).
The fact that we obtain gyroscopic-like anti-symmetry matrices in a (sliding) cantilever beam is a nice
feature of the present formulation (see Section 4 for more details). The term (V) in (2.63) is a forcing
term. [

REMARK 2.5. It is shown in [35] that by referring the dynamics of geometrically-exact beams in planar
motion directly to the inertial frame, the inertia operators become simple, and are devoid of the
non-linear, coupling terms that result from referring the dynamics to a floating reference frame or a
shadow beam. Even though there are still convective terms due to the sliding motion and the use of a
stretched coordinate, the inertia operators in (2.63) and in (2.64) remain linear and uncoupled, because
the dynamics is referred to the inertial frame. The use of a shadow beam to describe the dynamics of
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sliding beams will introduce non-linear, coupling terms in the inertia operators, in addition to the
convective terms due to the sliding motion and the use of a stretched coordinate. [

The boundary conditions in the &' coordinate equivalent to (2.47)—(2.48) are (see also Remark 3.2)
At ¢'=0:

u,(0,6)=0, (2.65)

50, £) = 9, + () . '
At &' =1:

f(,0=0, (2.66)

m(1,0)=0.

REMARK 2.6. A feature of the full Lagrangian formulation is the forcing term (V) in (2.63); this term
can be called the material-axial-inertia force due to the sliding motion, because this force remains
directed along the axis E, of the (initial undeformed) material configuration, even though the sliding
beam can undergo large angle maneuvers. [

We now need to relate the internal resultant force and moment ( f and 1) to the displacement &, and
the rotation 4, which are the three primary unknown functions via the strain measures. The strain
measure y(X', 1) =y*(X', t)e,, employed in [35] and defined as follows
ad,(X", t)

aXx'
now takes the following form in terms of the stretched coordinate 'S

y(X' 0= -t,(x', 1), (2.67)

aq;o(d)](Xl’ t)’ t) 7 0 ad) -~
a)('1 tl(‘f 3§ aX tl’

y(&' =
(2.68)

~1

du 3 , 1 i, in 5
cos 1, +$ s 2 —cos & e, t+ sm1?0+$a§1—sm e,,

where ¥ and £, are related to y and ¢, as indicated in (2.55), and 8¢ ' /X" as given in (2.60). Similarly,
the curvature in the ¢' coordinate is given by

it (X, 0,0 _ Y oo’
) 2.69
Q=" T (2.69)
With the matrix of beam section stiffness coefficients denoted by
« e |EA O 2x2
€=%,E,®E", with [%B]=[ 0 GA]ER , (2.70)

where EA is the section axial stiffness and GA, the section shear stiffness, we postulate the following
constitutive law relating f to ¥ (see [35])

f=A-¢-1"-7, (2.71)
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where the rotation tensor A is defined similar to (2.9)-(2.10)

A= /IZea ®E*? such that t; ‘=A-E; = fgea . (2.72)
[A5) = [Cf’s Y —S‘“.‘?] ERY? (2.73)
sin 4 cos ¥
In component form and in matrix notation, (2.71) reads as follows'*
Fr=A%245 . (2.74)
Fy = 1A eSNATT {7y ERY, (2.75)

respectively. Let EI denote the section bending stiffness; we postulate the following relation between
the internal moment /2 and the curvature «

e | @7
I

In summary, the balance equations (2.63)-(2.64), in terms of the stretched coordinate £ ' on constant
domain [0, 1], together w1th the relations between the internal stress resultants/couple and the primary
unknown functions {i,, i,, 9 }—i.e. relations (2.71) and (2. 68), (2.76) and (2.69)—yield the partial
differential equations (PDEs) governing the motion of sliding geometrically-exact beams. These PDEs
together with the boundary conditions (2.65)-(2.66), and appropriate initial conditions, form a
complete mathematical statement for the sliding beam problem considered herein.

Next we will discuss an alternative, but equivalent, formulation for the equations governing the
motion of sliding geometrically-exact beams.

3. Alternative approach: Eulerian-Lagrangian formulation

An advantage of restricting the dynamic formulation for sliding beams—viewed as systems with
changing mass—to the part outside the joints, is that the formulation remains valid regardless of what
happens inside the joint. The formulation presented in Section 2—which can be considered as a full
Lagrangian formulation—does possess this advantage, even though we did pI‘CSCI'le ‘harmless’
assumptions on the beam kinematics (not kinetics) inside the joint.'”” The resulting governing equations
(2.63)~(2.64) involve strictly kinematic quantities outside the joint channel.

Instead of the full Lagrangian viewpoint, we present here an Eulerian-Lagrangian viewpoint—which
is a ‘natural’ way to formulate the sliding beam problem as mentioned at the beginning of Section
2—via the introduction of an intermediate configuration between the material (undeformed) configura-
tion and the current (deformed) configuration. This intermediate configuration plays the role of an
Eulerian domain with respect to the sliding undeformed beam, and the role of a Lagrangian domain
with respect to the beam deformation to the current configuration. We thus distinguish the intermediate
configuration—which is fixed in the spatial frame—from the sliding undeformed beam, which is
translating in the spatial frame. The intermediate configuration has, however, time-varying boundary
determined by the tip of the sliding undeformed beam.

3.1. Intermediate configuration

Recall that the material configuration 9, in (2.1) is chosen to be the same as the initial undeformed
configuration; see Fig. 3. The intermediate configuration, denoted by 9%,, is parameterized by the

" Strlctly speaking, A = (A” )aE ®e, where (A~ )B] =[A B]' Since [A,] is an orthogonal matrix, we have [A5] ' =
[A 1", ie. (A )ﬂ = A On the other hand A G’"A » 8.5E, ®e”. For Cartesian coordinates, G* = §°" and g, s = 0,5, thus
leadmg to the 1dent1ﬁcatlon A= AﬁE ®e” =

'* The formulation is of a dlsplacement driven type thus, the kinetics of the beam part inside the channel is of no consequence
anyway.
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coordinates (y', x?), which are parallel to the coordinates (X', X?), and having the orthonormal basis
vectors (&,, &,), such that € =E,. The origin of the coordinates (x', x°) is chosen to be at the
channel orifice, i.e. m at the origin O, of the spatial (inertial) coordinates;'® we have

B={(x", x)ER’|x' €]0, L), x* €]~h, h[} . (1)

The intermediate configuration 9, thus defined has a time-varying boundary.

The mapping from the material configuration %, to the intermediate configuration 9%,, denoted by ¢,
is a sliding rigid body motion along the channel axis. Consider a point x = (x', x°) fixed in %,;
therefore y is also inertially fixed. The Eulerian description of the motion of the sliding undeformed
beam is as follows: The point y = (x', x*) € B, being fixed in the spatial (inertial) space—i.e. the
coordinates (x', x°) in (3.3) are constant in time—we look at the material points X € %, that pass by
and coincide with the point y at various instants of time such that y = ¢(X, ). The sliding rigid body
motion ¢: % — %, is given by

x' =o', )=X'+2)-L, X'€1C@),L| (32)
X’ =e'(x,=X", X*€]-h, bl '
With respect to the spatial basis (e,, e,), the position vector of the point x is given by
X:=x-0,=x", =(x"cosd— x’sin &)e, + (x'sin 9, + x” cos &,)e, . (3.3)

The intermediate configuration %, can be thought of as coincident with the part outside the channel of
the sliding undeformed beam in Fig. 3. The motion of the beam tip of the sliding undeformed beam
represents the time-varying boundary of the intermediate configuration B,.

Once we have defined the intermediate configuration 9, as above, the deformation map from B, to
the current configuration %, is a Lagrangian description from the inertially fixed point y € %, to the
spatial point x € %, in a similar manner as for geometrically-exact beams with fixed undeformed length,
ie.

X = (I)(X’ t) =Xo + ﬁO(Xl’t) +X252(X1’ t) ’

(ﬁo(Xx’ 1)

where x, =(x',0) is a point on the centroidal line of the intermediate configuration %,, having the
position vector y'&,. Relating the above kinematic relations in the x* coordinates back to the material
point X = (X', X*) that coincides with the point x = ( x', x°) at the current instant of time, we can use
the relation (3.2) together with the following identification: Similar to (2.55)-(2.57), a superposed
check mark on a function having (X, ) as arguments indicates that this function now has (x,!) as
arguments such that

(3.4)

O D =C)e' (X' 0,0 =), 1) (3.5)
For example

do(x"' )= tg(' (X', 1), )i =uy(X', 1), (3.6)

Ix", D=3e' (X", 0, 0):=0X", 1), (3.7)

and similarly for other relevant functions. The section basis vector £, in (3.4) is related to the spatial
basis vector e, via the total rotation angle 4 in the same manner as in (2.9)—(2.10),

A=Aje,®€", suchthat f,:=A-§=ige,, (3.8)

' The channel orifice can have a prescribed motion in the inertial frame (see Remark 3.2 below). We assume at present that the
channel orifice does not translate from, but can rotate about, the spatial observer O,.
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and

MZ] _ [c.()szfv} —sinvé] R 3.9
sin J cos ¢

3.2. Eulerian—Lagrangian equations of motion

Consider a control volume (2, C %, as in the balance of linear and angular momenta (2.22)-(2.23),
and a volume (2, C %, with normal N = N,€’ on the boundary a(), such that

0,=>d0.1). (3.10)

Now, pulling the balance of linear and angular momenta (2.22)-(2.23) back to the intermediate
configuration, we have the counterpart of (2.26)-(2.27), but for the intermediate configuration, as

%J;; v d(.(),)=Jm N"‘d(mﬁjﬂ pBA(f) YO,CB,, (3.11)

%fﬂ, pd x Vd(D)= Ln,é X (N-P)d(3afd) + L‘ b xpBd() VQCB, (3.12)

where P = &® T' is the first Piola—Kirchhoff stress tensor based on the intermediate configuration,
p(x,t) =p(x,t)J(x,t) the mass density per unit volume of 9, with J(x,) being the Jacobian
determinant of the deformation map &, B(x, t) = b(x,t) the body force,” V the spatial velocity field
covering the deformation map & (i.e. parameterized on the intermediate configuration) defined as (cf.
(2.24))

Vix. ) =v(x, N =V(X,1), (3.13)
and & the spatial position vector with respect to the observer 0o,
b=x-0,=0d-0,. (3.14)

The spatial velocity field V is the material time derivative of &, keeping to the material point X—such
that y = (X, t)—fixed
b sg’ 99

. D d
Vi 1) =; ®x. 1) = 5; Ple(X, 1), 1) = o 0 (3.15)

Consider a material domain 2, € %, such that

0= o, 1), (3.16)

with ¢ defined in (3.2) as the sliding rigid body motion. Then by standard procedure,'® the time rate of
the linear and angular momenta in (3.11)—(3.12) is given by

d y D’

Sl vany=[ s2Zan). (3.17)
d L . D¢

EL pdb x Vd(ﬁ,)=fn pdb x oF d(£,). (3.18)

From the sliding motion ¢ as defined in (3.2), it follows from (3.15) that
D& b op' od od od

Dt gy! ot * o ooy SARFT (3.19)

v §( X, t) is the spatial body force, parameterized on the intermediate configuration.
" Le., pulling the integrals on the right-hand sides of (3.11)—(3.12) back to £2,, taking the time derivative, and push forward
the resulting integrals to Q, (see [43)).
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od a’d . 9*d
— ()P +— o $+2axlat$+ et (3.20)

D¢ 9’
D (dx D

Now, following essentially the same argument as for the full Lagrangian formulation in Section 2, we
arrive at the following governing PDEs for the Eulerian-Lagrangian formulation Vy' € 10, £(1)[,

A %, . U Qi of .
4 { (Y +2— L+ &+ e
ax' ot X X

(ox )2 3 ar 3
S s 5 (3.21)
¥ a9 . a*y . 0y .. 9°d om 0P, .
12(3)2+2 oLt Lt e = m1+ 0><f+mr,
(axH ax' ot ax at 3 3
where the inertia operators had been particularized to planar sliding motion, with'’
A= f pdsdy, I:= f (x2)5 dst (3.22)
Ay 4y

and with the position vector @, and the displacement vector &, of the centroidal line related to each
other as indicated in (3.4); the stress resultant f and stress couple s are defined similar to (2.20)—(2.21)

f(Xl,t)5=L T“dsdo, n’z()(‘,t):zL XZisz'ld&fO; (3.23)
0 0

the applied stress resultant f- and applied stress couple rt,- are defined similar to (2.35) and to (2.40),
respectively

v

i :IL&« [N, 77 + N, d(a‘ﬂ"HL pB dst, (3.24)
0 0

3

"V'F:ZJM (b~ (bo)x[z ]d(a&«)+f (b — &) x pB d, . (3.25)

A similar procedure can be followed to obtain the equations for the 3-D sliding motion (see Remark
2.3).

REMARK 3.1. 1f p, is a constant, then so will be the mass per unit length /i and the section mass
moment of inertia I in the intermediate configuration. On the other hand, if p,,, is a function of X',
then so will be A, and I, while A and I will be functions of (x',¢). O

The boundary conditions in the ' coordinate equivalent to (2.65)—(2.66) are (see also Remark 3.2)
At x'=0:

,(0,£)=0, (326
3(0,1) = 9 + o) '

At x' = 2():
f&Ew),n=0, (3.27)
ML), 1) =0. '

' By virtue (3.2),, we can identify the cross section o4, with s,
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REMARK 3.2. Of course the displacement boundary conditions in (2.47), (2.65) and (3.26) need not
be zero, i.e. one can prescribe arbitrary displacement pattern for the channel

uo(C(), 1) = #p(0, 1) = 1o(0, 1) = dy(7) , (3.28)

where #,(t) is some given function in time. Such prescription of the channel displacement can be used
to simulate for example the translational motion of a robot manipulator arm or the orbital motion of a
satellite. Likewise, one could consider to have a concentrated force f(t) and a concentrated couple r(t)
applied at the beam tip, i.e.

fL, D =F(1,0=f&0),0=f@), (3.29)
m(L, 1) =m(1,t) = m(L{), t) = m(t), (3.30)
instead of the free end conditions in (2.48), (2.66) and (3.27). O

In the coordinates (y', x?) of the intermediate configuration %,, the strain measure vy as defined in
(2.67) becomes

_ '@ 0,0

’;’(glv{) aXl tl(X17‘)
dii} diig (3.31)
= l:cos 9, +a—? - cos a§]e1 + [sin % +3—% — sin ﬁ}ez ,
X X
since
dp'
== 3.32
ax' (3.32)
according to (3.5). Likewise, the curvature « is given by
T aé(‘Pl(Xl,t)at) 39
=" =T"71. 3.33
K(x', 1) ax! 3/\’1 ( )

The expressions (3.31) for ¥ and (3.33) for & are the counterparts of ¥ in (2.68) and of K in (2.69).
The constitutive laws equivalent to (2.71) and (2.76) are

[f=/i-‘6’-/iT-‘}7, (3.34)

having the component form—based on (3.8)~(3.9)—similar to (2.74)-(2.75) and

W= EIK . (3.35)

In summary, the balance equations (3.21), in terms of the y' coordinate of the intermediate
configuration 9,, together with the relations between the internal stress resultants/ couple and the
primary unknown functions {1}, é;, 4 }—i.c. relations (3.34) and (3.31), (3.35) and (3.33)—yield the
partial differential equations (PDEs) governing the motion of sliding geometrically-exact beams. These
PDEs together with the boundary conditions (3.26)—(3.27), and appropriate initial conditions, form a

complete mathematical statement for the sliding beam problem considered herein.
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3.3. Comparison of formulations

Of course, one expects that the full Lagrangian formulation and the Eulerian-Lagrangian formula-
tion are equivalent in that the equations from one formulation can be transformed to those from the
other. The (Lagrangian) deformation map @ : %,— B, can be written as a composition of D B, B,
with ¢ : B,— 9B, for the full Lagrangian formulation in stretched coordinate, i.e.

O=Pod: BB, (3.36)
and as a composition of & : % — B, with ¢: B,— 9B, for the Eulerian-Lagrangian formulation, i.e.

D=dog: BB . (3.37)
It follows from (3.36) and (3.37) that we can obtain & from &, and vice versa, by

$=bopodp ' =Pop ' B—B,, (3.38)

D=Popop '=Pop ' BB . (3.39)

Thus, from (3.39), Egs. (3.21) of the Eulerian-Lagrangian formulation can be obtained from Eqgs.
(2.46) of the full Lagrangian formulation by composing @ : B — B, with ¢ ' : B,~ %, defined as (see

(3:2))

X'=y'-%2n+L,
{Xz_ 2 (3.40)
=7,

With <p B,—> B, defined in (3.2) and ¢ 9}0—> #, defined in (2.53), the transformation
oo ' (,——>?/§ defined as

i 1

{Xz 3;(:)5 ’ (3.41)
X =&,

when composed with & : B,— 9, as indicated in (3.38) will allow a recovery of the full Lagrangian

equations in stretched coordinate (2.58)-(2.59) from the Eulerian-Lagrangian equations (3.21), and

vice versa—i.e. (3.21) can be obtained from (2.58)-(2.59)—by virtue of (3.39).

Even though from the theoretical formulation standpoint, the governing equations for sliding
geometrically-exact beams can have various equivalent forms as just indicated above, a comparison of
the two formulations from the computational standpoint offers a markedly different picture. By
discretizing the Eulerian—-Lagrangian equations (3.21), one has to deal with a time-varying domain,
thus affecting the data structure and the data flow in conventional finite element codes, similar to the
case of the full Lagrangian equations (2.46) as already remarked at the beginning of Section 2.3. But
then little can be gained by working with the Eulerian-Lagrangian equations (3.21) instead of the full
Lagrangian equations (2.46): The Eulerian-Lagrangian equations contain convective terms; the full
Lagrangian equations do not. In addition, as pointed out in Remark 3.1, the full Lagrangian
formulation—particularly the one in stretched coordinate—offers a definite advantage over the others
when the mass per unit length A, and mass moment of inertia /, are not uniform along the beam
(undeformed) length (i.e. A, and I are functions of X').

4. Algorithmic treatment of the full Lagrangian equations in stretched coordinate

In the present section, we discuss the Galerkln projection of the full Lagrangian equations (2.63)-
(2.64) in terms of the stretched coordinate ¢', leading to a system of semi-discrete equations. The
constancy of the domain of ¢' makes the computational algorithm simpler, as mentioned in Section 3.3.
A post-processing is necessary to express the computational results back in the actual physical (spatial)
space. The discrete inertia operator has a structure similar to that found in the equations describing the
dual problem (see Section 1) of dynamic interaction between high-speed vehicles and flexible guideways
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[4,5]. Namely, the convective terms in the inertia operator lead to a velocity-convection term and the
stiffness-convection term in the semi-discrete equations. In particular, an elegant feature of the present
formulation is that the inertia operator can be decomposed into a symmetric (self-adjoint) part and an
anti-symmetric (non-self-adjoint) part (see Remark 2.4), thus making the semi-discrete equations
having a structure similar to those of a gyroscopic elastic system, even though there is no rotating, but
only sliding, motion.

4.1. Weak form and decomposition of operators

We will consider first the common part of the inertia operators in (2.63)—(2.64), where it can be
noticed that the second material time derivative of a function (*)(¢',¢) as defined in (2.55) can be
written as

*(%) (")

2D2(')_i () gt 7 2‘3 )
oF "7 [(1 £)(£) ]+2(1 ENEL o (1= €Nt L

(4.1)

where (*)(¢'(X", 1), £) can be either &, or §. By the clamped boundary conditions (2.65) and the order
of the PDEs in (2.63)-(2.64), we consider the space of admissible variations, satisfying the homoge-
neous essential boundary condition,”’ defined as (see e.g. [45])

Vi={weH'(]0,1[)|w(0) = 0} , (4.2)
for the operator (4.1) whose weighted residual form is

D)
fw e~ (4.3)

The weak form of operator (4.1) results from the integration by parts of the first three terms; the result
for each term is as follows. For the first term

o 40
Jouwer| a - S o

za()f”_ . 290)
(@7 [, mra-ey i (+4)

=w(1-£)(Z)

——

£1=0

—

=0

Similar to the vanishing of the (underbraced) boundary terms in (4.4) above, the boundary terms in the
weak forms of the other terms in the operator (4.1) also vanish (see Remark 4.1). The second term in
(4.1) can be decomposed into two equal terms, with integration by parts on its weighted residual form
performed only on one of the two terms to obtain

O] Wl ewad]
2[}0’1[ w(l — ¢YPF ——= I d§ —££££f §)[waflat—a§1 at]df ) (4.5)
For the third term in (4.1), we have
flﬂdl w1 - ¢ )gg a( ! rdg’= gggf ¢ )[ (1) a;‘ (T)] e’ (4.6)

Thus, gathering the results in (4.4)-(4.6) together, the weighted residual form (4.3) of the operator
(4.1) has the following weak form

*® Homogeneous essential boundary conditions are also imposed on the variations even when there are the type of prescribed
large overall motions for the channel as noted in Remark 3.2, i.e. the choice of ¥ as in (4. 2) is valid for both (2.65) and (3.28).
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ow L
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(4.7)

Stiffness-convection

showing the clear structure of the mass, velocity-convection, and stiffness-convection operators.

Remark 4.1. The validity of the weak form (4.7) for both &, and 9 is somewhat fortuitous due to the
followmg reason. The boundary terms in (4.4)—(4.6) vanish because of the vanishing of the factor
(1—¢"yat ¢' =1, and because of the homogeneous essential boundary condition w(0) =0 at £'=0,as
reflected in the definition of ¥ in (4.2). It should be noted that the free end condition (2.66) does not
lead to

8C)

il L (4.8)

in general. In fact, condition f(l, t) =0 leads to ¥(1,¢) =0 by (2.71), and thus

ouy(1,1)
T—fﬁ(t){t (1,)—E,]#0 (4.9)
by (2.68). On the other hand, we do have
WY (4.10)
4

from the condition #(1,¢) =0, the constitutive law (2.76), and the curvature (2.69). For the same
reasons as just discussed, one does not obtain the antisymmetric weak form of the operator
¢ aC)
504, 20
dy ot ay

in the Eulerian-Lagrangian equations (3.21) for x' €10, £(¢)| because of the non-vanishing of the
boundary terms. Ul

&+ (4.11)

Now consider the admissible variations w = w”e_, with w* € ¥, for &, and w’ € ¥ for 9. Using the
definition of the following pseudo displacement vectors and its corresponding variation

U:=1ie, + Je,, Wi=w+we, €9, (4.12)
and the section inertia tensor
Ap
1 :=Ile®e, [I]]= A, eR™?, (4.13)

I

o

we can write the weighted residual form of the full Lagrangian equations (2.63)-(2.64) in stretched
coordinate as follows:
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W, 0):=G,-(W,0)+G(W,0)+Gp-W=0, YWeV”, (4.14)

dyn

where
5~

. D20
. 2
G, -W,0)=| W -% { o

10.11

+ Q’El} dé¢' (4.15)

. . . 21
corresponds to the linear inertia operator,” and

S of o (o® =\ . 416
Gs(W,U):=-% M[w il {ag (ag f) e3}]d§ (4.16)

corresponds to the non-linear stiffness operator, and

Gp-Wi=—%? ]Ul[{w-fr+w3rfzr}d§l (4.17)

the applied force/moment operator. Next, using the weak form (4.7), we obtain the following
decomposition of the weak form of the inertia operator (4.15) for sliding beams

G- (W’ ﬁ) = {GI.M + GI,V + GI.S} : (W’ ﬁ) + GI,F ‘W, (4-18)
where
Gy (W, U ~—$2f W1 -azﬁdg‘ (4.19)
W 0)= 27| Wl .

is the mass operator,

o0 aw el
Gy (W, U): —iﬁ?f (1-¢ )[ I a§ o F.Ip. at]dg (4.20)
the velocity-convection operator,
y oW U
IS (WU)——(.fé’)f afl pgg_df
U oW
+5 éﬁ%’f 1- —-—5'L'U|d 4.21
(g)[pagagp]g (4.21)
the stiffness-convection operator, and
Gy W:=%% ] W-AE, d¢'
0,1]
=9y ] [Ap(wl cos 9, e, + w’sin 9, e,) d¢' (4.22)
0,1

the inertia force due to sliding motion. All of these operators are explicitly time-dependent because
they contain £(¢) and/or its time derivatives. We now look at the weighted residual form (4.16) of the
non-linear stiffness operator. The boundary terms resulting from the integration by parts of the first two
terms in the stiffness operator (4.16) vanish by the homogeneous essential boundary condition on the
variations, i.e. W(0) =0, and by the free-end condition (2.66). We therefore obtain the following weak
form of the non-linear stiffness operator

*' The dot " in G, (W, U) is used to indicate that the operator G, is linear with respect to both arguments (W, U).
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B w o ow _ fady, 1
GS(W,LZ)—D%’]U‘”{ag f+ %lm—w(a‘fl xf)-eS}df

(4.23)
~2 [ 19@0) W)l e
where the time-dependent differential operator @ is defined as follows
( 9 a2 ]
— 0
a¢! ag!
F 1
D=7, [9=|9 L _of (4.24)
9¢ o0&
d
0 Py
| ¢
with
i, e o diiy . diiy
pye = oz ea=££(t)E1+a§ Z cos B, +8§1 e, + $s1nﬂo+g e,, (4.25)
by virtue of (2.18) and (2.53), and where p(U) is a pseudo resultant force vector defined as
pi=f+ e, . (4.26)

REMARK 4.2. Concentrated force [ couple at beam tip. In the case where there are a concentrated force
f(t) and a concentrated couple ri(f) at the beam tip, as described in (3.29)—(3.30) of Remark 3.2, we
then have the following additional boundary terms in the weak form (4.23) denoted by G4(W, U), as a
result of the integration by parts,

=L {w(1) - f(&) + w (D)} . (4.27)

The above weighted residual form (4.27) for concentrated force / couple can also be obtained from the
weighted residual form (4.17) for distributed force/couple as follows. By letting

XL 0=f08(X' —L),  muX',0)=m@)sX' - L), (4.28)
where 6 is the Kronecker delta, and by noting that
dX
d¢' = (4.29)

which follows from (2.52), we obtain from (4.17)

-%’ f]o, v Fo+ whiig) et = =L@ {w(1) - ft) + WP Q)m()) . (4.30)

Thus, while the distributed force/couple is multiplied by the factor £*(¢), the concentration force/
couple is only multiplied by the factor £(¢). An example of sliding beam with an applied concentrated
force at the beam tip will be given in Section 5. [

4.2. Linearization of weak form

The non-linear equation (4.14) can be solved using Newton’s method, Wthh requires a linearization
of (4.14). Consider a fixed state U =*{J and a variation (direction) g € ¥"*. Then the linearization of
the dynamic weak form G,,, at *U is

L[G

dyn

(W, *0)]:= Gyy(W,*U) + DG, (*U) - (W, q) , (4.31)

dyn
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where DGdyn(*U ) (W, g) is the tangent dynamic operator, and is the directional derivative of G, , at
*U, in the direction ¢ (e.g. [46]). The direction g can be thought of as an incremental pseudo
displacement—in the sense of (4.12)—at *U. We have

DG,,,(*U)- (W, q) =G, (W, q) + DGs(*U)- (W, gq) , (4.32)
where DG (*U), the tangent stiffness operator at *U, is obtained from (4.23) as
DG(*U)+ (W, q)
= [ IDECO) (W gl pCT) g+ | 1900)-WI-DpC D) (W, e (4.33)

The tangent stiffness operator DG can be decomposed into two parts: The tangent geometric stiffness
operator D8G and the tangent material stiffness operator D™ Gy

DGy(*U)-(W, q) =D+ D"|G5(*T)- (W, q) . (4.34)

It should be noted that the tangent geometric stiffness operator includes not only the first term in
(4.33), but also part of the second term in (4.33). In a similar manner as in [35], we obtain the
expression for the tangent geometric stiffness operator D*G; as follows

DG 0)- W)= 2 [ (WL BCD)Veglde (439)

where the operators ¥ = Yijei®ej and B = Biiei®elv have the following matrices of components

d 2
E 0 0 —*f
(Y7]= - | B/CD)]=| o o “f1 . (436)
‘f 1 _ %72 xF1 _<a*(§tlJ *”1_1_6*&)(2)*”2)
i ] i 1o rf YT ! Pye f |

where * (N) designates that the quantity ('~) is to be evaluated at the state U = *U.
REMARK 4.3. Note the difference between the tangent geometric stiffness (4.35), expression (4.36)
for [B”] and their counterparts in [35]. The operator in (4. 35) is explicitly time dependent by the
presence of the factor #(¢), and 3,7 0 in general here (see (4.25)), whereas 9, =0 in [35]. O

The tangent material stiffness operator D™ Gy is given by

D"Gs(*0)-(W. q) =f£fm [BC0)-W]-[ACD)-C- A" §)- D(T)- q] d " (4.37)

Thus, the linearized weak form (4.31) at *(7, to be solved in a Newton iteration,
YWEYT,  L[Gy, (W,*U)]=0 (4.38)

can now be written as

vwe v,
[GI.M + GI.V +Gl,s + DgGs(*ﬁ) + DmGs(*ﬁ)] (W, q) =

—_—
Total tangent stiffness

—Gyya(W, *0). (4.39)
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REMARK 4.4. The total tangent stiffness operator in (4.39) evaluated at *U contains three
components: the convection stiffness G, (which in turn contains a symmetric part and an anti-
symmetric part), the tangent geometric stiffness D®*Gg(*U) (symmetric) and the tangent material
stiffness D" G4(*U) (symmetric). O

REMARK 4.5. Eq. (4.39) has a similar structure to the equation of motion for the dual problem of
dynamic vehicle/structure interaction formulated in [4,5]. O

4.3. Semi-discrete equations

Consider the following approximation

WEH=W'(E"):= 2 N(EDey (YT,
A=1
O(&',0)=0"(&",0):= 2 Ny(&")dp(t) €V’ C¥?, (4.40)
B-1
where N,,c, =c,e, ER?, and d,(t) =d' ()¢, ER’, for A=1, ..., n, are a set of basis functions with

their associated pseudo vectors, and ¥ a finite-dimensional subspace of ¥ spanned by these chosen
basis functions. In particular, for a Galerkin nodal finite element method, the following discretization of
the interval [0, 1] can be considered

Eo=0<¢i<--<El<--<fEl=1, withA=1,....,n. (4.41)
Define the global column matrices*

ci={ch={e,...,c,) ER™,  d:={d)={d,....d}) R, (4.42)
and the unit tensor

1:=8'l”ei®ej, (4.43)

with 87 being a Kronecker delta. We proceed to obtain the discrete operators for the weak form
Gayn(W, U) in (4.14). For the mass operator (4.19), we have

Gim-(W", l~]h) =c"M@)d(t), M(t)=%[M, R,
| (4.44)
MABzf [N} L -[Ng1]d¢' €R
10.1( °
where M(t) is the time-dependent mass matrix. For the velocity-convection operator (4.20),
G]‘v . (W", ﬁh) — CTV(t)d(t) , V(t) — $$[VAB] e R3n><3n ,
(4.45)
Yas = J;O 1 1= fl){[N"‘I] L [Ne.1] — [NA.gll L [Np1]} d¢'e R,
where
dN, (¢!
NA‘§::_A(—§l (4.46)

* From here on, we often identify a tensor quantity to its matrix of components to simplify the exposition.
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and V(¢) is the time-dependent velocity-convection matrix. For the stiffness-convection operator (4.21)

GI,S . (Wh, ﬁh) - cTSC(t)d(t) , Sc — Scl + Sc2 e R3nx3n ,

Sca= Sca ER3nx3n’ =1,2’
(5] * (4.47)

S0 == (27 [ (1= (N 11, ¥y 1) g € R

1.
Sia(t) =5 ZZV,, ER™,

where the stiffness matrices §°' and §* correspond to the symmetric part and the anti-symmetric part of
the stiffness-convection operator, respectively. For the inertia force due to sliding motion (4.22),

G ‘Wh:CTFS"dt , Fslidt — Fslidt eR?le ,
LE ® (0 ={F, (1)} (4.48)

Fil'o)=2% f] AJNI]E, g’ €RT
0,1

where F*'‘(r) is the time-dependent inertia force column matrix due to sliding motion. For the

nonlinear stiffness operator (4.23)

GI,S.(Wh, ﬁh)=ch(d,t), 9.={$4}ER3"X1’
P"d):= (0" = @(Z NBdB) ,
B

. (4.49)
pi):=p(0") Ep@ NBdB) :

Fd0=2 [ (9@ NI @ dg' R

where %(d, ) is the column matrix of nonlinear internal force /moment. For the applied force / moment
operator (4.17),

GF'Wh:_CTFappl(t), FappI= {F:ppl}e‘R}nxl ,
pri=fr + e, (4.50)

Fr0=2 (N pdg R

where F*PP'(¢) is the column matrix of applied force /moment. The above discrete approximation of the
weak form G, , in (4.14) leads to the following semi-discrete equation

M()d +V(t)d + S(t)d + F(d, t) =—F>(t) + F***(r) (4.51)

F(1)

a set of non-linear ODEs, which together with appropriate initial conditions for d(0) and d(0) govern
the dynamic behavior of geometrically-exact sliding beams.
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4.4. Time discretization: conceptual algorithm and algebraic equation

Our emphasis here is not on any particular time discretization algorithm. The reader is referred to,
¢.g. Smolinski et al. {47] and the references therein for various time-stepping algorithms. Our goal is to
present a conceptual procedure that would cover a large class of time-stepping algorithms for solving
the structural dynamics equation (4.51). The approximations for the acceleration, velocity and
displacement at time ¢, are denoted by

a,~a(t,):= J(tk) ; v, =0, )= d(tk) ) d,~=d(,). (4.52)

Assume that the solutions {a;, v, d,|fori=1,..., k}, had been known; we are looking for the solution
at time ¢, , . Equilibrium of the system at time ¢, ,, dictates that {a,,,v,.,d,.,} must satisfy (4.51),
ie.

Mk+1ak+1 +Vk+lvk+1 + S2+1dk+1 + gk+1(dk+1) :Fk+1 ’ (453)

where it is clear that M, :=M(,,), Vi, :=V(t,,), etc. Thus, we consider here a conceptual
time-stepping algorithm defined as follows

a,,., =Ud,.,), v, =8B, ), (4.54)

where U and % are functions of {a;,v,,d,|fori=k +1,k,k—1,...}, i.e. the unknown solution at ¢, , ,
and the known solutions at previous time steps.

REMARK 4.6. For example, for the Newmark algorithm, the conceptual algorithm (4.54) takes the
form

d.,, —d v, 1-B
a,. =Ud,,)= khlzﬂ : —h—[kj— : B a (4.55)
Uiy = Bdi, 1) =0 + A1 = y)a, +yAWd,. )], (4.56)

where h is the current time step size, B € [0, 1], and y €{0, 1]. The Newmark algorithm involves only
the unknown solution at ¢, , and only the known solution at 7, i.e. a single-step algorithm. The
algorithm proposed by Hoff and Pahl [48] is yet another algorithm belonging to the category described
by the conceptual algorithm (4.54).

More generally, equilibrium can be considered at a time 7 € J¢,, ¢,,,[, instead of at ¢, | as in (4.53),

M(7)a(r) + V(7)v(7) + S°(r)d(7) + F(d(r), 7) = F(1) . (4.57)
Now, if M,V, §, and % do not depend explicitly on time ¢, then approximations for {a(7), v(r), d(7)} in
terms of {a;,,v,,d,|for i=k+1,k,k—1,...} are introduced conceptually as follows

a(t) =Ud,.,), v(r) = B(v, ), d(r) =3, ,) - (4.58)

Examples of this class of algorithms are the one proposed by Hilber et al. [49] and more recently the
one by Hulbert and Chung [50]. The main goal of these last two algorithms and the Hoff and Pahl [48]
algorithm mentioned above is to damp out the high-frequency oscillations in the numerical results.

In the case of the Hulbert and Chung [50] algorithm, a(r) is a linear combination of a,,, and a,;
similarly for v(r) and for d(r). Then the Newmark algorithm (4.55)—(4.56) is used to relate a,,, and
v,,, tod, ,, ie. to obtain explicit expressions for ¥ and for ¥ in (4.58), and in (4.58),, respectively.
The operator ® in (4.58),, as just mentioned, is a linear combination of d, ,, and d,.

Note however, that if M,V, S, and ¥ depend explicitly on time ¢, then these algorithms are not
convenient because one has to interpolate in time the mentioned matrices, in addition to the fact that
the analyses of these algorithms were performed and tested only for the case of time-invariant
coefficients. We will use the conceptual algorithm (4.54) for our numerical examples in Section 5, and
thus will restrict our attention in what follows to the conceptual algorithm (4.54). O
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Using (4.54), the equilibrium equation (4.53) becomes a nonlinear matrix algebraic equation in terms
of the primary unknown d,_ ;:

R,.\(d.) :=Mk+1%{(dk+l) +Vk+1%(dk+l) + S2+1dk+1 + F1dey)-F . =0. (4.59)

Newton’s method for solving (4.59) then takes the form

(+1) _ 4(@) (i+1)
dkl+1 —dk+1+Adk+1 >

' ' : (4.60)
R"“(dgll) + DRk+](d§clil) ' Adt:;) =0,

where the derivative of the residue R,,, at d\),—i.e. DR, ,(d!),)ER"" in the last term of
(4.60),—is the dynamic tangent stiffness matrix. We have

DR, ,d\),)=M, DUM),) +V,, DBME),) +Si., + DF,.,(@},),

_ ) (4.61)
D%, .,d{))=[D*+D™%.,@,),

where DF, d\) ) € R™"" is the tangent stiffness matrix at time t,+1, evaluated at the current iterate
d{),, and contains the tangent geometric stiffness matrix D*%, @), and the tangent material
stiffness matrix D™ %, . ,(d\),), as per (4.34).

REMARK 4.7. For the Newmark algorithm (4.55)-(4.56), we have

i 1 i Y
DAM) =75z DB@L) =75 (4.62)
The update of the acceleration and velocity is carried out as follows
i+ i 1 i
i (4.63)
i i Y i+
v =vll, +WMZH”- (4.64)
Also, the initial guess at the beginning of each time step is chosen to be
d =d,, (4.65)
v 3B
02031 =v, +h[(1-vy)a, + 'Yafco+)1 . (4.67)
O
The expression for the tangent geometric stiffness matrix is given by
Dggkﬂ(d;ciil Z:Siﬂ(dSL > siﬂ = [SiB,(k+1)] e R s
(4.68)

~ h(i)

Shoan @20 =L | INI B YN g’ R

according to (4.35), and where %, ., := #(t,,,). The tangent stiffness matrix is given by
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m (i) _ . gm (i m _ m 3nx3n
D gk+ldk+1)_‘sk+1(dk11)v Sk+1_[SAB.(k+1)]€R ) 4

~ h(i) ~h(i) ~ (i)

S e @) = i fm][ (DOLDINIY - (AGHCAT(F) (0,2} de' €R™

(4.69)

according to (4.37).
The reader is referred to Li [51] for a discussion on time discretization specifically based on the
Newmark algorithm, which is used to produce the numerical results in Section 5.

5. Numerical examples

We present here results of numerical simulations of sliding beams undergoing large deformation and
large overall motion. The examples are selected with emphasis placed on their important engineering
applicability, and on their significance from the applied mechanics viewpoint. The numerical results are
obtained using the space—time discretization procedure presented in Section 4. A sliding geometrically-
exact beam element is implemented in the finite element analysis program (FEAP) developed by R.L.
Taylor; a simplified version of FEAP is described in [52]. The program was run on a DEC 5000
workstation under the Ultrix 4.2 operating system. Throughout this section, linear or quadratic finite
element functions are used for the spatial discretization (4.40), and the Newmark method (4.55)-
(4.56), with B =1 and y=1 for the time discretization. Uniformly reduced integration is used to
evaluate the static residual force and the tangent stiffness matrix, while exact integration is used to

evaluate all other matrices.
5.1. The spaghetti problem

As mentioned in Section 1, Carrier [8]’s study of the spaghetti problem (the dynamics of a cord being
drawn into an orifice) was based on the linear string theory to model the cord. He observed that near
the end of the motion ‘the amplitude of the oscillation usually increases sufficiently so that the cord
frequently ‘slaps’ the plate containing the orifice.” Anyone who had played with a handyman’s
retractable tape rule for measuring would have experienced the ‘slapping’ of the metallic tape on his
hand when the tape is retracted quickly into its canister. Mansfield and Simmonds [33], motivated by
the dynamics of papers in copy machines, provide a nice explanation to Carrier’s observation: ‘If the
string has an initial transverse motion, the associated kinetic energy, in the linear theory employed by
Carrier, does not change, so as the string moves into the hole, its kinetic energy is squeezed into an
ever shrinking piece. On reaching the hole, the tail of the string must therefore have infinite transverse
velocity.’

The slapping of the tail of a string under retrieval cannot be described using linear theory. However,
none of the previous studies using non-linear theories exhibit the slapping phenomenon. The present
example will do just that, using the proposed sliding geometrically-exact beam formulation (see Figs. 6
and 7). We are considering here a highly flexible beam, with shear deformation accounted for, having
large deformation and being retrieved into a prismatic joint. The beam has an initial undeformed length
L =10, with mechanical properties set to

A,=2, =10, (5.1)
EA=10000, GA,=10000, EI=500. (5.2)

The beam is uniformly discretized using 10 linear elements, i.e. n =10 in (4.41). A uniformly reduced
integration with one Gauss point is used for evaluating the static residual force %, ., in (4.59) and the

*The first author thanks his student, Kyle Thornton, for producing these figures.
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Fig. 6. Spaghetti problem. Sequence of snapshots of the beam deflected shapes at different time stations. Slapping phenomenon
toward the end of the retrieval.

tangent stiffness matrix D%, ,, in (4.61),; all other matrices in (4.61), are evaluated with two Gauss
points. A transverse load with increasing magnitude is applied statically at the tip of the beam until the
transverse tip deflection is close to 5, i.e. about half the initial length. Fig. 6 shows this initial deflected
shape (¢ =0.1) in the same scale as for the undeformed beam, with no magnification. The tip load is
then completely released to begin the dynamic retrieval process. We implemented a quadratic sliding
motion of the form

1
Z(@®) =§alt2+a2t+a3. (5.3)

The following parameters
a, =0, a,=-0.5, a; =10, (5.4)

are used in the quadratic sliding motion (5.3) for the present example. Thus, according to (5.4), the
beam is being retrieved at a constant rate of 0.5 unit of undeformed length per unit of time. We use a
time step size of 4 = 0.005 for integrating the equations of motion over the time interval [0, 20].

In addition to the initial deflected shape at ¢ = 0.1, a sequence of snapshots of the deflected shapes of
the beam at ten other time stations during the retrieval are shown in Fig. 6; the deflected shapes are
plotted without artificial magnification of the displacement. In Fig. 6, one can clearly see the slapping
phenomenon at the end of the retrieval. At this point, the beam tip begins to flip completely backward
to face the orifice wall (or prismatic joint). The curvatures in the deformed shapes in Fig. 6 do not
appear to change sign. However, a change in sign of the curvature of the deformed beam is clearly
shown®* in Fig. 7, which is a zoomed-in on a half-cycle of the slapping process toward the end of the

** Look at the deformed beam, e.g. at time = 18.635 in Fig. 7.
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Fig. 7. Spaghetti problem. A zoomed-in on a half-cycle of slapping phenomenon for ¢ & [18.515, 18.705]. Sequence of snapshots
of deformed shapes, exhibiting the change in sign of the curvature along the beam.

retrieval, from ¢ =18.515 to t = 18.705. The slapping phenomenon increases in frequency as the beam
length gets shorter, as can be seen from the time history of the transverse displacement of the beam tip
in Fig. 8. Rather than snapshots of the deformed shapes at discrete time stations, a better feeling of the
dynamic motion in the present spaghetti problem can be obtained by looking at the continuous trace of
the beam tip throughout the retrieval operation, as recorded in Fig. 9. For a diner who is improperly
ingesting spaghetti, the quickening of the slapping of the tail of the spaghetti as the length gets
shorter—as can be visualized from Fig. 9—will scatter tomato sauce on his shirt.

5.2. The reverse spaghetti problem

The term ‘reverse spaghetti problem’ refers to the reverse of the retrieval process, i.e. the
deployment of the sliding beam. The sliding beam considered in this example has the same mechanical
properties as in (5.1)—(5.2). We will consider the case without tip loading and the case with tip loading.

5.2.1. Without tip loading

The numerical simulations are performed using two different sliding (deployment) motions as defined
by two different sets of coefficients a,’s for (5.3). Each deployment motion will be described shortly.

The sliding beam will be subjected to an initial transverse velocity distribution as part of the initial
conditions. A practical situation corresponding to such initial transverse velocity distribution can be
found, for example, in the deployment of flexible appendages from a satellite. As pointed out by
Creamer [19] and others, when a long flexible appendage is axially deployed from a satellite canister,
the functioning of the internal motor will produce some initial perturbations on the appendage. Such
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Fig. 8. Spaghetti problem. Time history of the transverse tip displacement. Increasing vibration frequency with the shortening of
beam length.

perturbations can be modeled in simulations as an initial transverse displacement or transverse velocity
distribution on the beam, or as an initial angular velocity imparted at the clamped end of the beam. In
the present example, we choose a perturbation in velocity. In practical calculations, the sliding beam
has a small initial length (i.e. a; is small). The initial transverse perturbation velocity is then distributed
linearly on that small initial length of the beam.

The beam considered here has an initial length of L =10, which is uniformly discretized using 10

-6.0 PR t 2 1 s H . 1 ) I . 1 | " t " ]

-1.0 0.1 1.2 2.3 3.4 4.5 5.6 6.7 7.8 8.9 10.0

Fig. 9. Spaghetti problem. Motion of the beam tip throughout the retrieval. Slapping phenomenon with increasing frequency
toward the end of the retrieval.
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linear elements, i.e. n =10 in (4.41). The numerical integration of the element matrices is as in Section
5.1 for the spaghetti problem. The initial transverse velocity is distributed linearly over the beam in &'
coordinate according to

LA

:C1§I+CZ’ Vgle[o’ 1], (5.5)
ot t=0

with ¢, and ¢, being the parameters to be specified as input data. Note that in (5.5) the left-hand side is
the velocity with respect to the £' coordinate (i.e. the partial time derivative of #°(¢', ) keeping ¢'
fixed) and not the actual velocity with respect to the material coordinate X' (i.e. the material time
derivative of #(¢'(X', 1), 1), keeping X" fixed). However, with the initial condition

~2
aE,0=0, v&'el, 1 > ﬁ”—gg—l’—olzo, ve'eo, 1f (5.6)
it follows that
Di’(¢',0)  ad’(£',0) 96'(0)  ad’(£',0)  aa’(¢',0)
Dt Y a T at B at '

(5.7)

In the computation, we set all components of the initial velocity v, defined in (4.52), to zero, except for
the components

Ué,Azclgitql-CZ’ forA:la"'ana (5.8)

where ¢, is the coordinate of node A defined in (4.41).
The first deployment motion corresponds to the parameters

a, =0, a,=0.5, a;=0.1 (5.9)

in the quadratic sliding-motion (5.3), i.e. the beam is being deployed with no acceleration, at a constant
velocity of 0.5, and with an initial length of 0.1. The computation is performed over the time interval of
[0, 30]. Thus, the final (undeformed) length of the sliding beam is 15. Compared to this value, the initial
length of 0.1 is small. The linear distribution of the initial transverse perturbation velocity is chosen to
be

(&

=0.02¢', ve'elo,1]. (5.10)
at (=0

We use a time step size of & = 0.01 for the computation. The time history of the transverse displacement
of the beam tip is given in Fig. 10, and the rotation of the section at the beam tip in Fig. 11. It can be
seen from these two figures that, as expected, the amplitude of vibration increases as the beam slides
out of the channel.

The second deployment motion corresponds to the parameters

4,=00, a,=05, a,=001 (5.11)

in the quadratic sliding-motion (5.3). A difference between the second deployment and the first
deployment is the initial length of the beam, i.e. a, =0.01 in (5.11) versus a, =0.1 in (5.9). Another
difference is in the initial transverse perturbation velocity coordinate

EURC)]

Py =0.2¢', vee(o,1]. (5.12)
=0

However, the magnitude of the velocity perturbation as measured by the area of the velocity
distribution curve (i.e. V,, Xa,=0.2x0.01) remains the same as in the first deployment (i.e.
0.02 X 0.1). The computation is performed with a time step size of & =0.002 over a time interval of
{0, 10]. Fig. 12 shows the time history of the transverse displacement at the beam tip, with increasing
vibration amplitude. Comparing Fig. 12 to its counterpart Fig. 10, one can see that the amplitude of

vibration at =10 is larger in the second deployment. In Fig. 13, we superpose the transverse
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Fig. 10. Reverse spaghetti problem without tip loading. First deployment. Time history of transverse tip deflection.

displacement of the beam tip during the time interval [0, 1] and during the time interval [8, 9] to display
the increase in the vibration period with the increase in beam length.

5.2.2. With transverse tip loading

To simulate a load that the sliding beam may be required to carry at its tip, we now impose a vertical,
constant, concentrated force at the beam tip, and this without an initial velocity perturbation. The beam
tip is expected to vibrate about the static deflection position, as recorded in Fig. 14. Unlike the previous

6.0 e-2

-6.0 e-2 . ' s L

0.0 10.0 20.0 30.0

Fig. 11. Reverse spaghetti problem without tip loading. First deployment. Time history of rotation of tip cross section.
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where Lg,, and ¢, are the final length and the final angle of rotation of the joint’’ Here, we
prescribe the following motion parameters

Liw=10, a,=04, L. =0001,
(5.19)
q,final =2.5m s bz =04.

Fig. 15 depicts the time history of the angle () as expressed by (5.18), where it can be seen that the
angle Y(¢) rises rapidly to an angle of about 360° (i.e. ~6rad), at about 4 computational time units,
then slows down to reach the angle 450° asymptotically. The time history of the effective length £(¢)
described by (5.17) is similar.

The mechanical properties of the beam in the present example are the same as in (5.1)—(5.2), except
for a stiffer bending stiffness EI = 800. The computation is performed with a time step size of £ = 0.01
over the time interval [0, 40]. A sequence of snapshots of the deformed shapes of the beam at different
time stations is depicted in Fig. 16, where large deformation in the beam can be noticed with little
difficulty even though there is no magnification of the deformation. In particular, it can be observed
that the beam bends backward as the base rotates from ¢ = 0° through to about 360°; then the beam
bends forward as the base rotation slows down from 360° to 450°; finally, vibration with large amplitude
can be seen when the rotation comes virtually close to a halt at 450° = 2.5%. Fig. 17, depicting the trace
(or orbit) of the beam tip, provides a better visualization of the simultaneous deployment and large
angle maneuver in this example.

With respect to the shadow beam (see Fig. 3) or the nominal position of the beam, the beam tip
experiences a transverse motion with time as depicted in Fig. 18 for the time interval [0, 40]: Indeed, as
observed above, the beam bends backward (negative values) when the rotation angle (¢) is between 0°
and approximately 360°, or equivalently the time parameter ¢ is between 0 and approximately 4
computational time units (see Fig. 15). The amplitude of displacement during this time interval is small
compared to that in subsequent vibration; this is because the effective length £ of the beam in this time
interval is smaller than the beam length one in subsequent time interval. At the stop angle 450°=
2.5w rad, the beam settles into a steady-state vibration regime with a rather large amplitude of about 2
(recall that the fully extended length of the beam is 10).

10.0

0.0 N i N I N 1 x !

0.0 8.0 16.0 24.90 32.0 40.0

Fig. 15. Deployment under large angle mancuver. Time history of the rotation angle ¢/(¢).
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Fig. 14. Reverse spaghetti problem with transverse tip loading. Transverse displacement of beam tip versus time.

to produce Fig. 14.”> With the exponential sliding motion (5.13), the sliding beam starts from its initial
length a;, and approaches asymptotically its final length a,. The computation is performed over the
time interval [0, 40] with a time step size of & = 0.005. The transverse load has its amplitude increased
linearly over the interval [0,0.1], and remained constant over the remainder of the time interval
10.1, 40]: Thus, all components of the applied force F**'(¢) in (4.51) are zero except for

30t fort€]|0,0.1],
2,appl — ’
FT0 {1 for r€10.1,40] ,

where n =10 is the node number at the beam tip. There is a sudden decrease in the load amplitude
from 3 to 1 at £=0.1. The maximum deflection as shown in Fig. 14 compares well with the static
deflection of the tip for an Euler~Bernoulii cantilever beam under a unit tip load
rPL®
3EI
where P =1, L =10 and EI = 500.

(5.15)

~0.67, (5.16)

5.3. Deployment under large angle maneuver

The sliding beam is subjected to a simultaneous deployment motion and large overall rotation (large
angle maneuver) of the prismatic joint about the joint orifice.>* This problem of engineering significance
is encountered in many robotic systems and spacecraft systems, as indicated in Section 1. Simo and
Vu-Quoc [36] present results for the case of beams with fixed lengths. We consider here a combined
deployment motion Z(¢) and large overall rotation angle ¢(¢) (defined in (2.8) and in Fig. 4) of the
exponential form as follows

L(t) = Lioall — exp(=a,t)] + Lipiia » (5.17)
() = Ypull — exp(—b,1)] , (5.18)

** The first author thanks his students, Kyle Thornton and Hui Deng, for their help in regenerating the correct results presented
here.

** More general motions of the prismatic joint can be prescribed as noted in Remark 3.2.
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where L ., and ¢, are the final length and the final angle of rotation of the joint’’ Here, we
prescribe the following motion parameters

Lpu =10, a,=04, Liniia = 0.001, (5.19)
ll/' :2‘511" b2=0.4.

final
Fig. 15 depicts the time history of the angle () as expressed by (5.18), where it can be seen that the
angle ¢(¢) rises rapidly to an angle of about 360° (i.e. =6 rad), at about 4 computational time units,
then slows down to reach the angle 450° asymptotically. The time history of the effective length Z(¢)
described by (5.17) is similar.

The mechanical properties of the beam in the present example are the same as in (5.1)—(5.2), except
for a stiffer bending stiffness EI = 800. The computation is performed with a time step size of h = 0.01
over the time interval [0, 40]. A sequence of snapshots of the deformed shapes of the beam at different
time stations is depicted in Fig. 16, where large deformation in the beam can be noticed with little
difficulty even though there is no magnification of the deformation. In particular, it can be observed
that the beam bends backward as the base rotates from ¢ = 0° through to about 360°; then the beam
bends forward as the base rotation slows down from 360° to 450°; finally, vibration with large amplitude
can be seen when the rotation comes virtually close to a halt at 450° = 2.5%. Fig. 17, depicting the trace
(or orbit) of the beam tip, provides a better visualization of the simultaneous deployment and large
angle maneuver in this example.

With respect to the shadow beam (see Fig. 3) or the nominal position of the beam, the beam tip
experiences a transverse motion with time as depicted in Fig. 18 for the time interval [0, 40]: Indeed, as
observed above, the beam bends backward (negative values) when the rotation angle (t) is between 0°
and approximately 360°, or equivalently the time parameter ¢ is between 0 and approximately 4
computational time units (see Fig. 15). The amplitude of displacement during this time interval is small
compared to that in subsequent vibration; this is because the effective length £ of the beam in this time
interval is smaller than the beam length one in subsequent time interval. At the stop angle 450°=
2.5w rad, the beam settles into a steady-state vibration regime with a rather large amplitude of about 2
(recall that the fully extended length of the beam is 10).

10.0
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0.0 8.0 16.0 24.0 32.0 40.0

Fig. 15. Deployment under large angle maneuver. Time history of the rotation angle ¢(z).

%’ By the definition of ¢(¢) and of 9, as shown in Fig. 4, we do not have to account for the constant ¥,

iminar» Which is in fact 9, in
(5.18). The angle 9, is, on the other hand, determined by the initial configuration of the beam.
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Fig. 16. Deployment under large angle maneuver. Sequence of snapshots of deformed shapes at different time stations. EJ = 800.
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Fig. 17. Deployment under large angle maneuver. Trace (or orbit) of the beam tip.
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Fig. 18. Deployment under large angle maneuver. Time history of the transverse displacement of the beam tip with respect to the
nominal position (shadow beam).

Using the more flexible beam of previous examples (i.e. with EI = 500), subjected to the same
combined deployment and large angle maneuver, one can see clearly the large deformation in Fig. 19.
5.4. Parametric resonance

The beam is now subjected to a sinusoidal sliding motion of the form
Ft) =%, + & sinwt . (5.20)
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Fig. 19. Deployment under large angle maneuver. Sequence of snapshots of deformed shapes at different time stations. £/ = 500.
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Depending on the parameters %, £,, w, the dynamic behavior of the beam can change drastically.
Resonance occurs for a given set of beam properties and appropriate parameters in (5.20). As
mentioned in Section 1, stability analysis of periodically sliding Euler—Bernoulli beams were performed
in [22-24]; numerical simulations of a more complex Euler-Bernoulli model were given in [26]. We
provide here some results on parametric resonance obtained with the present geometrically-exact
sliding beam. A general feature in the results obtained with geometrically-exact theory is that, unlike
results from stability analyses using linearized theories where the displacement of the beam tip at
resonance blows up to infinity, we have here contained resonance, i.e. even though there are strong
vibrations with large amplitude at resonance, the magnitude of the displacement remains finite.
Contained resonance is a consequence of fully-non-linear theory. It follows that the system would not
have clear-cut stability regions and boundaries—within which the displacement is finite, and beyond
which the displacement blows up to infinity—as obtained with linearized theories (see e.g. [23,24]). On
the other hand, considerable difficulties are encountered in the numerical integration (convergence
failure in Newton iterative process) when the dynamic behavior of the sliding beam changes drastically.
Two sets of numerical simulations are performed.

5.4.1. First set of simulations
The beam mechanical properties are chosen to be

A,=1223, I =0.001631, (5.21)
EA=2049840000, GA,=694861017, EI=273312. (5.22)

The beam is discretized uniformly using 5 quadratic elements, instead of 10 linear elements as in
previous examples. The number of nodes (11) remains, however, the same as in previous examples. A
uniformly reduced integration with 2 Gauss points were used for the tangent stiffness matrix in (4.61),;
an integration with 3 Gauss points is used for all other matrices in (4.61),. The sliding-motion
parameters in (5.20) are taken to be

T 97
*,=16, Z =6, w€E [g,—la] . (5.23)
An initial perturbation in displacement and velocity is introduced to induce subsequent vibrations as
follows. At t=0, we have £(0)=16; the mass matrix at =0 in (4.61) is M,, and tangent material
stiffness matrix is S;' according to (4.69). Let ¥, be the eigenvector corresponding to the lowest
eigenvalue u, of the eigenvalue problem ‘

[ “_MS(')"]W:O’ (5.24)

with ¥, being normalized so that it has a unit transverse displacement at the tip. The initial
(perturbation) displacement d,, and velocity v, for the equation of motion (4.53) are as follows

d,=-0.01%,, v,=0.0005¥, . (5.25)

Specifically, for complete documentation, we use the following numerical values for the initial
perturbation in displacement (Table 1) and in velocity (Table 2).”®

The computation is carried out over the time interval [0, 30], with time step sizes varying from 0.01 to
0.004. Fig. 20(a, b) is obtained with 4 = 0.01 over the whole time interval [0, 30]; Fig. 20(c,d) and Fig.
21(a,b) with £ =0.01 over [0,20], then with & =0.004 over [20,30]. For w =0.90m, the last time-
stepping strategy leads to a numerical instability (i.e. an increase of the amplitude without bounds) at
about time /=22 as shown in Fig. 21(c). A further refined time-stepping strategy’® of A =0.01 over
[0, 10], then & = 0.005 over [10, 20], then A = 0.0025 over [20, 30] still leads to a numerical instability at
about time ¢ = 24 (Fig. 21(c)). Finally, a converged solution over the interval [0, 30] for @ = 0.9  shown

“* From Table 1, it can be seen that the transverse tip displacement in W, is not exactly one (0.99935) due to round-off error.

* For the present set of simulations, from here on, the results were generated by two students of the first author, Kyle
Thornton and Hui Deng. Their help is appreciated.
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Table 1

Parametric resonance. Initial perturbation in displacement

Node U, ul 6
1 0.0 0.0000000 0.0000000
2 0.0 —0.0001681 —0.0002051
3 0.0 —0.0006401 —0.0003798
4 0.0 —0.0013673 —0.0005243
5 0.0 —0.0023022 —0.0006396
6 0.0 —0.0033991 —0.0007270
7 0.0 —0.0046148 —0.0007887
8 0.0 —0.0059110 --(.0008280
9 0.0 —0.0072548 —0.0008491

10 0.0 —0.0086210 —0.0008570

11 0.0 —0.0099935 —0.0008580

in dotted line in Fig. 21(c) is obtained with a refined time-stepping strategy of 2 = 0.005 over [0, 10],
then 4 =0.0025 over [10,20], and then A = 0.00125 over [20, 30]. One can see that even though the
previous two time-stepping strategies lead to numerical instability beyond a certain time, the responses
are similar to the converged solution obtained from the last time-stepping strategy. The same can also
be seen from Fig. 22 describing the projection of the position of the beam tip along the axial direction
as a function in time. Fig. 22 gives an idea on the sliding motion defined in (5.20), particularly at the
beginning of the motion, i.e. prior to =21, where the large transverse displacement toward the end
does not have yet a significant effect, at this scale, on the axial position of the beam tip.

Thus, it can be seen from the results that as the sliding frequency  in (5.23) varies, the dynamic
behavior of the beam changes back and forth through various moods from quiescent to agitated, as
testified by Figs. 20 and 21. At @ =0.5wrad/s, Fig. 21(c), the vibration amplitude of the beam tip
increase with time to a relatively large value. At w = 0.9wrad/s, Fig. 21(c), large amplitude vibration is
observed within a short time. The complex pattern of combined large transverse deflection and sliding
motion, together with the trace of the beam tip, are delineated in Fig. 23 (without magnification of the
transverse deflection as compared to beam geometry), for the time interval [19.6, 24.6]. Subharmonic
resonance can be seen by comparing Fig. 21(c) and Fig. 22: Toward the end of the time interval [0, 30],
the fundamental frequency of transverse vibration is about half of the sliding excitation frequency
w = 0.97 rad/s. At this sliding excitation frequency, the amplitude of transverse vibration becomes very
large (greater than 10) as compared to the length of the beam. However, due to the full non-linearity of
the model, the transverse vibration remains bounded (contained resonance), as shown in Fig. 24
(without magnification), instead of increasing without bounds as would be predicted from a linearized
formulation. At the beginning, since the transverse vibration is small, the motion of the beam remains
close to the horizontal axis, and the beam (underformed) length varies between 10 and 22. The beam

Table 2

Parametric resonance. Initial perturbation in velocity

Node dé u; 6
1 0.0 0.0000000 0.0000000
2 0.0 0.0000084 0.0000103
3 0.0 0.0000320 0.0000190
4 0.0 0.0000684 0.0000262
5 0.0 0.0001151 0.0000320
6 0.0 0.0001700 0.0000363
7 0.0 0.0002307 0.0000394
8 0.0 0.0002956 0.0000414
9 0.0 0.0003627 0.0000425
10 0.0 0.0004310 0.0000428
11 0.0 0.0004997 0.0000429
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Fig. 20. Parametric resonance. First set of simulations. (a) w = 7/6, (b) @ = 7/3, (¢) @ =0.57 and (d) w = 0.67.

tip can be seen to detach completely from the horizontal axis toward the end; the amplitude of
transverse vibration amplitude exceeds 10. The origin of the coordinate system in Figs. 23 and 24 is the
location of the orifice of the beam channel.

5.4.2. Second set of simulations

We now decrease the mass per unit underformed length A, and the mass moment of inertia I, of the
cross section by ten times to

A,=1223, 1,=0.0001631. (5.26)

The frequency of sliding motion ® is varied between 2wrad/s and 3wrad/s. The same spatial
discretization and numerical integration are used as in the first set of simulations. The computation is
carried over a time interval of [0,20] with the time step size £ =0.005 to produce Figs. 25 and 26.
Similar to the first set of simulations, although with a different characteristic, the dynamic behavior of
the sliding beam goes through various moods from quiescent to agitated, depending on the value of w.
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Converged solution with the third time-stepping strategies; the beginning of numerical instability is indicated for the first two
time-stepping strategies).

In particular, numerical difficulties are encountered for the values of w at 2.6 rad/s and at 2.7wrad/s
as shown in Fig. 26(b, ¢): The dynamic response is apparently very quiescent for a long period of time;
then at a finite time, a failure in the numerical convergence occurs for the chosen time step size. In Fig.
26(d), resonance can be observed for w = 2.8w rad/s, with an apparent blow-up in the numerical results
at about =8,

To investigate the behavior of the system for the last three values of w, we decrease the time step size
using a number of different time-stepping strategies.’® For the two cases with w =2.6mrad/s and

20 ."'\4—‘
Py

1s I ‘\
[y

10 i‘ P
t=21.964 M

s |+ t=224.2125 T

O s 10 1s 20 2s 30
Timne

Fig. 22. Parametric resonance. First set of simulation (Contd.). Position of beam tip along the axial direction versus time. Dotted
line: Converged solution with the third time-stepping strategies. The beginning of numerical instability is indicated for the first
two time-stepping strategies.

** From here on, the two students of the first author, Kyle Thornton and Hui Deng, helped in generating the results presented.
Their help is very much appreciated.
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Fig. 23. Parameteric resonance. First set of simulation (Contd.). Deformed shapes and trace of beam tip in the time interval
[19.6, 24.6] for w = 0.9w rad/s.

o =2.7nwrad/s, it is sufficient to halve the time step size (i.e. £ =0.0025) to have numerical
convergence over the whole interval [0, 20]. The results, presented in Fig. 27, can be seen to be similar
to that in Fig. 26(a).

The resonance case with w = 2.8w rad/s is more difficult, and does take some trial and error to arrive
at an acceptable strategy within the time interval of interest, i.e. [0, 20]. We made maximum use of the
restart capability of FEAP to store partial results corresponding to subintervals of [0, 20]. We begin with
a time step size of A =0.0003125, and decrease it to A = 0.0000390625 at the end. The acceptable
time-stepping strategy is as follows: (i) £ =0.0003125 in the time interval [0, 10] (or 32 000 steps), (ii)
h =0.000078125 (i.e. divided by four) in the time interval ]10,15] (or 64 000steps), (iii) h=
0.0000390625 (i.e. divided by two) in the time interval |15, 20] (or 128 000 steps).

The results are presented in Figs. 28 to 31. The time histories of the axial displacement and the
transverse displacement of the beam tip are given in Fig. 28(a, b), respectively. In Fig. 28(a), one can
see that the beam tip follow the prescribed sliding motion (5.20) and (5.23) up to about time ¢ = 11.
Meanwhile, the amplitude of the transverse displacement increase gradually as shown in Fig. 28(b).
Between ¢ =11 and ¢ = 16, considerable non-linear effects can be observed in both axial displacement
and transverse displacement of the beam tip. The trace of the beam tip within the time interval
[0,16.29] is plotted in Fig. 29,*' where it can be seen that the beam tip follows the prescribed axial
sliding motion at the beginning, with a gradual increase in the amplitude of the transverse displacement
to the same order of the beam length. While Fig. 29 has a similar feature as Fig. 24, the trace of the
beam tip becomes wild beyond the time ¢ =16 as shown in Fig. 30. A sequence of snapshots of the

*! The same scale is used for both axial and transverse directions. The orifice of the channel is at the origin of the coordinate
system.
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Fig. 29. Parametric resonance. Second set of simulations (Contd.). @ = 2.8mw. Trace of beam tip within time interval [0, 16.29].
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Fig. 30. Parametric resonance. Second set of simulations (Contd.). @ = 2.8w. Trace of beam tip within time interval [16.29, 20].

deformed shapes about the time ¢ = 18 presented in Fig. 31 shows some of the very peculiar deformed
shapes during this wild motion.*

In summary, from Figs. 20 to 31, a qualitative observation consistent with results from linearized
theories (e.g. [23,24]) is that increasingly agitated behavior in the beam vibration is encountered at
higher sliding frequencies w.

6. Closure

We have presented two formulations for sliding geometrically-exact beams. In addition to the sliding
motion, the beam can undergo large deformation, large overall motion, with shear deformation
accounted for. Both the sliding motion of the beam and the rigid body motion of the prismatic joint can
be prescribed. The first formulation is based on a full Lagrangian description of the motion, leading to a
set of PDEs defined on a time-varying domain. A stretched coordinate is introduced to map the
resulting equations of motion to a constant domain. The second formulation is based on the Eulerian—
Lagrangian description with the introduction of an intermediate configuration, and is shown to be
theoretically equivalent to the full Lagrangian formulation. The Eulerian-Lagrangian equations,
defined on a time-varying domain, do not offer much more of an advantage over the original full
Lagrangian equations (in material coordinates), also defined on time-varying domain. Here, we adopt
the full Lagrangian equations in stretched coordinate, defined on constant domain, for the computation-
al works. The inertia operator of these equations has a structure similar to that found in the equations

*? Further investigations need to be carried out to determine whether the wild motion of the beam in the interval [16.29, 20] is
due to numerical instability.
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Fig. 31. Parametric resonance. Second set of simulations (Contd.). @ = 2.8w. Sequence of snapshots of deformed shapes about
time ¢ = 18.

of motion for the class of problems dual to the sliding beam problem, e.g. the dynamic interaction of
high-speed vehicles on flexible guideways. That the inertia operator is, however, decomposable into a
symmetric part and an anti-symmetric part, despite the absence of any rotating motion found in
gyroscopic systems, is a distinct feature of the present formulation. A Galerkin projection of the full
Lagrangian equations in stretched coordinate leads to a set of semi-discrete equations having time-
varying coefficients, and with clear identification of various terms: Mass, velocity-convection, stiffness
convection, non-linear internal force, inertia force due to sliding motion and applied force. A
conceptual time discretization algorithm that covers a large class of structural dynamics algorithms is
presented to provide a general framework; the resulting non-linear algebraic equations together with
their linearization are discussed in detail. Several numerical examples emphasizing the salient features
of the proposed formulation are given, ranging from the spaghetti problem, reverse spaghetti problem,
combined deployment and large angle maneuver, non-linear parametric resonance due to periodically
sliding motion. These numerical examples not only demonstrate the versatility of the proposed
formulation, but also reveal the complex character of the non-linear dynamic behavior of sliding
geometrically-exact beams, not obtainable with linearized theories.
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