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Summary. A micromechanics model is developed for the Reissner-Mindlin plate. A generalized eigen-
strain formulation, i.e., an eigencurvature/eigen-rotation formulation, is proposed, which is the analogue
or counterpart of the eigenstrain formulation in linear elasticity. The micromechanics model of the Reiss-
ner-Mindlin plate is useful in the study of mechanical behavior of composite plates that contain randomly
distributed inhomogeneities, whose sizes are close to the order of thickness of the plate; under those
circumstances, the use of micromechanics of linear elasticity is not justified, and, moreover, it is inconsis-
tent with structural theories, such as the Reissner-Mindlin plate theory, that are actually used in engineer-
ing design.

In this paper, the analytical solution of an elliptical inclusion embedded in an infinite thick plate is sought.
In particular, the first order asymptotic (or approximated) solution of the elliptical inclusion problem is
obtained in explicit form. Accordingly, the Eshelby tensors of the Reissner-Mindlin plate are derived,
which relate eigencurvature and eigen-rotation to the induced curvature and shear deformation fields.
Several variational inequalities of the Reissner-Mindlin plate are discussed and derived, including the
comparison variational principles of Hashin-Shtrikman/Talbot-Willis type. As an application, variational
bounds are derived to estimate the effective elastic stiffness of Reissner-Mindlin plates, specifically, the
flexural rigidity and transverse shear modulus. The newly derived bounds are congruous with the Reiss-
ner-Mindlin plate theory, and they provide an optimal estimation on effective rigidity as well as effective
transverse shear modulus for unstructured composite thick plates.

1 Introduction

In this paper, we are concerned with a micromechanics model of Reissner-Mindlin plates,
which is an important subject in engineering practices, and, to the author’s knowledge, it has
been neglected both in mechanics literature and engineering design. Part of the reason for
such oblivion is that in the past the term, “composite plate”, is only referred to the multiphase
plates that have definite structures, such as laminar plates, or well structured lattice plates
(e.g., Christensen [4], Mindlin [28], and Kaprielion et al. [20]). Today, many composite plates
are made of materials with randomly distributed heterogeneous constituents or unstructured
composite materials, and therefore such “oblivion” becomes inexcusable. Recently, a micro-
mechanics model of the Love-Kirchhoff plate is proposed by Li [26]. This study is a further
development of micromechanics in the framework of structural mechanics, in an attempt to
compound a systematic exposition of structural micromechanics, which is in parallel with the
micromechanics in linear elasticity.

The micromechanics of linear elasticity theory rests upon the notion of representative
volume element (RVE) (Hill [16], Hashin [15], Kroner [22], [23], Willis [49], and Nemat-Nasser
and Hori [32]), which is essentially a provision on the length scale of the aggregates, within
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Fig. 1. A representative arca element
of a Reissner-Mindlin plate made by
unstructured composite materials

which the micromechanics theory is valid in a statistical sense. For a composite plate, in
which that characteristic size of the micro-element is only one order magnitude less than or at
the same order of the thickness of the plate, the application of conventional micro-elasticity
will become questionable. Furthermore, since the conventional micro-elasticity theory does
not carry any information about structural mechanics, if a structure’s effective stiffness, such
as flexural rigidity or transverse shear modulus, is evaluated by linear micro-elasticity, it is
certainly not compatible with the theory of structure mechanics that is used in actual strength
analysis. Strictly speaking, the constitutive equations of Reissner-Mindlin plates, i.e., the rela-
tions between moment/resultant and curvature/rotation, are derived by taking into account
additional internal constraints on the constitutive laws of linear elastic materials (e.g., Naghdi
[30], [31]). Thus, the constitutive relations at the structural level are fundamentally different
from the constitutive relations at continuum level. For instance, a Reissner-Mindlin plate is
intrinsically anisotropic in a mathematical sense, even if the matrix material of the plate is iso-
tropic. It is, therefore, erroneous in principle to evaluate the effective stiffness of the Reissner-
Mindlin plate based on the micromechanics of linear elasticity theory.

From this standpoint, developing micromechanics models in structure mechanics can be
instrumental in the engineering design analysis. To pursue such a novel scheme, the first logic-
al step seems to be replacing the notion of the representative volume element by the notion of
the representative area element (RAE): An representative area element defined for a material
point in a two-dimensional (2-D) manifold is a material element which is a statistically repre-
sentative of all the material points in a material neighborhood at a specified scale on the two-
dimensional manifold. The continuum material point is called meso-area-element, whereas its
micro-constituents are called micro-area-elements. An RAE must include a very large number
of micro-area-elements, in order that the representative information is statistically stable.
However, in three-dimensional (3-D) space, there is no physical object that is truly a 2-D
mathematical manifold. An representative area element is actually a special representative
volume element whose properties are homogeneous, in an average sense, in the direction that
is perpendicular to the surface area of every micro-area-element. For a Reissner-Mindlin
plate, it implies that the material concentration of every micro-area-element dominates statis-
tically in the thickness direction. This is consistent with the Reissner-Mindlin plate theory,
because the theory of Reissner-Mindlin plates is constructed through a special “homogeniza-
tion” process {or averaging process) of 3-D elasticity theory in the thickness direction of the
plate. Figure 1 illustrates an ideal model of such a representative area element. In reality, the
inhomogeneous phases do not need to penetrate through the thickness of the plate, since it is
only required that the concentrations of every species dominate statistically in the thickness
direction.

In Reissner-Mindlin plate theory, two rotational degrees of freedom are assigned at each
material point on the plate’s middle surface, and the rotation vector lies on the plane of the
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middle surface, which makes the Reissner-Mindlin plate a prototype of a Cosserat surface in
solid mechanics (Green and Naghdi [8]). It is well known that the nature of a Cosserat conti-
nuum is fairly different from the nonpolar continuum, and it brings the “strain gradient”
effect into the picture. Usually it may introduce an intrinsic length scale into the continuum
theory (see [10]), which creates some intricacies in the mathematical treatment. For instance,
in the elliptical inclusion solution, the prescribed constant eigen-curvature and eigen-rotation
may not induce a constant curvature field as well as a constant rotation field inside the ellip-
tical inclusion. To further complicate the situation, there is a interaction between the curva-
ture field and the rotation field. Therefore, it is a non-irivial task to extend micromechanics to
the Reissner-Mindlin plate.

The paper is organized as follows: in Sect. 2, a detailed solution procedure of an elliptical
inclusion problem is presented, and the Reissner-Mindlin plate version of Eshelby tensors,
which relate the first-order asymptotic solution to the prescribed eigen-curvature/eigen-rota-
tion field, is documented. Section 3 is devoted to a variational treatment of Reissner-Mindlin
plates; in passing, the averaging properties of the Reissner-Mindlin plate are studied in detail.
Subsequently, in Sect. 4, the new variational bounds on the effective stiffness for Reissner-
Mindlin plates are derived explicitly, and several examples are discussed in connection to
applications.

It should be noted that the idea of seeking the effective elastic stiffness of thin plates as
well as thick plates is not new?. Qin et al. [34] appear to be the first ones to use the concept of
generalized eigen-strain in classical plate theory. Prior to that, Caillerie [2] used homogeniza-
tion techniques to analyze both non-homogeneous thin and thick plates based on the linear
elasticity theory; however, its engineering significance has yet to be explored. In fact, various
theories of laminar plates are essentially discrete homogenizations in the thickness direction
of the plate. To complement the laminar plate theories, it is an inevitable course to search for
a micromechanics theory within a low-dimensional Cosserat continuum.

2 Eigen-curvature and eigen-rotation formulation

2.1 Preliminaries

There are standard references on the theory of Reissner-Mindlin plates, such as the original
papers by Reissner [35]-[37], Mindlin [27], and contemporary treatises, e.g., Constanda [5].
For easy reference, a brief list of formulas is given in the following.

Assume that §2 is a simply connected, bounded region in R?, which has a smooth bound-
ary; subsequently, the normal vector, n, and tangential vector, s, on 812 are uniquely defined.
The material space of the plate is defined as 12 x [—h/2, h/2] C R3, (see Fig. 2), where h is the
thickness of the plate that contains a composite material of multiple constituent phases. For
convenience, we assume that the plate has n different phases, and each phase has distinct elas-
tic moduli.

! There are also director theories proposed in fluid mechanics as well (e.g., Green and Naghdi [9], [11],
[12D.

% In this paper, the term “thick plate” is used strictly as the synonym of a Reissner-Mindlin plate, whereas
the term “thin plate” is used as the synonym of a Love-Kirchhoff plate.
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As a priori condition, the following kinematic assumptions about the plate are assumed
automatically fulfilled for the composite plate under consideration:

(1) The plate median surface does not stretch or contract;
(if) There is no thickness stretch;
(iii) The plate deforms due to flexure as well as shear strain.

The deflection of the plate is defined as
wif2— R. 1

The cross section of the plate is still assumed as rigid, buf 1t can rotate independently from
deflection. The rotation at each material point can be characterized by a vector, ¢ = ¢,e%,

¢:2-RxR. (2)
The flexural curvature of the plate, and the shear deformation of the plate are defined as

X = (o + 95), g
Yo = o+ Wa s 4)

where (and in the rest of the paper) the Greek index always ranges from 1 to 2. In Fig. 3, a pic-
torial Hlustration is given to describe the relationship between transverse shear deformation
and the rotation of the cross section.

For Reissner-Mindlin plates, the general constitutive relations involve the vertical external
load {e.g., Vander Weeén [41]). Since we are only inferested in the intrinsic micromechanics
properties on a Cosserat surface, the external load, ¢, is always assumed to be zero in this
paper. Thus, the constitutive equations on the Cosserate surface are simplified as

Map = LostnXen s (5
Qo = Gogs ()
or, inversely,

Xap = Nabon™eq (7)
Yo = HaplQg s (8)

where Laae, is the elastic stiffness tensor of the plate, and (/45 are the transverse shear moduli;
correspondingly, Nygcy is the elastic compliance tensor, and H,y are the transverse shear com-
pliances. For an isotropic plate, the elastic stiffness and elastic compliance take the forms

Dl —v
Liagen = ‘““Lé'““) (Bacban + Sanbac) + DVdaﬂ5<77 ) 9)
Gop =D %@ MN8,5 = Gi*héap = Gypbag (10)
R v} A v
A’“ﬁ@ '''' ZD(}. _ L:f} (§a§§§ﬁ + éﬁs’iﬁﬁé} - D{1— %) 5&56@ s an
Haﬁ = Gpm}éog P {12:}
h is the Poi tio, I} is the flexural rigidity, D = ER
where v is the Poisson ratio, D is rigidity, D = 51—

. Ex’h
and G, is the transverse shear modulus, G, = Ay
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Fig. 2. The configuration of a Reissner-
Mindlin plate

Remark 2.1 For a Reissner plate, A = v/10/k; for a Mindlin plate, A = v/12x/h. In general
the shear coefficient, » = x{v), is a function of Poisson’s ratio, and it can be determined by
considering dynamics effects (Mindlin [27]). Mindlin showed that »? is almost linearly depen-
dent on Poisson’s ratio, v. It ranges from 0.76 for v = 0 to 0.91 for v = 1/2. In this paper, we
adopt Mindlin’s interpretation.

O

By taking all external loads as zero, the equilibrium equations of Reissner-Mindlin plates are:
Mags — Qo =0, (13)
Qoo =0. (14)
On 802 = S, U Sr, two types of boundary conditions are posed:

— Deformation prescribed boundary conditions on S,

Op = ¢'\,rn7 = '§Z’n; (15)
’;és = (35757 = Qgs 3 (16)
w=1w. (1n

— Force prescribed boundary conditions on Sp,

M, = muangng = M,, (18)
M; = mgpngss = M,, (19)
Qn = Qana = Qn . (20)

Following the convention, we denote the rotation and deflection field, {(¢,, w), that satisfies
the prescribed deformation boundary conditions (15)—(17) as the kinematically admissible
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Fig. 3. An illustration of kinematic assumptions of the Reissner-Mindlin plate: a reference configuration;
b deformed configuration

deformation field, whereas we denote the moment tensor and shear resultant field, (mag, Qy),
that satisfies the prescribed force boundary conditions (18)—(20) and the equilibrium equa-
tions (13) and (14) as the statically admissible resultant field.

1
Lemma 2.1. Suppose Xog = = (ap + $8a)s Yo = P+ W and (ge, w) = 0, x € 842. Then the

condition 2

f;fz(mgﬁxaﬁ +Qu’Ya) d2 =10 (21)

implies that vV x € £2:

Mg~ @a’ =0, 22)
b =0 (23)

Proof: Integration by parts yields
S ;{ (M0 gXap + Qa’va) d2 = agfz (Ml snpde + Qulnow) dS,
-/ Fg {(mgﬁ,ﬁ - Q") fa + Qg,aw} df?
=- fg{(mg/j,ﬂ —~ Q") the + Q% ,w}d2.

Then, (22) and (23) follow immediately. |

Lemma 2.2. Let xog € C*(02), Yo € CH(R), Mag, Qo € Co1(£2), and
Mg — Qo =0, Qo = 0. Then the condition

f{{@ncxﬁxaﬁ + QuYe)d2 =0, (24)
implies that

1 .
2 [ean(Xagy + Mnas) + EanXpem = 0. (25)

Note that 44 is the 2-D permutation symbol,

1; o> f
€ag =< 0; a=4. {26)
-1 a<f
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Fig. 4. An inclusion inside a matrix

Proof: Since mygp — Qo =0 and Qo =0 V x € int {2}, the Reissner-Mindlin plate admits
the following stress function representation:

1
Map =3 [Ean¥sn + Epmtbanl (27
1
Qa = 'é Ean’l;l"y,'m y (28)

where ¢ € Cy%(92). Then, by the Gauss theorem and integration by parts,

1 .
/ /(maﬁXaﬂ + QoY) d? = 3 //([%m@%,n + Eﬂnwa,n] Xop + Eanwﬂfﬁmfh) de,
2 2

1 ,
=3 j{ {([eants + €py%el Xop + EantPyYa) My — Ean¥PyTnYon} dS
a5

1
-3 / /([Emﬂﬂﬂ + epn¥al Xopin = EanPyYauy) Y d2
2
1
=73 / /(Eav[Xaﬁ,n + Ynapl T EanXpoy) Ypdi2 =0.
2

Eq. (25) follows by considering —&aYa,m¥y = EanVnasts- Equation (25) can be referred to as
the compatibility condition of the Reissner-Mindlin plate. [

Lemma 2.3. Assume that {2 is a single connected region with boundary I', and there is a small
single connected region, (2., inside (2 (see Fig. 4). For the function f(x) (f, fo € L'(12)), that
is discontinuous across the inclusion’s boundary I, the following equation holds:

fff,adg:—§[ﬂnads+ffnadsa (29)
i) I r

where [f] .= flxer,s = flxer, = 7= 1.
Proof: By the Gauss theorem, it is straightforward that
J[fad?=[[fad?+[ | fod2,
2 2 2/,
= § fn.dS— § ffnadS+§ fn,dS
Iy I, r

_ $1fnadS + § frads. (30)
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2.2 Solution of the elliptical inclusion problem

Consider the Green’s function of the Reissner-Mindlin plate, which is the sojution of the
following partial differential equations:

megts — Qa4 s, x) =0, (31.1)
QSY) + 6316(x,x) =0, (31.2)

where k = 1,2,3 and e, # = 1, 2. For the linear isotropic plate, Egs. (31.1, 2) can be rewritten
in terms of deflection and rotations,

1-—v 14+v @ ,
D [gbfﬁ) + ?g;) + z,g)] — Gy + wi(k)) +618(x,x") =0,

2 2
1+v 1—v 5 . . Olk
DIME 650 + 157 650+ 88| - Gy +uE®) + Budt) =0, )

Gylg% + 650 1 V2uOW] 4 s38(x, x') = 0,

where 7 := |x' — x| = \/(:1;1’ —x1)% + (s’ — x)%, and the derivatives in Eqs. (31) and (32) are
taken with respect to the variable x’.
Let

U e (3,90, 4, 0B 3, GB) — (4,08 4,0 1,0y (33)

The system of Egs. (32) can be cast into compact form:

Lig(0x') u;®® + 838(x,x') = 0, (34)
where
AN (1 - U) 2 12 I+v 82
Lap(0x) = D == | (Ve = X bog + T— IRErEIR (35)
M N _pl=v) 2 0
Los(9x) = ~Lga(0X) = D == A e (36)
ng(ax") = (1—;;}2 A2Vi; . (37)

The solution of Eq. (34), i.e., the Green’s function of Reissner-Mindlin plates, is given by
Vander Weeén [41] as follows:

) 9 1 1 1

3250 =~ {1 — [B()0 — A(2)rarc] =5 bac <h‘z - fg’) T2 T""T‘g} ’ )
1

wC@ — _%G(g) =%D 2lnhz—1)rrg, (39)

11 2 1
W — = PR —1 4
v 27D A2 L—vh} 4 (Inz )}ﬁ (40)
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where z = Ar, and

A(z) = Ko(2) +§ {Kl (2) — ﬂ , (41)
Bl = Ko(d)+ 1 |Ki(2) -], )

and Ky(z), K1(z) are the zero-th order and first-order Macdonald’s functions (the second
kind modified Bessel functions), respectively.

Considering
o _ ' : _
Py = - =08 (1, zo — o), Ty — Lo =TT4,
0%

one may derive that

G A
méY = - { ( B'(2) (6car g+ beor ) — 2A'(2) v g7

A
_ _iz ) (6¢o7 0 + Ocar g+ 26087 ¢ — AT 0T g7 ¢ ))
1-—
_ ( 2zy) (6Car,ﬂ + 6§ﬂ7‘7a -+ 60‘/3’[',{ — 2T’ar’ﬂ7ﬂ’<) — Z/L; 601,3} ’ (43)
o (1-v) (1+wv)
mey =~ gy { [2 ) R R & )
G A2
0,60 = 5 [B(2) 8ca = A(2) 707 ], (45)
Q G(3):__1_f£, 0)
@ 2 r

G(3)

oz/i‘;

It is found that mSéC),QaG(O,QaG@) — 0 as r — co. However, this is not true for m
nonetheless,

G@E) _

1 .
Maby =~ forpr {1 +2)bapry + (1 = v) (8T8 + 970 — 2107 57T15)} (47)

which indicates that mfg’g

Now turn to the corresponding inclusion problem. Consider an infinite plate with no
external loads, in which there is an elliptical inclusion embedded at the center of the plate (see
Fig. 5). An eigen-curvature/eigen-rotation field is prescribed inside the elliptical inclusion:

—0asr — oo.

. X;ﬁ(x) Vx e,
_ 48
Xag { 0 Vxe /0, (48)
. {fya*(x) Vx e, (49)
* 0 Vxen/n,

The equilibrium state of the plate is controlled by the residual moments and residual shear
forces that are caused by the misfit

Magg — Qo=—-F, = "(m:(ﬂ,ﬂ - Qa*) ) (50)
Qoo = ~F = ~Ql, (51)
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where mzﬁ, (Q.* are the eigen-moment and eigen-resultant,

Fig. 5. The integration scheme inside an
elliptical inclusion

gm0 B (0t bt oy 855000 (52)

Qu” 1= —Gp(da” +w,). (53)

From Betti’s reciprocal theorem, the boundary integral equation for the Reissner-Mindlin
plate reads® (Vander Weeén [41], Karam and Telles [21]):

Suus (%) + [ mggk>(x, X)na(x ) ug(x) dS' + [ QuC (%, %) g (x) ug(x) dS'
Foo Foc
= [ map(x) na(x") u " (%, %) dS' + [ QalxX) na(x) us®® (x,x') dS’,
Iy I

~ § Imagl (') ng(x) ue®P(x, ') dS' = § [Qa] (x) 110 (x') us®W (%, ') dS'

a8, an.
+ [ Fa(X) 0680 (x, ') d2 + [[ Fy(x') us6® (x,x') de? . (54)
2 2

It is reasonable to assume that the induced resultant disturbances vanish at infinity (not the
induced displacement field in general), i.¢.,

Mep, Qo — 0, r— 00, (55)
and at the matrix/inclusion interface,

[Mag] + My, =0, vV x €00, (56)
Qo] +1Qu1=0, VX €80, (57)

It can then be readily shown that

x) = ff(m;/m Qo™) (x) 99 (x,x') d2 + § (x') o590 (x,¥) ng(x) dS',
+ ff@ wiO (x,x') d? + f G(C (%, %x') ng(x') dS’
== ff (mip () Xap) (%, %) + Qu" (%) 79 (x, %)) d2 (58)

3 For smooth boundary and zero vertjcal external load only.
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and
x) = fg(mf;gg Q™) () 65 (x, %) dS2 + f (x') 9o %@ (x, XY ng(x') dS'
+ff Qo () w7 (x, %) A + f (X’) wG(g)( X)) no(x') dS’
= J mes? Gy maloc) 6o(x) ST
= *ff (mig(x") Xaﬁ )(X x') + Qu* (%) 7.5 (x,x)) d?

- f mos (x,%') ng(x') ¢a(x) dS' . (59)

Note that Lemma (2.3) is used throughout the manipulation.
Since

5%/7” ng(x') ¢o(x') dS’ = /ma[M ng(x") po(x')dS' — 0 (60)

the difference between (59} and the expression
w(x) = =[] (i) X (3, %) + Qu (x) 15 (x, X)) Y (61)

is a constant. This also implies that although the displacement may be unbounded for an infi-
nite domain, the associated flexural curvature field and shear deformation field are still finite.
It would be expedient to decompose the induced deformation field into two parts:

oc(x) = ¢ (%) + ¢ (x), (62)
w(x) = w(x) + w?(x), (63)

where the superscript, M, denotes the deformation field caused by the eigenmoment, and the
superscript, @, denotes the deformation field induced by the eigen-shear-resultant. Utilizing
(52)—(53), one can write

oM (x) : —ff ms(x) XG@(X’ —x)d? = ff poriey mG@(x’ —x)df?, (64)
6:%(x) )= Qe HOG —x) a2 = [ ' (x') QO+ —x)de?, (65)
wM(x) == ~f0f msg(x) X%S)(x’ —-x)d2 = fgf Xop(X') m%z)(x’ —x}ydf?, (66)
w(x) =~ [ éf Q" (¥) %O (x ~x)dY = [ Qf T (%) QO (x ~ x)d? (67)

where mgé@ , miff) Q%9 and Q,® are given in Egs. (43)— (46).

To proceed further, one may need the following expressions:

X0 = 5 (869 + 68500) = —5 f f Xep () (ML =) +mif(x —x)) s, (68)

X2) = 5 (6:6) + 62, (x) ~—~//va D —x) + QIO ~x))d?, (69)
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%Mwy:@W@+w%w:{gm () (s (% — %) — mo)(x — x)) de? (70)
%9(x) = ¢ %(x) + wi{x) = f{w%foJWNx x) - QY9 (x ~ x)) de? . (T1)

Note that the derivatives in the integrands of (68)—(71) are all made with respect to x'.
If the prescribed eigen-curvature and eigen-rotation are uniform inside the elliptical inclu-
sion, Egs. (68)—(71) can be cast into succinet forms,

xé‘i(X) = S’éﬁag(?i) X;ﬁ’ (72)
XG(®) = SEa(%) 7", (73)
F)/CM(X) (aﬂ (X) onﬁ 4 (74)
72 (x) = TE(x) %" (75)
where
Cn&ﬁ(x) -3 / / Séﬂg X) + mf;g’i)y X)) g s (76)
52,00 = ~f[@%> %)+ QYO —x)) a2, (77)
Té‘fﬁ(x) =[f (mSéQ (x' —x)— mfgg (x' — x)) sy, (78)
12,
ff (Qa GO (% —x) ~ Qa{ —-x)) df? (79)

are the generalized Eshelby tensors in Reissner-Mindlin plate theory.

In general, for elliptical inclusions, S 5, S@a, Txg and Tg are not constant tensors, even
if x & {2,; consequently they depend on the size of the inclusion. Nevertheless, when the size
of the inclusion is sufficiently small, the constant part and the linear parts of the Eshelby ten-
sors should dominate. In what follows, by using asymptotic expansion, we calculate the
approximated value of SC 59 T Cap and Tg for x € {2, under the restrictions

nafr P dnot
z=Ar <1, where A= \{}%@ . {80}
When |z} < 1, from Watson [47]
(=1)¥(n — 1<: =1} s\ Z-n
Ka(e) = g; 0
(.__1)7;——1 o0 (2{/2)2L+n z B
e [ Iog Pk +1) (fc+n+1)} (81)

1 .
where ¥(m + 1) = —y + 1 4 ; S ERRERED + p— and v = 0.577 21566 - - - is Euler’s constant.
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Considering the first order approximation, we take

Kolz) = m;- (210g g — (1)) + O(Y), (82)
Ki(3) =2 {2 log = — (w(1) + w(z))} + % +OE). (83)
Subsequently,

A(2) = 5 [H() + 9(2)] + O(F) = 5 +O(), (54)
B(z) = —log (2) +5 [36(1) - $(2)) + O(). (85)

Substituting the expressions (84) and (85) into (43) and (44) yields

GO _

1 \
Myg” = = e {(1 = v) (8acr g + bgcr o — Bapre) +2(1+v) T"aT',ﬂ’I"C} (86)
and
. A2 2 2v+1
QQG(Q — —Z?; { [Iog (:j) B 2 } 5(“ — T)g’f’»a} . (87)

Now, we are in a position to derive the approximated Eshelby tensors for Reissner-Mindlin
plates.

FM
22.1 S5,

Assume that the eigen-curvature field, x7, 5, inside the elliptical inclusion is uniform. By adopt-
ing the integration scheme shown in Fig. 5 and choosing the polar coordinate system
dfY = rdrdb, Eq. (64) takes the form:

2r 9

¢ (x) = — fo;ﬁ / / (1 = v)(baclp + 8pcla — Saple) + 2(1 + v) Lolple] drdb, (88)
00

where £y 1= 1 = (z;' — x¢)/r, and ¢ = p(£,, z,) is the root of the quadratic equation
¢ £ ¢ <. (e

2 2
(xl;f’gl) +($2:§'22) =1 (89)
1 2

Solving Eq. (89), we obtain

2
o6y, 3,) = ~§i \/gﬁg, (90)

where

f=Auy, (91)
14

Ay = £ (92)
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2 2
X1 X2
=1+ 94
¢ (CL12 + a22> ( )
Because ++/f2/¢* + e/gis an even function of £(¢;, 45), subsequently,
. 2r
M Xag Ay -
P (%) = ) g {(1 = v)[bocls + bpcla — 6aBbc) + 2(1 + v) Lokl } dO (95)
0

and furthermore

2m 2m

X5 Ay X An9caB

¢< g aﬁ ( Mg/’-ﬂ) Giop do = '4—(;_@ / i ; do , (96)
0 0

where 9cap = (1 — I/) [6(1(55 + 6ﬁ(€a - (‘)}m‘fd + 2(1 + l/) Eafﬂzq-
Symmetrizing the integral representation (96), we have

27
* o A

FM
Define tensor S o 8

27

Seras = 35 p (98)
We then obtain the desired result,
SCnaﬁXaﬂ (99)

Remark 2.2.1. The first superscript letter, F, stands for the first-order approximation. Unlike
the tensor S@aﬁ, its first-order approximation Sf g 18 @ constant tensor, and independent
from the size of the inclusion. In Appendix A, a detailed list is given for every component of
nga‘/[ﬁ. 2. The existence of integrals (68), and (71) can be shown in a similar fashion as done by
Kellog [24], and Torquato [40]. (]

FQ
222 859,

Imposing a uniform eigen-shear-deformation, v, inside the elliptical inclusion, one may
obtain the induced rotation field by virtue of (65) and (87),

// Ve { {log Z 1 * 27} bca — rgr’a} an. (100)

After simple manipulation, one can find that

21
A2yt AT
Xo =4 / (*Lg “) (E¢ora = 2r¢rra) dd, (101)
0
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and Eq. (101) becomes

Xg, = Sy e’ T8,

where

2n

A2 (6¢nbutp — 26c6,0,05)

FQ . _ ntatg ¢intarp

Sfimﬁ .—IW/ agzg d8.
i

Remark 2.3. For a circular inclusion, one may find that
g N

S(ﬂaﬂ = ] (6¢nbap — B¢abng — 5ﬂa§§ﬁ) .

Thus,
Q )‘2 ® * *

Xen = —8— (6@7& Lo — V¢ Ty — Un .73'().

Obviously,
1
<X?ﬁ>:ﬁe// X2 d2 =0,
12,

because [ [ z,df2 =0 for elliptical inclusions.

e

M
2.23 TEY

By virtue of (70, (43), and (44), one may find that

* G G{(3
M= / / Xap(may) —mSs0) ds2
02,

27
Xap?® ¢
= ——4’2 # / { (--————a gg) (1—v) (5a<€5 + bl + aﬂgg) +2(1+v) KQZ;;EC}
#
0

— (1 + ) Suple + (1 — v) (Bac + Sgcla — Zéafﬁé’c)]} dp

2
= &ﬁiﬁ f { (’*@“> [(1 —v) (baclp + +65cta) — (3 = ) baple + 4%9/354]} dg.
[t

2
au°g

Let
ap g

2
1 1
nggﬁ = . { (~—g~) [(1 - Z/) (5a§gﬁ -+ +55C£a) - {3~ v) 5@3& + 4501‘%&]} dag.
g

Then, Eq. (107) becomes

M FM
V" = TrapuXapTu -

61

(102)

(103)

(104)

(105)

(106)

(107)

{108)

(109)
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For a circular inclusion, it is not difficult to find that

2—-v
ngu = 4 ) (5a45ﬁu + 53(’5&# . 5aﬂ5€u) ) (110)

and therefore

u_(2-v) .
%= 4 X¢uu + Xuen — Xaa® (111)

which also leads to

1
<y M> = o // vMdR =0. (112)
Qe

FQ
224 T

Substituting (87) into the first term in the right-hand side of (71) yields

]/ 5 QSG(a}dQ—_)\%‘ //{[10 _7+1} 5055—71&7“,5}7“(1?‘(59
-2 (o )+ )} 0

0
~ O(z%) (113)

where p < diam{2.} < A™}. Thus, as the first-order approximation, the first term in the
right-hand side of (71) can be neglected. In consequence,

P
Q _ Lk 3) 7;3 Aalp :E/ Colp
ff m@ dil = /(———g dg o7 | o dé. (114)
0
Let
12 14
FQ __ - ot
Taﬂ _27r o gd@ (115)
0
We have the result
a9 = Tivs" - (116)

3 Variational inequalities for Reissner-Mindlin plates

3.1 Some averaging properties of thick plates

To facilitate the presentation, a few definitions are in order. Denote the overall average of any
function, f € L}(£2), as

J :<f>:=ﬁ/&[fd9 (117)



On the micromechanics theory of Reissner-Mindlin plates 63

and Sym?® as the space of symmetric second-order tensors in R? in which all the elements hold
constant values.
For convenience, we define the following function spaces:

1. forw € C?(2) and ¢, € CH{N2),

W) == {w|w=1%, VYx&S,}, (118}
Wa(f2) = {w W= <Yy > xa~%<xa5> ToTg VxeSu}, (119}
D1(82) == {da|tn = (gn & ¢y = gf;s . Vx €S}, (120)
@2<Q> = {‘?’5& l o = <Xap> X3, Vx € Su}} (121)
and

Dy(2) = {(¢o, 0} | ¢ € P1(2), weEWI(D)}, (122)
Dy(82) = {(Ba, W) | ¢ € P2(2), wE Wa(D)}, (123)
Ds(2) = {{wi} = (Pa,w) | Ligu; =0,  (¢a,w) € Dr(2)}. (124)

2. for Xa,8) Vo € Cl(ﬁ),

Eo(f2) = {(Xaﬂa’Ya) Xof :% (Gap + 080)s Vo= Pa+ w,a;} , (125)
() = {(Xap Vo) € E0(82) | (Bas w) € Dr(1D)}, (126)
Ea(92) = {(Xapr Vo) € E(D) | (dasw) € Da(2)}, (127)
E3(12) = {(Xap: Vo) € Eo(D) | (fas w) € D3()}. (128)

3. for mag, Qu € CH(2),

SO(Q) = {(maﬂv Qa) l Mag,g + Qo =0, Qa,a = 0; } ) (129)
S1(82) == {(map, Qo) | Mapp+ Qa =0, Qo =0
My = ﬁ;fnsa M, = Mna Qn = Qny Vx & SF}, (130)

82(9) ::{(Tnaﬁ,QQ)lmaﬁ = Myg > +U§5 & Qo ——‘<Qa>, and
agaxﬁ + O'gﬁxa =<Q> zezg and Qo =<Qo>, VxeSp}. (131)

A basic task of micromechanics is to establish the relationships between macroscopic vari-
ables (at the level of meso-area-element), or averaging variables, because in general the rela-
tionships between microscopic variables do not carry through into the mesoscopic level,
unless certain provisions are mandated. On the other hand, due to the unique mathematical
structure of its governing equations, the Reissner-Mindlin plate posts specific restrictions on
boundary conditions such that the relationships between micro-variables can be extended to
mesoscopic variables.

Lemma 3.1. Suppose ¢o = X055 VX € 82 Then,

<Xap> = Xog- (132)
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Proof: By definition, it is straightforward that

1 1
< Xof > ﬁl“ﬁ\/fi (fa,8 + dg.0) A2
2

1
= m f\ (bantg + Pgna) dS
an
1
= ol j{ (ng"yx’?’ng + x%aixafna) ds
a0

1
=30 / f (Xor®48 + X3, 630) A2 = Xoy5 - 0 (133)
2

Corollary 3.1. If ¢, =0, Vx¢& a2 then

<Xap> = 0. (134)
The proof is trivial.

Lemma 3.2. Suppose w = (7.0 — <da>) 7z, Vx € 852. Then,

<> =Yl (135)

Proof: From the definition

1
<> = /(%m,a)dn
2

1

frd A e ¥ d

<P > A fﬁf}é W dS
an

1
= g > ‘{’E‘f% (’Yﬂ{}_‘ <q'>,3>):c,3nad8
'60
1
:<¢Q>+i—§l /(’Yﬂﬁ~<¢5>)5aﬁdﬂz'\fﬁo, 0 (136)
£

Lemma 3.3. (1) Suppose Quq = 0and Q, = Q,° = const. ¥x € 802, Then,

<Qu> = Q4. (137)
(ii) Suppose Qo = Mqgs and mag = md, = const. Vx € 862 Then,
<Qa>=0. (138)

Proof: (i) Since Qo0 = 0, then Qo = (QTa) 4, and therefore

<Qu> mﬁ foadQ:)—;ﬂ f(@awa),,sdﬂ

fQBzanﬁdS ] ngg zompdS

/ / g A2 = Qu0. (139)
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(i1) Since Qn = Mygo

<Qu> :I—lﬂ‘//czadnzﬁ /maﬂ,ﬁdn
2 2

1 1
= [ j{ Miaphg 45 = 2] f mgﬂnﬂ as
o0 a0
=0. O (140)

Lemma 3.4. Suppose mug3 — Qo = 0, Que = 0. The following equality holds:

1 1
(T?—I,/ Mag di2 = 2] ]{ {meazgne + mmpzang — meppatanet dS. (141)
2 02

Proof: First, one may verify the following identity:

Omeazs)  O(mypzs) 1 1 0YmenTats)
_ ! g — = L THnTaB) 14
L P R A R v (142)
Second,
Mepy — Q¢ =0 and Qge =0= megey =0,
hence
dmeazs) | Olmgpza) 18 (meyzazp)
= — = . 4
e LA PR R ) 0 (143)
Eq. (141) follows immediately by the Gauss theorem.
There are some immediate consequences of Lemma (3.4):
Corollary 3.2.: 1. If mug = mgﬂ =const. Vx € O0f2, then
1
m / (Meann@p + Mgy pTa) A2 = mgﬁ — < MMeg> . (144)
17
2. If mag = mly = const. and Q, =0, Vx € 0f2, then
<Mag> = ml. (145)
Proof:
1. By Eq. (141),
1
<Mag> = m _7§ {meazgne + mypszang — mepnZatanet dS
50
1
= o] % {mgaa:gng + mgﬁxanﬂ — MennTaZpnc ) dS
a0
1
= mgﬂ - m // (Mann@p + MeppZa) d2. (1486)
73

2. Consider @, = mqsps and Q, =0, Vx € 812 Equation (145) follows immediately. [
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3.2 Elementary variational inequalities and elementary bounds

In what follows, we list some elementary variational inequalities that are based on the prin-
ciple of minimum potential energy and the principle of minimum complementary energy of
the Reissner-Mindlin plate.

The density of the elastic energy of the Reissner-Mindlin plate, Uy, y), is a quadratic
form

Ux,y) = % LagenXasXen +4;: GagYas - (147)
For a linear isotropic Reissner-Mindlin plate, it can be explicitly expressed as

Ul,7) = g (1 = ¥) XapXas + VXaaXpp] + % YoYa - (148)
It is evident that the potential energy density function is convex, lower semi-countinuous, and

proper. The moment tensor, m = mqge, & eg, and the shear force vector, Q = Q.e,, can
then be obtained from the constitutive relations

mag = 29 e UG y) (149)
aXaﬁ
oU(yx,
0. =TE0 o qeouiy), (150)

where Jy and 8y are the notations of sub-differential in convex analysis (Ekeland and Temam

[7D.
By the Fenchel-Legendre transformation, one may express the density of complementary
energy as

U*(m,Q)=Z{ug{m=x+Q-?“U(x»?)}- (151)
frd

For linear isotropic thick plates, it is

U (m,Q) = g (14 %) magm b+ o Qo (152)
(m, Q) = 5D = %) MafMag = VMaalgg 56, BaQa

and the constitutive relations inverse to (149) and (150) are

_ U (m, Q)

Xep = g = O X € 0mU*(m, Q), (153)
Yo = ?Z(;_g’& . or yedQUt(m,Q). (154)

Consider the first-type boundary condition S, = 8£2; Sp = 0.V (a8, Vo) € £1(12), the plate’s
potential energy is denoted as

1
)= [ [ Eostrxencen + Gagrars) as. (155)
2
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If (Xaps Yo) € E3(92) C £2(£2), we denote

1
Bt y) = [ [ Caserasnes + Gopiorn) 42, (xa ) € E3(52). (156)
2
The principle of minimum potential energy states that
E(r,v) = inf II(x,¥). 157
)= nf ) (157)

Under the same type of boundary conditions, the complementary energy of the plate is

1 . .
I'm,Q) = 5 / / (Nopernmapmen + HogQoQp) di2 — f (Magnade’ + Qangw’)dS,  (158)
7 40

where (mag, Qo) € So{£2) and (¢, w) € D1(£2). By the principle of virtual work, it can be
readily shown that

1 Y
rm, Q) =5 [ [ (Nasiimagms, + HosQuQs) 42 [ [ (ol +Quretya2. (159
2 n

The principle of minimum complementary energy states that

-E(@,y)= suwp I'(m,Q) (160)

(m, Q)88
or

- i ey ;G G{} {gQ
)= | [t 200
2
1
“5// (Nagenmasmen + HopQaQp) dQ}; (161)
n

where (x5, 7) € £1(42).
Consider the second-type boundary conditions (S, = @, Sr = 8£2). The overall comple-
mentary energy is

1 .
F(m, Q) = ”2' // (Naﬁinmaﬁmg'n + HmﬁQaQﬁ) an, v (maﬂv Qa) € 81(0) - (162)
2
The principle of minimum complementary energy states that
F{m Q)= inf I'(m, 163
(m, Q)= i o (m, Q) (163)

where the minimizer (m,Q) € 81(f2) ensures that Xep = NogeyMen Yo = HopQp and
1 r
Xap = 9 (Pap + ‘;’bﬁ,a}a Yo = Go + Wo and (¢q, w) € Ds($2).

Accordingly, the potential energy in this case is

1
oG.y) =5 f / (LagenXapXen + GapYoys) A2 — f (Qn w + MmOy +md, ¢s) dS
£ a0

1
=3 f f (LagenXasXen + GopYoys) di2 — / / (mgﬁx(ﬂg + Qo) d12, (164)
@ Q

where (Xaﬁs 'Ya) € 50(‘{2) and (mgﬁa Q&O) € Sl(Q)



68 S.Li

The principle of minimum potential energy states that I7{y, y) attains its minimum, when
Xop = Napenmly, and 7, = HapQp' at the value

E(Z’ y) = —F(mv Q) = ME*(m> Q)

In other words

1

x _ : 0 0 B .

E (m7 Q) = (x,y)lgéfo(ﬁ){//(maﬁxaﬁ + Qa '}’oz) daf? 2//(11055?'7)(0!/3)(@ + Ga,@”Ya/\/ﬂ) d‘Q} :
2 2

(165)

The above elementary variational inequalities have the exact same structures as their counter-
parts in linear clasticity (see Hill [17]).

Now, we are in a position to discuss the associated elementary bounds. Consider a pre-
scribed rotation/deflection boundary condition such that

PalX) =<xog> x5 VX €882, (166)
1
wX) =<y > Ty - 5 <Xap> Tolp Vx € 0. (187)

In other words, (¢a, w) € Da(£2) N D3(12) =: Dg(2). ¥ (¢pa, w) € Dy(£2), we make the follow-
ing decomposition:

Pa(X) = <Xap> s + 0(X) Vx e 2, (168)
1 .
w(X) = <Y > T — 5 <Xag > Talp +o(x) Vxef. (169)
It is obvious that
0,(x) =0 VYx € a1, (170)
1
m—{ f/ (0o + 080) A2 =0, (171)
0
v(x)=0 Vxedfn, (172)
1
— o+ 0,)d02=0. 1
IQ‘;/./(Q+1)’)Q 0 (173)
0

One may note that from

1 i ) .
ZIQI //(Qa,ﬁ + Q,B,oz) di? = —ﬂm % (sz?’fz’g -+ ana) dS=0 = p,=0, VYxedfl. (174)
@ 80
Let X5 = 1/2(0as + 08,0) and 7o' = (04 + v ). One may define a null space of L2({2) as

1 1 -
En(rz)={<xaﬁ,va>eﬁo<mm / Q/ Xepd2=0 md o | ﬂf %em-:o} (175)

such that Xag = Xeg + Xop a0d Yo = Yo + %" and (X5 7') € En($2). Following Willis [50],
by denoting U(y, y) = Ulx,%'; 7, 7). the overall potential energy can then be defined as

- 1
0@, = inf — || UG2:7y)d0. 176
@)=, ot oo | Q/ 2577) (176)
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For linear elastic plates, one can identify II(¥, 7) immediately,

1 [ [verseran =g [ [ Coseles +xi) a0+ 36

Iz i 20 J | FeserXen T Xas Xen T Xer

o o)
+ Gﬂ!ﬁ(’?@ + '7&,) (s + 70/)) daf?
=350 Q / (Lapn(RasXen + XopXer) + Ganl(ToTe +Ya"15")) d2
> s / (Laggn¥oaen + GosTaTs) 42. ar)
17}

In fact, if mag s = Qo and Qu o = 0 Vx € {2, one can show the following:

Lemma 3.5. For the prescribed displacement boundary condition, if

W= <Y > Ty “‘;‘<Xﬁw> TALy s Yx €81 {178)
Pa = < Xap > 28 Vx €69, (179)
then

<mig>» 4+ <Q-yr=<m>:i<y>+<Q>-<y>, (180)
Proof:

1
<m:y>+<Q-y> ZE‘E//(maﬁXaﬁ+Qa7a)dQ

1
~ s Jf mas(8ana + o)} 5 ~ o5 f [ tmoss = @) duds
1
+‘—!‘2‘x'l/ Qawyaéﬁ

f Map{< Xay > Lytig + <Xy > TyNa) dS + — jl{ Qowna dS

g 12|

2
=Cm><y>+<Q> - <y> . O {181)

On the other hand, it is still an open problem to find prescribed force boundary conditions
under which Eq. {180) holds. The following result holds, with an additional restriction.

Lemma 3.6. For the prescribed resultant boundary conditions, if

J] mapzydi2 =0 (182)
2

and mag = <Meg> -+ <Magy> Ty, Fo =<Qp>, VX € 852, Then, Eq. (180) holds.
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Proof:
1 1 )
|T)«l /b/(meX&ﬂ + Qave) A2 = 2167] a]f Mag(Panip + Gpna) dS + Tj:jl“j{ QunewdS
- * s
el j{ [<mag> + <Mapy> 25] (Panis + dana)
e

1 %’
+-— < o> ngwdS
92| “
80

=< Mg > <Xap > + <o > <Y >

1
+@// <Mgpy > TyXas A2
Iz

=< Mg > <Xap > + <Go><7> . (183)

In the last step, we assume that Hx‘gm, such that

LMagy > = NaECnX(g)nﬁ ; (184)
then

1//< >z d9~1// 9 A2 =10
,Q} J mo‘;@(‘/ X - ]Q, J Xgn,yxvmaﬂ M D

In general, for Reissner-Mindlin plates, we have the following results:

Proposition 3.1. Suppose mag3 — Qo = 0 and ¢, , = 0. The following identities hold:

-L f' (maﬁna = < Mg > na) (L}éa — <¢a >) ds

142
812
1
+T§[ %(Qana— <Qu> Ny) (W — <we> xc)dS
092
=<miy>+<Q-y>—<m>i<y> - <Q> - <y>. (185)

1
2. 12 j[ (Magng — <Mag> ng) (P — <Xay> T,) dS
a5

1 1
+m—l f Qana(w — <> $§+§ <Xop> 33,\213#) ds
o1
=<miy>+<Qoy> -~ <m>i<y> - <Q> - <y>. {186)

The proof of the proposition is a direct use of the Gauss theorem and the integration by
parts. N

Then, the overall potential energy under the prescribed deflection boundary condition is

I?(z,?)m%(<m>:<x>+<Q>-<y>). (187)
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Obviously,

Mag = aﬂ—(_x’y—) , or me (7, (188)
aXa,B

G = Q%g’—@ L or Qedpli(E7). (189)

The inequality (157) can then be modified as

s ; = iy T 5 — Ny \
Oy = nf  0arsvy) <1077) ; al1:(%,7) (190}
where ¢; = h|$2;|/h|2| = |£2]/|£2|, and II,(¥,¥) :== [[ U(x,7) df2. Equation (190) is the well-
known Voigt bound. L

For the second-type boundary problem, the prescribed force boundary conditions
Qn = Qn, M, = Afns and M,, = M,, are chosen such that they are compatible with the special
boundary value of the moments and resultants,

Mya(X) = <Mag> —|—ogﬁ(x) Vx e an, (191)
Qu(x) = <Qu> Vx e 82, (192)
with

agax,@ + Ugﬁ.’ﬂa = <Q¢> Tats- (193)

For (myg, Q) € 81(£2) N S3(£2), we make the decomposition
Mg = <Mag > + 003, (194)
Qo = <WQa>~+Ta. (195)

By virtue of Egs. (141) and (140), it can be readily shown that

1
agarcg + agﬂxa =<Qu>Tawyg Vx€02 = 7] // oupdf2 =0, (196)
7

Ta =0 Vxeafl = r;ﬂ//TadQ:O. (197)
0

Thus, (048, 7a) € Sy, Where

SH(Q) = {(aﬂu Toz) fga,@,ﬁ —Ta =<Qa>, Tae =0,

l‘é[//aaﬁdrz:o, and I—;)—[//Tade:O}- (198)
2 2

Accordingly, one can define the overall complementary energy potential as

I'(m, Q) = i I'(m, 6; G .
(m, Q) W)lgsfn @ (m,0;Q,7) (199)
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Again, for a linear elastic plate, we can identify I'(fi, Q) as

- 1 _ -
F(ﬁl, o, Q:7> == § // (l\raggn('f?—’baﬁ -+ 0'055> {?’?Lgn + 0‘@) + Haﬁ(Qﬂ + Ta) (Qg + ’2‘3)} an
2

1 o o = .
=3 / f (NagenMapmcn + NopenGagOon + HapQeQp + HapTaTs) df?
2

1 _
z5 / / (NapeyTapten + HopQoQp) d2. (200)
2
Hence,
__olm,Q) , N A
Xag = 37flaﬁ , or y < aﬁlp(ma Q)u (201)
50 = L) s 9y Fon, @), (202)
OQa

and by the transformation

r'Ey= s {m:z+Q §-I(mQ)} (203)
(. Q)eSymy

one will have

g = S BT e 077 ), (204)
aXaﬁ
5= 82‘ D o Qe dpr*(z.7), (205)

The variational inequality (199) furnishes the estimate

Q)= inf I'(me;Q,r)<I'(mQ) Zc% (206)

(o, x)eS, (1)

where I';(m, Q) = f f U*(m, Q) df2. Equation (206) is the well-known Reuss bound. For the

second-type boundary condition, let

17,7 an — * ¢
(g, y) = (msgl Q{Iﬂ /(m 1+Q-7) IQI /U (m,Q)d } (207)
The inequality (206) implies
G, 7) > T (g, 7) > e o ﬁ?}g m}{(ﬁl,ZH(m X
+(Q P+ (Q.y) - I'(m,m’;Q,Q)} (208)

which is similar to the variational inequality shown by Willis [50] in a general duality frame-
work. The inequality of the minimum potential energy (165) renders the corresponding upper
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bound

' v)esa (1)

I'm, Q)= sup {f/ (fh:(}?%—}{')—i—Q‘(?—Fy'))dQ
2

".}é‘// ((£+2):L: (Z+X')+(?+?’)‘G-(?er’))ds?}_ (209)
2

3.3 Hashin-Shtrikman/ Talbot-Willis type principles

In the following, two comparison variational principles of Hashin-Shtrikman type (Hashin
and Shtrikman [13], Hill [17]) are presented for the Reissner-Mindlin plate. For the sake of
updated documentation, the style and notations of the presentation follow largely from Tal-
bot and Willis [38], which, in the author’s opinion, represent the contemporary standard in
the treatment of the comparison variational principles. In the contex of a nonlinear conti-
nuum, they are often referred to as Talbot-Willis variational principles in the literature.

Consider the first type (prescribed deflection/rotation) boundary-value problem. Let
(¢a,w) € D1(£2) be a special kinematically admissible deflection field, which is the super-
position

$a(x) = 0o’ (%) + ¢a' (%), (210
w(x) = w(x) + wi(x) e1)

such that {¢,°, «°) is a solution under the first-type boundary-value problem in the compari-
son plate, which has the elastic stiffness L0, Gl and (pa'(x),w!(x)) € Co'(£2). Accord-
ingly,

Xop = X35+ Xag (212)
Yo =%’ + % s (213)

where {x%p7a'} = {1/2(8} 5 + ¢ho)s (o' +w},)} € B, a closed subspace of (L2
x[L2()]. In addition, that (¢,°, u’) is kinematically admissible, for the comparison plate,
we have

mgﬂ = LgﬁCnX2n ; Q" = Ggﬁ’mo ) (214)
Mags — Qa” =0, he = 0. (215)
We are looking for the solution of the following optimization problem:

(The primal problem) P: inf (¢, "), (216)
tv)eB

where
oIy x//UOrO+xl;y°+-yl)d0
o]

1 . .
=5 / f {Lapen(Xo5 + Xog) (0 + X4) + Cap(1e’ +7") (3° + 75"} d2. (217)
2
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For (m*, Q) € B*, the dual space of B, define the dual potential IT* (m*, Q*),

II'(m*, Q") = S B{(m*,xl) +(Q YY) — (g ¥h)) - (218)
y)e

We say (m*, Q") € B?, the set of annihilators of B, if

(m*, ") +(Q" ") = fg (migxts + Qa™1at)d2 =0, (219)
which posts additional constraints on (ro*, Q*) (see Lemma (2.1)).

Subsequently,
O, y)+Mm", Q) >0  Vm',Q € B’ (220)

it then implies

~II"(m*, Q") < inf P <Y, (221)
treB

This suggests a dual problem:

(The dual problem) P*: sup {—II'(m*,Q")}. (222)
(m*,Q)eB

For practical purposes, instead of optimizing the dual potential in a prescribed displacement
boundary-value problem, it is convenient to consider a different boundary value problem:
optimize the complementary potential energy under the prescribed force boundary-value
problem. Define

r(m', Q) = // U*(m® + mb; Q° + Q') d2
2

1
=3 f/{Naﬂm(mgg o méﬁ) (mg,7 + mén)
2

+ Haﬁ(@ag + Qal) (Qﬁe + Qﬁl)} ag, (223)

where m = m’ + m' and Q = Q¥ + Q' are a special statically admissible resultant field in

which (m®, Q°) is the solution of the second-type boundary problem in the comparison plate,

and (m!, Q') is the perturbation, such that (m', Q') € H(£2) C [Lo?(2)]® x [L2(£2)]%.
Consider the optimization problem

Pg: inf  I(m!,QY). (224)
(m',Q")eH (1)

It has a duality approach too, i.e. ¥V (3", ¥*) € H?, the annihilator set of H, i.e.,
1 = {0 7) | [mips + QoM7) d2 =0, V(wh,Q) € A}, (225)

The restriction on (X;,4,7»") is stated in the Lemma (2.2).
Subsequently, we have

~I*,y) < if  Pg<I(m',QY, (226)
(m!,QLYeH ()
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where

',y = sip {(m,x)+(Q,y") - I(wm',Q"}. (227)
(m!,QYeH

Remark 3.1. The conditions that define the annihilator sets of B and H, Eqs. (219) and (225),
have important physical interpretations. Equation (219) is related to the principle of virtual
work,

fé (mZﬁXiﬁ -+ Qa*%l) df? = f£ [mZB(Xﬂlﬂ - Xgﬁ) +Qo* (Vo — ”Yao)] df2=0, (228)
and Eq. (225) is related to the virtual complementary work

fé (X;gmég + W’Q*Qal) df? = f}g {X23(maﬁ - mig) + % (Qa — QQDH df2=0, O (229)

Now, we are in the position to describe the Hashin-Shtrikman/Talbot-Willis principle. Intro-
duce two comparison functionals

1
M) (o 10y =3 [ [ U0 +'5 + ) a0
2

1
=5 / / {30,008 + Xbg) Oy + x0o)
2
+ G’ +7) (48° + ")} d2 (230)

if Logey — Ldgey > 0> and Gag — Gog > 0, 01 Lagey — L0, < 0,20d Gag ~ Gy < 0.
The associated potential differences are defined as

_F—(Xlﬂyl) = H(Xl,i’l) - ﬂﬂ(Xlsi’l)s

(231)
ALeagey = Lagey — Logey > 0, AGap = Gap— Gog > 0,

?—(Xlayl) = H(Z17yl) - HO(Z17Y1) )

(232)
ALqpgn = Lopin — Ligen <0,  AGap i=Gag — Gog < 0.

Introduce the moment polarization tensor, o4, and the shear force polarization vector, 7,
such that

Mop = LogeXen + 0ap,  OF Oap = (Lagtn — Legey) Xen (233)
Qy = G’gﬁfm + 7, OF To={Gop— Ggﬁ) Y - (234)

By the transformation,

Fo,r)= suwp {(ox")+ @ y") L@y}, (235)
(' y)eB
F(o,7) = (x,’i;{})fEB{(mzl) +(@y) - Fl' v} (236)

Note that the supremum in Eq. (235) and the infimum in Eq. (236) are attained when
Egs. (233) and (234) hold. It can be readily shown that the primal problem can be realized by
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the following comparison strategy:

S f (o) + ) + o'} - Eloy),
7 <infP< (237)
inf {(o.1") + (z,7") + (", 9")} = Flo,1).
(7 eB

Substituting x,,5 = ALZ3,00 — X0 and 7. = AG 375 — 7" into Egs. (235) and (236), we
have

" T 1
F(o0) (o (o) = [ [ oo~ 5 Aot
2

1 0 .0 1
~ 5 ALaptnXopXfy — LaptaXapty + LoscoXasXly
1 1
+ Ta')’al - 5 AGaﬂ’Yal'Vﬁl - i AGag’YaO'VﬁO
- GaﬁVaO’Yﬂl + Ggeﬁ’}’a"/ﬁl} df?

1 _ _
=3 //(ALaéanago'gn + AGaéra'qg - 2%3)(&5 - 27,7,0) d2.  (238)
)

Compute

I:= inf {(U,Zl) + (to 3’1) + H(J(xl’ ?1)} - -Ei(o'v f) ) (239)
(lrh)eB

Ii=inf {(o.x")+ @ y")+ 10y}~ Fo,1). (240)
Gtyt)eB

The infima are attained when (recall and compare with Remark 3.1)

f(fz {(Lopenxen’ + 0ap) Xbg + (Gogrs' +7a) va 1 d2 =0 (241)

or the following subsidiary conditions are met, if the functions involved are sufficiently
smooth:

(LapnXtn + 9a8) 5 — (Gogs +72) =0, (242)
(Gage' +7a) o = 0. (243)
One will find that

— 1 _
I(orl)= UO(Zoa yO) -5 (ALogégnUaﬁUCn e O'a,@Xéﬂ - 20’&,6)(&8)
) 2
n

— % (AG;éTan — ToYe — QTQ'\/QO)} dagn. (244)

We just showed that Eq. (237) has exactly the same structure as the Hashin-Shtrikman-Hill
type inequality:

[ W~ v ) as
£

IVIA

1 —_
— // {5 (AL@;%QYUQﬂUQQ - C‘@BX}XE - 20@,'3)(2,5)
iz

+ % (AG;,%T&TB — ToYa' = 27&’)’410)} ag. (245)
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The direction of the inequality depends on the positive definiteness or negative definiteness of
the tensors AL}, and AG_;. Note that for simplicity only two special cases are considered:
(i) the tensors ALQB@ and AG;é are simultaneously positive definite or simultaneously
negative definite; (ii) either the moment polarization tensor, o,p, vanishes, or the shear force
polarization vector, 7,, vanishes.

Similarly, consider the second-type boundary-value problem and introduce two compari-
son functionals,

Pof @) for P2’ @) =5 f [ (st ) k= iy

+ HOﬁ(Qa +Qa") (Q5° + Qp)} d2, (246)
if Nagcy — Noge, > 0 and Hog — Hg > 0; 08 Nogey — Ng, < 0and Hyp — Hy g < 0.
Subsequently, one can form another pair of potential differences:
G(m', Q') :=I'(m!,Q") - I'y(m", Q') (247)
G(m', Q") = I(m', Q") - I"(m", Q). (248)

Recall that (m°, Q) is the solution of the prescribed force boundary-value problem, and
(m!, Q") belongs to a closed subspace of [L2(2)]* x [L2(£2)]>. By defining “polarization cur-
vature” and “polarization rotation” as

Mg = (Nogcy — Nopt) ey, OF  Xag = Nogey™Men + ag » (249)

0 = (Hop — Hi)¥5, o8 Ya=Chgys +0a, (250)

the dual potential differences can be realized as

G (n,0)= suwp {@m')+(0.Q")~-Gm',Q"}, (251)
(mhQed

ZF(’I: 8) Hlf {(’fa ) (07 Ql) - @{ml, Q1>} H (252)
(m},Q)eH

which ensures the following estimate of optimization problem (224):

inf {(p,m") (g, Q")+ Io(m", Q")} - G*(n,0)

(m,Q")eH

<infP,; < (253)
( inf) {(n,m") +(0,Q") + ’(m',Q"} - G*(m",Q").
m,QYeH

Substituting mb; = AN G, ne —ml, and Qut = AH 3605 — Q,° into Egs. (251) and (252),
the supremum and infimum will be attained, and it yields

G (1,0) (or G (1,0 / / { N aalen — Tl

+ éAH;gQQOﬁ — 6)&%0} ds. (254)
Compute
i = ( ligg H{(”’ ml) + (6) Q1> + Fﬁ(mlv Ql>} - Q(’?a 8) 3 (255)
Ti= mf {(m")+(6,Q")+"m',Q")} - T n.0). (256)

(m!,Q)eH
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Again recall Remark 3.1; the infima can be reached if the principle of virtual complementary
work is applied,

fg {(Nopeyméy + Mag) My + (HogQh +00) Qo' } d2 =0, (257)

which is equivalent to the following subsidiary conditions if the functions involved are suffi-
ciently smooth:

Mpss—Qa' =0,  Qh,=0, (258)
an(Xapm + Tnap) + EanXan =0, (259)

where x¢; = .Ngﬁmmén +ap and 7,° = HYpQs" + .
It is not difficult to find that

_ } 1 B
stord) = [ [ {0~ AN o, a2y
ie}

1
5 (AH0u05 — 02Qu" ~ Qaaan)} . (260)

Consequently, the following variational inequalities hold:

IV IA

* ® 1 —
[ @ -vren,@)de 5 -5 [ [UANE tosn gy — 2ausmls)
2 N

+ (AHZ20005 — 0aQa’ — 2620,%)} d2. (261)

Again, the direction of the inequality is determined by the positiveness or negativeness of the
tensors AN, 3. and AH,_j.

4 Variation on a theme

To make good use of the comparison variational principles derived above, one needs to know
the relationship between the induced deformation field, (x',7'), and the resultant polariza-
tions, (@, 7), which is usually in connection with the Eshelby tensor in a circular inclusion pro-
blem, if the composite plate is assumed to be macroscopically isotropic. As shown in Sect. 2,
for Reissner-Mindlin plates, the deformation field inside an elliptical inclusion is not uniform
under the uniform eigen-curvature/eigen-rotation, and the associated Eshelby’s tensors have
complicate expressions involved with modified Bessel functions, but it turns out that some
simple and useful relations between the average induced deformation field and the average
polarization field can be obtained for macroscopically isotropic plates under mild restrictions.
As a variation on the subject, the following analysis complements the asymptotic resuits pre-
sented in Sect. 2.

4.1 Translation-invariance

We begin with showing that the relationship between the induced deformation field and
polarization field is translation-invariant. Consider the auxiliary system (31)—(32) and the
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subsidiary system,

(LpenXen + 0a) g — (Gogs' +7a) =0, (262)
(" +7a) (263)
with the boundary conditions

w'(x)=0, (¢',w)=0, = ' =¢' +w,=0, Vxecan. (264)

Multiplying the subsidiary equations (262), (263) with the Green’s functions, (¢,%®,w®®),
to form an equation of weighted residual, and by the Gauss theorem one will end with the
integration equations

Sz (%) = — jf Tap () X5 (3, %) + 7o (%) 709 (x, x')] dSY
- ¢ (maﬂ x,%') ng(x) b (x') + Qa® (%, %) no(x') w (Xl)) as’
an
+ 55 [L2 ety (%) + 0ap(X))] np(x') o7F) (x, ') dS'

+ § 0a1ha () + (X)) na(x) w®® (x, x') 45", (265)

which can be modified as the following two coupled integration equations:
$e(x) = — [ [(0ap(®) = <0ap>) x5 (5, %) + (ra(x) = <70 >) %50 (x,%)] dZ
el
+ ¢ [ aﬁ@(X@ — < Xap >) + (aag(x’) — <048 >)] NP G(©0) (x,x")dS
o1

+ §[ra(x) = <72 > na(x) wfO(x,x') dS’, (266)
a0

=~ ff [(oap(x) — <0ap>) Xa[g )(x, X) + (Ta(X) = <70 >) 158 (x,x)]
+ f L aﬁgn(xfr (X') = <Xap>) + (00p — <0ag>)] np(x') .C (%, %) dS’
+ gg [Talx) = <7 >] 14 (X)) wCB) (x,x') dS', (267)
an
if the boundary conditions in (264) are taken into consideration. One may note that by
Lemma 3.1 and its Corollary 3.1
$ot =0, VX €02 = <xl;>=0. (268)

Thus, it is plausible that all the boundary terms are oscillating around zero, because the
source terms of the transformed moment and transformed resultant oscillate around their
means. Based on these arguments, the effects of all the boundary integrals are limited within a
boundary layer at the vicinity of the plate’s boundary. In other words, for the interior points
far away from the boundary, 82, all the terms in the integrands of (266) and (267) can be
neglected.

4.2 Average Eshelby compliance tensors

Being different from both linear elasticity as well as from the Love-Kirchhoff plate, the Reiss-
ner-Mindlin plate has two types of polarizations: the moment polarization o,5 and the shear
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force polarization 7. As can be deduced from (266) and (267), the induced flexural curvature
field and the induced shear strain field are coupled in general, i.e.,

y=-20-XTr, (269)
v =-A%0 A7, (270)
where
206 = [[EO®(x —x) (6 - <0>)(x)d?, (271)
2
2= [[ X0 %) (- <r>) (X)d?Y, (272)
2
A%0 = [[AD®(K —x) (6 - <o>) (x)d?, (273)
2
ATt = [[AT®(x — %) (1— <r>) (¥)df?, (274)
7]
and
) 1. @ ¢ o
ngn;;; Y (Xa,éig + Xaé?g) ’ (275)
T 1 p G
5 =~ (80 4599, (276)
A a2, e
Aéfjw =, G 73;2@ : (278)
where
¥ = S B'(2) (8car s -+ bcara) — 2A/(2) 1 o7 g7
Aol " 27D(1 - v) A e
A
— #—gz—) (5@.?",5 -+ 5@37“,0‘ + 2(504}37475 — 4?”@?“,57'7(:)}
*(1—1/)(5 75+ begr o + Saprc — 21 o7 g7 ) (279)
5, (0cals + OcpT ot Oapl ¢ = 2raTg7c) ¢
1
Gl — B — (2
Yo 7D — ) [B(2) 8¢a — A(2) T¢7 0] 5 (280)
G 1
xaé ) = ~%:D (21"7,17',3 +6up(2Inz ~ 1)) , (281)
@) - Te 282
e XDl —v)r’ (282)
and r o = (zo — z)/r,r =[x —x|.
Introduce the following average Eshelby compliance tensors:
Pp’ = [ [ Z9®(x)dQ, (283)
g

Pr = [ [ X0®(x)d0, (284)
g



On the micromechanics theory of Reissner-Mindlin plates 81

7= [ [ A9 (x)d, (285)
2r

Ry = [ [ AD™(x)d02, (286)
2r

which play a key role on ensuing a variational estimate of effective stiffness of the plates.
Note that in this paper we always assume that the distribution of inhomogeneities is macro-
scopically isotropic and statistically homogeneous. Consequently, the subscript R in Egs.
(283)—(286) indicates that the above average Eshelby compliance tensors are evaluated in a
circular inclusion, {2g, with a radius R. Next, we evaluate the average Eshelby compliance
tensors explicitly.

Remark 4.1. In elastostatics, the tensor P has a nice closed form expression, which can be
interpreted as the integral of a product of Radon transforms of the Green’s function and
stress polarization on a unit sphere, if the stress polarization is uniform (see details in Willis
[49], and Walpole [45], [46]). O

421 Pg s

1 G
Faes =5 | [ (68560 +xfl00) an
1
—=5 § O+ x5 e as
Bln

S / ([0 -0 0=y s g,

24
+ 8¢glaly + Spelale + bnplole) — ( <§R) (QZRU)) baplely

2 <f"ﬂ-@ Gl 2A’(ZR)> eaeﬁzga,} do
ZR ZR
1
= "85 (f(z/, ER) (5Ca677ﬁ + 5@357701) + g(V’ ER) 6aﬁ5<77) ’ (287>
where £y =z, /7, 65 1= i zr = |#(v)eg| and
T gy ’R._(h/\/]__i),R—_ R
2K1 (ZR)
flv,er) =1+ “*(T:‘T“ , (288)
4A(ZR) QA (ZR) ZRr _ 2K1 (ZR) ZR
(u53)~1+(1 V)+ =) =1 0= (289)
Remark 4.2.1. There is a universal identity:
f(v'r 53) + g<V7 SR) =2. (290)

2. Unlike the inclusion problem of Love-Kirchhoff plates (Li [26]), the average Eshelby com-
pliance tensor of the Reissner-Mindlin plate depends on the size of the inclusion, the radius of
the inclusion, R, to be exact. It is also true that for the ellipsoidal inclusion problem of linear
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elasticity the Eshelby tensors are independent of the inclusion size (Mura [29]), which leads to
the well known Tanaka-Mori Lemma (Tanaka and Mori [39]). Apparently, for Reissner-
Mindlin plates, the Eshelby tensors lose their virtue of being independent on the size of the
inclusion. On the other hand, this is hardly a vice; such size-dependence automatically brings
an intrinsic length sclae into the picture, which oversees the sclae range of the representative-
area-element, and in some cases, such as elasto-plastic materials with softening, it can regular-
ize the continuum’s governing equations (e.g., Fleck and Hutchinson [10]).%

3. The result obtained in (287) has two limits:

(i) eg — 0 as R — 0, in this case

3—-v
Jw,0)=1—, (291)
(v,0) = — 17 (292)
g,y = 1—,°

Moreover, when €5 < 1, it can be found by simple inspection that
f(V’ ER) = f(y7 O) + O(eRZ) 3 (293>
g(v,er) = g(v,0) + Oer?) . (294)

(i) ep — o0 as h — 0, inthis case, zpKi(2g) — 0, we find that
flr,00) =1, (295)
glv,00)=1. (296)
Therefore, Eq. (287) recovers the result in Love-Kirchhoff plate (see Li [26]). O
422 Phep
c L (oo gy 1 ¢ &)
2r 1
1
== § (O 3,80 ds
8925
27
= s [ {(Bem) o — Alen) 580) 4
2aDAM1 —v) K
0

+ (B(ZR)énaf - A(ZR) ﬁﬁea) gg} dé =0. (297)

Remark 4.3. The main reason that Eq. (297) holds is that the expression in the right-hand
side is an odd function of £. Furthermore, it is true that for any smooth function w(jx}) = w(r)

/ / S 0(r) d2 = 0. (298)

* In fact, Eshelby tensors are size-dependent in a 3-D Cosserat medium as well (see Cheng and He [3]).
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This, too, follows by the fact that the integrand is an odd function of £,
/ / Eg{fow(v“) d§d = —— / / (’yG@ G’(g'})w('r} 4
2r

=-3 jg (YO + 7% ng) w(R) dS
Py

r 27

%/ / (794 + 7"t o (r)r drdf = 0. 0 (299)
0 0

423 R} o5

By definition,

ojoo G G(3
Rpcap = f f AT (x)d2 = / / (X! — x5y de2
2z

- % [_2_ (650, +¢‘ﬁG(C)na)‘X§é3)ng} ds

ANr
=D / { [B(zr) (8cats + 8¢ple) — 2A(2R) Lalple]
Oaplc
- Z (504“3)@ -+ 5ﬁ§éa) (2 IHZR - 1) +—9— (2 In ZR — 1) df=0. (300)

Remark 4.4 The same statement made in Remark 4.3 is also valid for tensor R% ;. The
results (297) and (300) show that the overall couplings between the induced curvature field
and shear force polarization, and between the induced rotation field and moment polarization
are zero if the composite plate is macroscopically isotropic. |

424 Ry,

Based on (286),

A / f A () a2 = / / RN
2r

1 ol
an

_ . Y (5@ _ba
where j(v,eg) =1 ”@K_;(ng_) .

Remark 4.5. Function j{v, eg), too, has two limits:
(i) R—0:35(v,0)=1 as eg — 0;
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(i) h —0:j(v,00) =1 as g — oo, which leads to

jlroo) 11
G, G, G,+G;’ (302)

This suggests that G,* = 0 when eg — oo, which means that there is no additional trans-
formed transverse shear deformation, and the plate behaves as if it were a thin plate. In
other words, eg — oo characterizes the thin plate limit. M

5 Estimate of overall elastic stiffness

To this end, we are ready to estimate the effective stiffness of composite Reissner-Mindlin
plates. Review the isotropic elastic stiffness tensor

D(1l—-v
L&}’KT;‘ = —%—) (5a{6,@77 + 509554) + Dvﬁagégn = D(l — 1/) Iaﬁ@ -+ QDVJQE@ , (303)
Gag = Gybap = GpEag, (304)
where

1
Tagen = 5 (8a¢8sy + benbac) , (305)

1
Jopen = 5 agben (306)
Bop = bap (307)
Let

1
Kopep = 3 (‘Sozcéﬁ?? + Sanbac — 50&.56(??) . (308)

Thus, I =J <+ Kand
J-J=J, J K=K -J=0, K- K=K, E-E=E.

The clastic stiffniess tensor and elastic compliance tensor can then be put into the canonical
forms:

Lopey = 205 Jopen + 21p Kapen , (309)
1 1
Nopey = % Japen + % Kopen s (310)
Gop = GpEap (311)
Hog =G, ' Eog, (312)
where
D(1+v) ER?

= oot 13
" 2 241~ 1)’ (313)

- D{1-v) _ ER? .
b Ty (314)

Gy = Gi’h (315)
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or

Dy = up + 1y, (316)

y="r_ (317)
Ay +

Gy = Dp(l;;) PR (318)

Similarly, the average Eshelby compliance tensors, Pr” and Rg™ defined by Egs. (287) and
(301), can be also put into the canonical forms:

1 1

7= J K 319
PR 2%170 T 2%p* + 2/}/],;0 + 2/,/117* ’ ( )
Rp" = ; E (320)

BTG rG ,
where
np' = /JJpO ) (321)
* 1 0 0 :
iy = e (22" + g(v,€R) ") , (322)
G, = (#— 1) G0 (323)
b j(V7 ER) P ’

5.1 Hashin-Shtrikman type upper/lower bounds

The interesting part of the present formulation is that both polarization quantities, & and 7,
can excite flexural curvature as well as shear strain. It has been shown in the last section that

1=-20-21=—[[EO%x -x)[6 - <o>](x)d?
2}
-/ TOo(x —x)[r— <r>] (x)dS?, (324)
0
Y= —A—ATr=— [[A°K —x)[0— <o>]|(X)d?
7
— [[AD® (X —x) [r— <T>] (x)d? . (325)
el
Hence, the variational inequality (245) takes the form:

2(Iy - ) (6,AL'0) + (r, AG™'1) + (0,2°0) + (0, X77)

IVIA

+(7,47%0) + (7,477) = 2(0,2°) — 2(7,¥°). (326

Following Willis [48], [49], choosing the moment polarization, ¢, and shear force polarization,
7, as piecewise constant distributions and denoting ¢” and z” as the values of the polarization
fields in rth phase (r =1,2,---,---,n), one may convert Eq. (326) to an inequality of the
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ensemble average,

2(11y — M) E ZICZU(L Lo) let +ZCZ Gy — Go) ™"
- = i=1

+ 32 0 [ O (x) [wy(x) — cics) 07 d2
g

+3 6 [[ED(x)| ) lwii(x) — cie] 79 d02
b B

+ 21 Zl ng(”)oo(X) [wij(x) — cic;] 67 dS2
i=1 j=
Zn: i ff AT (%) [wy(x) — eie;] 70 dQ2
=1 j=1

— 9y o'y 2 Y et (327)

i=1 =1

Here w,s(x) is a special form of the two point correlation function in probability theory,
which is chosen as (see Willis [49, p. 35])

wij(x) = Py(y,y + %)y, (328)
where
Py(y,y +x) / L) fily +x) dey, (329)

and f(x) is the indicator function.
Note that there is a subtle difference between (327) and Eq. (3.4) in Willis [48], and
Eq. (327) follows because (see Willis [49, p. 35])

o ][ #5608 0

” %Q// dx fi(x) / / i E2 (X —x) () - o)
Tl // dx il /Q/ B E® (<) (fi(x + %) — ¢))
| ! ! () (P, x4 ) — i)

and the assumption that P;; is insensitive to the translation.
For macroscopically isotropic plates, wy, is assumed to be isotropic, i.e., w(x) = w(|x|).
Thereby, as Remark 4.3 suggests,

(0,.277) =0 and (7,4°0)=0. (330)

As mentioned in the Introduction, we are primarily concerned with a composite in which the
inhomogeneities have the size scale close to the order of the thickness of the plate. It is, there-



On the micromechanics theory of Reissner-Mindlin plates 7

fore, brutal, but plausible to assume that

wij(|x]) = {;Jcé] lj 2 gi- (331)
Thus,

J] E2(6) (g (x]) = erey) d2 = P, (e = eiey), (332)
I AT (x) (wy(1x]) — cic;) d2 = R, (& — cicy) - (333)

Then, by a standard procedure (again we refer to Willis [48], [49] or Walpole [44], [45]), the
following result holds:

_ = = _ == <
IL-L)z+7(G-G)y S 0, (334)
where
n k(3 -t
f: = Z CiLz‘Ai <Z C]‘Aj> 5 (335)
i=1 =1
A =[+PIL - L], (336)
n n -1
G = Z CZGlUl <Z CjUj) 5 (337)
i=1 =1
U; = T+ R(G; — Go)| (338)

where the subscript 0 denotes the properties of the comparison plate.
For a macroscopically isotropic plate,

Pl =Ly +L", (339)
R!'=Gy+G", (340)
and

L* = 2,"T +21,°K (341)
G*=G,’E. (342)

In this paper, only a circular inclusion is considered; and we further assume that the inclusions
in different phases are in the same length scale. Thus, in the sequel, we simply denote the ten-
sors Py and Ry as P and R, if there is no risk of confusion.

Remark 5.1. 1. A reasonable choice of the critical size of the inclusion would be

h
R, = 75 (343)

and subsequently
- 1
Py, oo = g5 (T@51) (Bcabns + Ecbpa) + 9(v: 1) Sopbin) (344)

T é a .
R o= é; i, 1). (345)



88

S.Li

The two extreme cases R, = 0 and R, — oo can also be justified under different interpreta-
tions: the case R, = 0 is a good approximation for g <« 1 and the case R, — oo is a good

approximation for g > 1.

2. By using the variational inequalities (261), one can also derive that
- ~ = <
m(N-N)m+QH-H)Q > 0,
where
13 kY -
N = Z CiNrBi (z Cij) f
i1 j=1

B; = [+ O(N; - No)| ™%,

i=1

-1
_ n n
H-= E C%HZVZ <Z CjVj> )
3=1

Vi =[I+S(H; - Hy)] ™",

. \ 1 1
with O = Ny + N*, N* = J+
205" 215"

Let

— o)

tg = max {1,}

lgisn
Gy = 1%1?%}7{1{@?@}
%g* = g
B = S ey (Pt 9002 )

1
¢ = (- -1}G,,
! (.?(7'@753@) ) I

where vy = (%, — g)/ (%, + pig), and

g := min {2,V}

1<i<n
pe 1= min {1}
Gy = 1%1% {Gp(i)},
ne' = g

f = —— Q%V—i- Vs, £
H f(VzgeRc)( e+ 9(ve er.) i)

1
e (o)
H(veer,)

where vp 1= (30 — g}/ (3¢ + 1)

K and S =H;-+H H*:z;-—*E.

P

(346)

(347)

(348)

(349)

(350)

(351)

(352)

(353)

(354)
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Fig. 6. Congruous bounds on a Reissner-Mindlin plate’s rigidity with different R.: (i) ep, = oo (the thin
plate limit); (if) Hashin-Shtrikman bound; (iif) e, = 1; (iv)ep, =0

Since (see Walpole [44] for a similar expression)
-1

_ n n
L= EE: c;];izid 2{: ij\j = {
J=1

=1

2

k3
L + LQ*}‘I} —Lg*, (355)
=1

we obtain the following estimation on the overall in-plane bulk moduli and shear moduli (on
the Cosserat surface):

St + %p(i))wl} — " Ly < [ ei(sg* + %p(i))_l} — ", (356)
i=1 i=1
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2 eilpe” + ﬂpm)nl} —u < tp < {Zl Ci(«“g* + ﬂ'p(i))Al — s (357)
= =

which have the exact same structure or formalism as the classical results of linear elasticity
(Hashin and Shtrikman {14}, Walpole [44]), but with different physical contents. By adding
Eqgs. (356) and (357) and utilizing Eq. (316), an explicit estimate for the Reissner-Mindlin
plate’s rigidity is obtained,

[ n L [ n L oD
> el + )7+ 1D a4 ™) :
| =1 i=1

] a f(VevsRc) ’

A T

Dy < (358)
-i:"'(” i @)J n f:c.(@ o (z‘))—f __ 2D,
Similarly, by considering
-1
_ i3 7 7
G= Z CzGle (Z CjUj) == I:Z Q[Gz -+ GQ*]—J} - G()* s (359)
=1 =1 i=1
the following estimation on the transverse shear modulus can be obtained:
7 . n .
[ c(Ge* + Gp@)“l] -G <Gy < [}j ci(Gy* + G,,@)*l} - Gy*. (360)
=1 =1
Following Hill [18], {19], we define
%p
= B 361
o = (361)
Hp
Brar = , 362
Fi0s ot {362)
Gy
e 363
YRM G, + Gy (363)
One may verify that
1
QRM = ; u 5 (364)
viep){l—-v) 1
/8RM e &——Rﬂi—g—-——) = Z [(1 - V) + zileKI (zR)] 5 (365)
. 2pK1(z
wrm = j(v,er) =1~ R—%("‘lﬁ . (366)

By comparing with their counterparts in both linear elasticity theory (subscript LE) and a
Love-Kirchhoff plate theory (subscript LK) (for —1 < v < 1/2)

1+4+v
VLB T <1 367
OLE =3y 0<oup<1, (367)
2(4 - 5v)
L 3/5, 368
By A=)’ /5 < Bre <3/ (368)
aLKf:l_;_Vy 0<oark <3/4, (369)

Brx = 1—;—1/ » 1/8< Brx < 1/2 (370)
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Fig. 7. The congruous bounds on the transverse shear modulus with different R,: (i) Hashin-Shtrikman
bound; (ify eg, =0, (i) e, = 1.0; (iv) g, — o0

the following observations are made:

1. apy = azx Veg,, which implies that the variational bounds of a Reissner-Mindlin plate
give exact the same estimate on the in-plane bulk modulus as the variational bound of Love-
Kirchhoff plate does.

2. As ep — oo, the variational bounds of the Reissner-Mindlin plate recover the results in a
Love-Kirchhoff plate, in other words, in this case, Szy = Brx-

3. The variational bounds of the Reissner-Mindlin plates provide the optimal estimate on the
transverse shear modulus, which linear elasticity theory as well as Love-Kirchhoff plate
theory do not predict, at least not in an optimal sense.
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4. Forep =0,
14+v

apy =——, O0<opy =1, (371)
3—v

Prm =——, 5/8 < Brm <1, (372)
1

Ry =7 - (373)

For the thick plates that are made of two phase composite materials, assuming
1 ~ 5, > 0, 11, — 11, > 0, one will have

C1 (""p(l) — ") CZ(%Z?(Q) - %p(l))

o (2) < g < g (D) 74
Ap 1+ CQOépQ(%p(l)/%p(Z) _ 1) Sy S+ 1+ Clapl(%p(z)/%P(l) _ 1) ’ (3 )
(2) a (/Jp(l) — l‘p@)) <y o<y D) C2(Mp(2> — Np(1)> 37
Ho /@ 1) = Hr S O 1 (375)

1+ coffpa(pp' /1y — 1) 1+ 1B (' /1t — 1)
They lead to the following estimate of a Reissner-Mindlin plate’s rigidity:
D.@ e1 (o6 — %p<2)) ! (Np(l) - Np(2))
’ L+ caoun (1) /,@ = 1) 14 cafpa(pp™ /11y — 1)
<D, < (376)
D, + o (™ — 2, 11) ea(pp™ — 11pV)

1+ crop (@ /3,0 = 1)~ 1+ 185 (1p P /11y — 1)
Suppose G,V — G, > 0. The following estimation on the transverse shear moduli is valid:

Cl(Gp(l) - Gp<2))
14 CQ(,DPQ(GP(U/GP(Z) — 1)

cz(Gp(2> — Gp(l))
1+ Cl@pl(Gp(z)/Gp(l) -1) '

G, + <Gp<GWY (377)

Even though it may not be appropriate to use Hashin-Shtrikman bounds in 3-D elasticity in
the evaluation of a thick plate’s elastic stiffness if the inclusion size is comparable to the thick-
ness of the plate, they, however, provide a set of bounds, at least mathematically. For a two
phase composite plate, this could be done by taking the thick plate as a 3-D isotropic elastic
medium, and first evaluating the bulk and shear moduli via Hashin-Shtrikman bounds,

Aett = Aett(A1, A2, 01, ¢2) (378)
Gett = Gegt(G1,Ga,01,¢2) (379)

and then deriving the effective Young’s modulus and Poisson’s ratio as

Gett (3 et + 2Getr)
Eegg = y 380
’ et + Gt (380)
Aeit
off = vy 381
Veff 2()\eff + Gegt ) ( )

and finally the effective flexural rigidity,

E.zh®

12(1 - %) (382)

Degg =
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For the two phase composite materials ((a) E-glass fiber and epoxy matrix; and (b) Carbon
fiber with epoxy matrix;), we compare the congruous bounds derived in this paper with the
bounds according to Hashin-Shtrikman bounds in 3-D elasticity, and plot them in Figs. 6
and 7. In Figs. 6 and 7, the Young’s modulus of the E-glass fibers of the first example is
70 GPa, and its Poisson’s ratio is 0.25. The Young’s modulus of the epoxy matrix in the
same example is 2.8 GPa and its Poisson’s ratio is 0.35. In the second example, the Young’s
modulus of the Graphite fibers is 230 GPa, and its Poisson’s ratio is 0.26, whereas the
Young’s modulus of the epoxy matrix in the same example is 3.19 GPa and its Poisson’s ratio
18 0.35.

From Fig. 6, one may observe that for the flexural rigidity the bounds derived from the
Hashin-Shtrikman bounds fall in between the congruous bounds with eg, = oo and g5, = 1.
In fact, they are very close to the congruous bounds with e, = o0, i.¢., the thin plate limit. In
general, as R, decreases, the congruous bounds for the flexural rigidity decrease. This indi-
cates that there is a possibility that the Hashin-Shtrikman bounds may overestimate the thick
plate’s elastic stiffness, if one uses the 3-D elasticity results without discretion. This over-shot
tendency becomes obvious when one estimates the plate’s transverse shear modulus. Figure 7
presents the comparison between Hashin-Shtrikman bounds and all the congruous bounds.
The Hashin-Shtrikman bounds are sitting on top of every other congruous bounds, though
very close to the bounds at ep, = 0. This makes sense, because when R, — 0, the inclusion
size is tiny, and the plate behaves like an isotropic 3-D continuum, at least macroscopically.
Note that, in this case, the upper and lower congruous bounds at ep, — oo merge together,
lying on the bottom of the series; this happens because there is no transformed rotation at the
thin plate limit.

5.2 Self-consistent estimate

The similarity between the mathematical structure of the Reissner-Mindlin plate and that of
linear elasticity suggests that the conventional self-consistent approximation (Budiansky [1],
Hill [18], [19]) for the linear elastic heterogeneous continuum might be valid in a composite
Reissner-Mindlin plate as well. However, there are some differences, too. First, a Reissner-
Mindlin plate is a Cosserat medium, in which the eigen-curvature not only induces a moment,
but also induces a transverse shear force as well; so does the eigen-rotation. Therefore, in gen-
eral, there are coupling terms between eigen-curvature and eigen-rotation in the overall elastic
potential energy. In the following, all the inclusions are assumed to be circular in shape, and
the sizes of the inclusions are at the same scale range. In this case, the coupling terms disap-
pear. Second, aloofly speaking, the equivalent inclusion method, Mori-Tanaka method, and
some other engineering approaches, etc., all belong to the category of self-consistent metho-
dology in principle, if one disregards the trifled technicalities. In physical principle, they all
rely on the fact that the Eshelby tensors are independent on the size of the inclusion, at least
in the average sense. This is another place where the generalized eigen-deformation formula-
tion in Reissner-Mindlin plates slightly differs from the classic formulation; consequently,
extra care should be taken.

As shown above, when E, = 0 (which corresponds to the first order approximation), the
Eshelby tensors, both pointwise and average, are independent of the inclusion size; thus, a self-
consistent scheme is a straightforward analogy of the case in 3-D elasticity. A popular choice of
the scheme (Hill [18)], Budiansky [1]) is the one that assumes that there exist overall con-
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straint stiffness, L* and G*, or compliances, N* and H*, such that in each phase of the plate

m—m=LF—~7), (383)
%~ =N(m-m), (384)
Q-Q=G"F-7), (385)
7, -7=H(Q-Q), (386)
or

L +L)x =L +L)x, (387)
(N* + N;)m; = (N* + N) (388)
(G"+ Gy, = (G + )7, (389)
H'+H)Q,=H +H)Q; (390)

here the physical quantities are average moments, average shear resultant, average curvature,
and the average rotation. Apparently, the postulate makes sense in the generalized eigenstrain
formulation. Substitution of Egs. (387) and (388) into the identities

S ¢;(m; —1m) =0, (391)
i=1

;@(Z -2 =0, (392)
Zlci(Qf; -Q) =0, (393)
gci(?i -7)=0, (394)
yields

~ 1L s -1 -1_

;LZ-+L“L*+L‘P = ;c,[(Lz L)+ P =0, (395)
= G 1 N Nyl -1

;Ni+N_N*+N_o = ;cm[(Nz N +0] =0, (396)
i 4 —emg=S = icz:{(G- ~G) 48] =0 (397)
& G+G GG i=1 ' '

7 ¢ _ 1 B 7% . . i 1

;Hi+H*H*+H_T = ;q{(ﬂg H) ' +8]7 =0, (398)

or in equivalent forms

n n -1
L= {Z LI+ P(L; — L)]'l} {Z I+ P(L; — L)}’l} , (399)

i=1 =1

N= {}Ti NI+ O(N; — N)rl} {f: oI+ O(N; — N)]"‘}W , (400)

=1
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Fig. 8. A piece of “Swiss cheese” — a
thick plate with distributed cavities

G= {Z LI+ R(G; — G)rl} { eI+ R(G; ~ G)]*l}_ , (401)

i=1

—1
{Zq [+ S(H; —H)|~ }{ZC,HS(H —H)|” } ) (402)

J=1

To entertain the thought that this self-consistent scheme for the Reissner-Mindlin plate is
practically useful in what follows, we calculate the elastic stiffness for a special two-phase
composite plate — a sheet of “Swiss cheese” (Fig. 8), in other words, one phase of the compo-
site (say phase 1) is taken as cavity, which implies that L) = 0 or %, = p,(V = 0.

For the two phase composite plate, Eq. (395) take the form

&) . Co

— L P 4
L-L, L-L; (403)
where (g, = 0)
ap By 1+ 3—v
= |2 B d = = . 4
P (2%1:» ’Qﬂp) an Gp 9 Bp 4 ( 04)
Let %,V = 11,1} = 0. We can solve x, in terms of y,, i.e.,
@
Co¥p
- e (405)
16p + pp
and up, D, can be solved explicitly without further assumption on xp(z)s,
. (406)
r 2C1/J:p(2) + c2%p(2)

D, = .
T2y + e )20 — 1) 1pP) + €17,

Obviously, the volume of the cavity should not exceed one third of the total volume of the
plate. 1t is interesting to compare this with the similar problems solved in the context of 3-D
elasticity (see Willis [49]) and a thin plate. In 3-D elasticity, the total volume of the cavity

* The same problem in linear elasticity as well as in thin plate theory are treated under the assumption
that the matrix is incompressible, i.¢., %, — co.



96 S.Li

should not exceed one half of the total volume of the medium, whereas in a thin plate (Li [26])
the total volume of the cavity should not exceed two third of the total volume of the plate.

However, the interesting part has not ended yet. Let is consider the transverse shear
modulus for ep, = 0, which amend G,* = G,. From the self-consistent scheme (397), one will
have the equation

€y Ca 1 Ca

G,-G® G, -GV GUiT, GOiG, (408)
which yields

Gy =3{(a- ) (G =GP+ (e - (G0 -GV +16,0G8 ). (a0
If G,® = 0, we end up with

G,=(1-2¢)G,%. (410)

Again, the total volume of the cavity should not exceed one half of the total volume of the
composite plate, and this corresponds to the elasticity result.

6 Concluding remarks

Even though the methodology of micromechanics has been extensively used in the study of
composite materials and has become an indispensable part of composite mechanics, in current
engineering practice the design criteria as well as the standards in the strength analysis of com-
posite structures are still limited within the realm of conventional laminar plate theories or
laminar shell theories.

To address this inadequacy, this work presents a systematic study on the micromechanics
that is congruous with the Reissner-Mindlin plate theory, which can be applied to the cases
that thick plates are made by embedding short fibers, or functional cells, which provide the
reinforcement to structures. The present formulation is attractive because, first, it preserves
all the original assumptions of the Reissner-Mindlin plate theory and hence the validity and
generality in applications, and second, it preserves the rigor of the micro-elasticity, hence the
elegance and permanence in its theoretical value.

The main contribution of this work is in the following three aspects: (i) analytical solutions
on the elliptical inclusion problem of the Reissner-Mindlin plate, (ii) comparison variational
principles for the Reissner-Mindlin plate, and (iii) the congruous bounds on the elastic stiff-
ness of the plate.

As an analogy of micromechanics in linear elasticity theory, the micromechanics of a
Reissner-Mindlin plate may be further generalized to the general 2-D Cosserat-manifold, i.e.
the elastic shells that are capable to sustain shear deformation. Because of the complexity of
the corresponding Green’s function, one might expect to deal with them on a specific basis. In
the end, we would like to note that even though the results given in this paper resemble the
classic formalism in character, they obviously differ in quantities, and, most importantly, in
the physical implications. Nevertheless, the applications may be subjected to certain
restraints, such as the distribution patterns of the inhomogeneities, and the shape of the inclu-
sions.
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Appendix:
Evaluation of tensor 55%7

Based on the formula (98), the components of tensor Sfé‘gn are calculated as follows:

1-0),  (+ve’

St = i . I, (A1)
(1-v) ,  (+9)a)
5 = 2
S22 yo L+ oy Is, (A2)
i—v 1+v
Sio12 = S9191 = ( o ) (fl -+ ,[2) -+ ( . ) (LL}Z + a22) I, (A.3)
1+v 1+v)ay?
Sop11 = ( ) Iy +(~—-2—2-—L I, (A.4)
7
(1-v),  (+n)a)
= T An5
S92 yp I + . Ip, (A.5)
Sz = Sum =0, (A.6)
Soz12 = Saom =0, (A7)
Sionn = Sann =0, (A.8)
Stz = S22 =0, (A.9)
where
1 27r£ 9
= * g8 =1.2 Al
Iu %2 g di y 14 17 3 ( O)
1 %5 2g4*
a
= - = =1.9 Al
Lap aaza‘g?/ g 9, . » s (A.11)
B

which satisfy the following identities:

L+ 1, =2, (A.12)

a;* Iy + (a1” + a2%) Tz + a9’ Iy = 271, (A.13)
2 2

ay a2 1

— 27 Iy =—h+—1. A.14

= I+ 26y + szlz=5h + pCRL (A.14)
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