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A three-dimensional surface stress tensor formulation for
simulation of adhesive contact in finite deformation
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SUMMARY

A three-dimensional surface adhesive contact formulation is proposed to simulate macroscale adhesive
contact interaction characterized by the van der Waals interaction between arbitrarily shaped deformable
continua under finite deformation. The proposed adhesive contact formulation uses a double-layer surface
integral to replace the conventional double volume integration to compute the adhesive contact force vector.
Considering nonlinear finite deformation, we have derived the surface stress tensor and the corresponding
tangent stiffness matrix in a Galerkin weak formulation. With the surface stress formulation, the adhesive
contact problems are solved in the framework of nonlinear continuum mechanics by using the standard
Lagrange finite element method. Surface stress tensors are formulated for both interacting bodies. Numerical
examples show that the proposed surface contact algorithm is accurate, efficient, and reliable for three-
dimensional adhesive contact problems of large deformations for both quasi-static and dynamic simulations.
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1. INTRODUCTION

The Hertz contact between deformable continua under finite deformation has been extensively stud-
ied in the computational contact mechanics [1, 2]. On the other hand, the adhesive contact problems
that are related to colloidal physics and chemistry have become more and more important and use-
ful in engineering applications, e.g. [3–7], among many others. Generally speaking, there is lack of
efficient modeling and simulation tools for analyzing such problems at macroscale.

In the literature, there are several theoretical models for adhesive contact at microscale or
nanoscale, such as the Johnson–Kendall–Roberts model [8] and the Derjaguin–Muller–Toporov
model [9]. Although these models have proven successful to a certain degree in engineering applica-
tions, they have some intrinsic limitations, by either assuming infinitesimal deformations, contacting
bodies with special geometries, or requiring one of the contacting body to be rigid and hence sub-
stantially simplifying the computational treatment. Contact interaction of two bodies originates from
the inter-body interaction of individual atoms or molecules. At atomic scale, this type of interaction
can always be simulated by using first-principle calculation or empirical potential-based molecular
dynamics [10–12], which is the predominant case in nanomechanics research such as the studies of
DNA strands and proteins [13], flexible nanotubes [14, 15], and atomic force microscopy [16–18],
among others. However, most molecular dynamics studies mainly focus on the general principles,
instead of practical applications in engineering, because of the limitation of computer power and
storage capacity. Even in the foreseeable future, it may not be a practical approach, if not impossi-
ble, to use first-principle-based calculations to model, predict, and design macroscale engineering
systems that are involved with adhesive contact.
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To capture small-scale adhesive contact interaction, one must incorporate microscopic interac-
tions of the underlying atoms/molecules into macroscale continuum mechanics and formulate the
problem in a multiscale framework that takes into account both molecular interaction and nonlin-
ear continuum mechanics kinematics. Moreover, to be successful at solving macroscale problems,
one has to keep the computation cost to an acceptable level. In [19, 20], a so-called coarse-grained
contact model (CGCM) is proposed to study the adhesive contact between two arbitrary deformable
bodies at nanoscale/microscale. Similar to a classical Barrier contact method [1, 21], the CGCM
characterizes the small-scale contact by introducing the inter-body interaction potentials between
atoms/molecules into the total potential energy of the system. However, if one directly applies
the body-to-body atomistic interaction potential to the system, the computational cost would be
so large that no practical engineering problem can be solved. Meanwhile, the original work of
the CGCM only serves to describe the adhesive contact of two arbitrarily shaped bodies in two-
dimensional space. In [22], the present authors have adopted a surface adhesive contact formulation
proposed in [23, 24] and extend it to the case of finite deformation in the framework of nonlinear
continuum mechanics, which is suitable for both two-dimensional and three-dimensional arbitrar-
ily shaped deformable interacting bodies. In the proposed surface formulation, the double-layer
volume integral describing the contact interaction (energy, force vector, and matrix) is converted
into a double-layer surface integral through a mathematically consistent approach that employs the
divergence theorem and a special partitioning technique. In that work, the proposed surface con-
tact formulation is employed to analyze two-dimensional problems for both quasi-static and explicit
dynamic simulations. The present paper serves as an extension of the previous work by investigating
contact interaction problems in three-dimensional space. In addition, through analytical integrations,
surface stress tensors for rigid bodies with simple geometries are obtained in explicit expressions.
With surface stress tensors, the evaluation of the contact interaction force and the corresponding
contact stiffness matrix can be highly simplified.

The paper is organized into five sections. In Section 2, an overview of the surface adhesive con-
tact formulation in the framework of nonlinear continuum mechanics is offered. In Section 3, the
surface stress tensor and its possible applications are discussed. In particular, the surface stress
tensor for a perfect sphere is presented. Section 4 discusses the Galerkin weak formulation and finite
element implementation of the adhesive contact problem. In Section 5, the contact tangent stiffness
matrices are derived. In Section 6, several numerical examples are offered. Conclusions are drawn
in Section 7.

2. AN OVERVIEW OF THE SURFACE CONTACT FORMULATION

In this section, the proposed surface formulation of adhesive contact is presented in the framework
of nonlinear continuum mechanics. We first consider two interacting bodies 1 and 2, as shown in
Figure 1. Subjected to certain boundary conditions (not shown in the figure) and the inter-body
contact interactions, the two bodies originally occupying the physical domains �10; �20 deform
and evolve to �1, �2 in the current configuration. Correspondingly, the boundaries (surfaces) and
unit out-normals of the two bodies change from @�10; @�20 and N1;N2 to @�1; @�2 and n1;n2. If
the system is conservative, the total potential energy of the system can be written as

…total D

2X
ID1

�
…int;I C…ext;I

�
C…C ; (1)

where …int;I ; I D 1; 2 are the usual internal potential energy of standard continua, which are
involved with stresses and strains, and…ext;I ; I D 1; 2 are the external potential energy of standard
continua, which are involved with external body force and external traction forces. One may use the
principle of virtual work to derive the governing equations of the aforementioned adhesive contact
problem, but the additional adhesive interaction potential energy,…c , will make this a non-standard
boundary value problem because it produces a body-to-body interaction integral that is dependent
not only on molecular adhesion but also on the deformations of the two bodies.
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Figure 1. Schematic description of the adhesive contact model.

To see this clearly, we assume that the contact interaction between the two bodies is described by
the interaction of material particles inside the bodies. The interaction between two particles located
at x1 2 �1 and x2 2 �2 can be described by a two-point potential �.r/, where r D jx1 � x2j.
Practically, this potential can be of any form suitable to the problem considered. In this work, we
choose the 12-6 Lennard-Jones potential to represent such adhesive or cohesive interaction

�.r/ D "

���0
r

�12
� 2

��0
r

�6�
; (2)

where " is the potential well and �0 is the equilibrium distance. The term r�12 describes the
short-range Pauli repulsion effect, which prevents the two particles from being too close. The total
interaction energy of the homogenized interaction energy for the adhesive contact can then be
written as

…C D

Z
�1

Z
�2

ˇ1ˇ2�.r/dv2dv1; r D jx1 � x2j; (3)

where ˇ1 and ˇ2 represent the current particle densities located at points x1 2 �1 and x2 2 �2.
With the total interaction energy …C , one can directly take the first variation and identify the

corresponding contact interaction forces and hence derive the contact stiffness matrix [19, 20]. How-
ever, one may notice that Equation (3) involves a double-layer integral over the volumes of the two
bodies, and so do the corresponding expressions for the contact forces and stiffness matrix. The
double-layer volume integral requires huge computational cost, posing great challenges if the model
is large, especially in three-dimensional space. It is for this purpose that we proposed the surface
contact formulation.

As shown in Figure 2, in the surface contact formulation, the interaction force acting on an
infinitesimal element da1 2 @�1 due to the presence of da2 2 @�2 can be expressed as

dF1 D .ˇ1ˇ2.n2 ˝ r12/ � n1 .s// da2da1; (4)

where r12 WD r1 � r2 is the vector pointing surface point r2 2 @�2 to r1 2 @�1. The scalar s is the
length of the position vector r12, and the potential  .r/ is given as
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Figure 2. The surface integral scheme for the adhesive contact model.

 .r/ D
1

r3

Z 1
r

�.t/t2 dt; r > 0 (5)

By making use of the Nanson formula nda D JF�TNdA [25], Equation (4) can also be rewritten
in terms of quantities in the reference configuration,

dF1 D
®
ˇ10ˇ20

��
F�TN2

�
˝ r12

	
�
�
F�TN1

�
 .s/

¯
dA2dA1; (6)

where ˇ10; ˇ20 are the particle densities and dA2; dA1 the infinitesimal surface element areas.
Similarly, the interaction force applying on an infinitesimal surface element da2 2 @�2 due to

the presence of an infinitesimal surface element da1 2 @�1 can be obtained as

dF2 D .ˇ1ˇ2.n1 ˝ r21/ � n2 .s// da1da2; (7)

and

dF2 D
®
ˇ10ˇ20

��
F�TN1

�
˝ r21

	
�
�
F�TN2

�
 .s/

¯
dA1dA2; (8)

3. SURFACE STRESS TENSOR AND ITS APPLICATIONS

From Equations (4) and (7), one can obtain

dF1
da1
D Œˇ1ˇ2.n2 ˝ r12/ .s/da2� � n1 (9)

and

dF2
da2
D Œˇ1ˇ2.n1 ˝ r21/ .s/da1� � n2 (10)

If one defines

d tsI WD
dFI
daI

; d� sI WD ˇIˇJ .nJ ˝ rIJ / .s/daJ ; I; J D 1; 2; I ¤ J (11)
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then Equations (9) and (10) can be written as

d tsI D d�
s
InI (12)

where d� sI and d tsI are the infinitesimal surface stress tensor and the corresponding traction force
on @�I . If we perform the integration over the surface @�J , we may arrive at a new quantity,

� sI D

Z
@�J

d� sI D

Z
@�J

ˇIˇJ .nJ ˝ rIJ / .s/daJ ; I D 1; 2 (13)

which represents the surface stress tensor at point xI 2 @�I , due to the total interaction from body
�J . The corresponding surface traction at point xI 2 @�I can then be expressed as

tsI D �
s
InI ; I D 1; 2 (14)

If one of the two interacting bodies is rigid, we can perform the integration of Equation (13) analyti-
cally for a given interatomic potential �.r/ and then apply the surface stress tensor to the numerical
computation directly. For instance, for the 12-6 Lennard-Jones potential given by Equation (2), if
body �J is a rigid sphere with radius R as shown in Figure 3, the surface stress tensor can be
derived as a diagonal tensor (as what will be used in one numerical example),

� sI D �
s
Ixxex ˝ ex C � sIyyey ˝ ey C � sI´´e´ ˝ e´ (15)

where

Figure 3. Surface stress tensor of a rigid sphere.
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� sIxx D �
s
Iyy D �ˇIˇJ "�

6
0

´
4
�
5a4 C 14a2R2 C 5R4

�
R3

135 .a �R/8 .aCR/8
�60 C

�
a2 CR2

�
R

3a2 .a2 �R2/
2

�
1

12a3
ln

"

a �R

aCR

�2#μ
I

(16)

� sI´´ D �ˇIˇJ "�
6
0

´
�
4R3

�
55a6 C 207a4R2 C 117a2R4 C 5R6

�
135 .a �R/9 .aCR/9

�60

C
2
�
a4 C 4a2R2 �R4

�
R

3a2 .a �R/3 .aCR/3
C

1

6a3
ln

"
.a �R/2

.aCR/2

#μ
;

(17)

in which a is the shortest distance of the surface particle rI to the center of the rigid sphere. The
vectors ex; ey and e´ are defined to be the unit vector along the corresponding axis.

With the surface stress tensor, one can easily compute the contact interaction force for the
deformable body. For quasi-static analysis, the corresponding contact stiffness matrix can also be
obtained with no technique difficulty.

A main advantage of the surface stress tensor formulation is that it can be used to convert the
complicated adhesive contact problem, which is a non-standard boundary-value problem, to the
conventional boundary value problem of continuum mechanics. That is,

8̂̂̂
<
ˆ̂̂:

@� I

@xI
C bI D 0; in �I ; I D 1; 2

uI D NuI0; on @�Iu; I D 1; 2

� sInI D NtI0; on @�It ; I D 1; 2
� sInI D tsI ; on @�Iat ; I D 1; 2

(18)

where the adhesive surface traction is determined in Equations (13) and (14).

4. GALERKIN WEAK FORMULATION AND FINITE ELEMENT DISCRETIZATION

In this section, the Galerkin weak formulation of the adhesive contact problem with the proposed
surface formulation is first presented. Using a standard FEM approach [26, 27], the discretized
approximation displacement fields are applied to the weak form from which the global mass matrix,
internal force vector, external force vector, and the contact force vector are identified.

For the contact interaction system in Figure 1, the variation of the internal energy…int;I for body
�I can be expressed as

ı…int;I D

Z
�I

� I W
@ıuI
@xI

dvI (19)

For a conservative system, the variation of the external potential energy for body �I is given by

ı…ext;I D �

Z
�I

�IbI � ıuIdvI �
Z
@�IT

tI � ıuIds; (20)

where �I ;bI are the mass density and body force in �I and tI represents the traction force on
the Neumann boundary @�IT . The first variation of the contact interaction energy …C;s can be
expressed as

ı…C;s D

Z
@�1

Z
@�2

ˇ1ˇ2 Œ.n2 ˝ r12/ � n1 .s/ � ıu1 C n1 ˝ r21/ � n2 .s/ � ıu2� da2da1: (21)
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Collecting the terms of Equations (19)–(21) and replacing the body force bI with .bI � PvI /, the
principle of the stationary potential energy yields the following Galerkin weak form,

2X
ID1

�Z
�I

�I PvI ıuIdvI C
Z
�I

� I W
@ıuI
@xI

dvI

�
C

Z
@�1

Z
@�2

ˇ1ˇ2 Œ.n2 ˝ r12/ � n1 .s/ � ıu1

C .n1 ˝ r21/ � n2 .s/ � ıu2� da2da1 D
2X
ID1

�Z
�I

�IbI � ıuIdvI C
Z
@�IT

tI � ıuIds
�
;

8ıuI ; I D 1; 2
(22)

where vI D PuI is the velocity field in body �I .
Consider the following interpolations of the displacement field uI and the corresponding variation

ıuI for body �I ,

uI .x/ D
nnodeX
AD1

NA
I .x/d

A
I ; I D 1; 2 (23)

and

ıuI .x/ D
nnodeX
AD1

NA
I .x/ıd

A
I ; I D 1; 2 (24)

where nnode denotes the number of nodes in the system, NA.x/ is the finite element shape function
associated with node A, and dAI and ıdAI are the displacement and the corresponding variation at
node A. Practically, Equations (23) and (24) are expressed element-wisely, i.e.

uI .x/j�e
I
D

nenX
AD1

NA
I .x/d

A
I I D 1; 2 (25)

and

ıuI .x/j�e
I
D

nenX
AD1

NA
I .x/ıd

A
I I D 1; 2 (26)

where nen is the number of nodes for each element.
By substituting Equations (25) and (26) into Equation (22) and reorganizing, one can obtain

2X
ID1

nelemX
ielD1

nenX
AD1

nenX
BD1

ıdAI �
Z
�e
I

�IN
A
I N

B
I
RdBI dvI C

2X
ID1

nelemX
ielD1

nenX
AD1

ıdAI �
Z
�e
I

� I
@NA

I

@xI
dvI

�

2X
ID1

nelemX
ielD1

nenX
AD1

ıdAI �
Z
�e
I

�IN
A
I bIdvI �

2X
ID1

nelemX
ielD1

nenX
AD1

ıdAI �
Z
@�e
TI

NA
I tIdsI

C

2X
ID1

nselem1X
iselD1

nselem2X
jselD1

nsenX
AD1

Z
@�e
1

Z
@�e
2

ˇ1ˇ2N
A
I .nJ ˝ rIJ / � nI .s/da2da1; I D 1; 2

(27)

which is essentially

ıdI �
�

MI
RdI C f intI C f contI � f extI

�
D 0; I D 1; 2 (28)

where we have defined the following quantities
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MI D

nelemX
ielD1

nenX
AD1

nenX
BD1

Z
�e
I

�IN
A
I N

B
I dvI (29)

f intI D

nelemX
ielD1

nenX
AD1

Z
�e
I

� I
@NA

I

@xI
dvI (30)

f extI D

nelemX
ielD1

nenX
AD1

Z
�e
I

�IN
A
I bIdvI C

nelemX
ielD1

nenX
AD1

Z
@�e
TI

NA
I tIdsI (31)

f contI D

nselem1X
iselD1

nselem2X
jselD1

nsenX
AD1

Z
@�e
1

Z
@�e
2

ˇ1ˇ2N
A
I .nJ ˝ rIJ / � nI .s/da2da1; I; J D 1; 2; I ¤ J;

(32)
in which nselem1 and nselem2 are the total number of surface elements on @�1 and @�2, respec-
tively, nsen is the number of nodes for each surface element, nI and nJ are the unit surface
out-normal at corresponding surface points rI 2 @�I and rJ 2 @�J , and rIJ D rI � rJ is the
vector pointing from rI to rJ . Because of the arbitrariness of the variation ıdI , Equation (28) can
be reduced to

MI
RdI C f intI C f contI � f extI D 0; I D 1; 2 (33)

which are the discretized equations of motion of the system.

5. CONTACT TANGENT STIFFNESS MATRIX

In this section, we provide the complete derivation of the tangent stiffness matrices for the contact
interaction force corresponding to the surface stress tensor formulation of nonlinear continua under
finite deformation.

Before proceeding, we first introduce the directional or Gâteaux derivative of a general nonlinear
function f .xi / in the direction of �xi D �ui ,

D�uif .xi / D lim
�!0

f .xi C 	�ui / � f .xi /
	

D
df .xi C 	�ui /

d	

ˇ̌̌
ˇ
�D0

; i D 1; 2 (34)

where 	 is a scalar parameter and �ui is a kinematically admissible variation of the displacement
field that satisfies the homogeneous essential boundary conditions on @u�i .

The variation of the contact interaction potential or the contact virtual work ı…C;s
e for the inter-

action of two surface elements @�e1 2 @�1 and @�e2 2 @�2 can be expressed in the reference
configuration as

ı…C;s
e D

Z
@�e
10

Z
@�e
20

ˇ10ˇ20
®��

F�T2 N2
�
˝ r12

	
�
�
F�T1 N1

�
 .s/ � ıu1

C
��

F�T1 N1
�
˝ r21

	
�
�
F�T2 N2

�
 .s/ � ıu2

¯
dA2dA1

(35)

To obtain the corresponding tangent stiffness matrix, we take the Gâteaux derivative of ı…C;s
e in the

direction of �ui for the two bodies in the form of

�x1

�
ı…C;s

e

�
D D�u1ı…

C;s
e .x1; x2/�u1 D ıdT1 kecont;s11 �d1 C ıdT2 kecont;s21 �d1 (36)
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and

�x2

�
ı…C;s

e

�
D D�u2ı…

C;s
e .x1; x2/�u2 D ıdT1 kecont;s12 �d2 C ıdT2 kecont;s22 �d2; (37)

in which ıui D Niıdi ; �ui D Ni�di ; i D 1; 2.
By taking the directional derivative in the direction of displacement variation �u1 in body 1, we

find that

�x1

�
ı…C;s

e

�
D

Z
@�e
10

Z
@�e
20

ˇ10ˇ20ıu1 �

´�
F�T2 N2

�
˝
@
�
r12 �

�
F�T1 N1

�	
@x1

 .s/

C
�
r12 �

�
F�T1 N1

�	 �
F�T2 N2

�
˝
@ .s/

@x1

³
��u1dA2dA1

C

Z
@�e
10

Z
@�e
20

ˇ10ˇ20ıu1 �
²�

r21 �
�
F�T2 N2

�	
 .s/

@.F�T1 N1/
@x1

� �.s/
�
F�T1 N1

�
˝
�
F�T2 N2

�
C
�
r21 �

�
F�T2 N2

�	 �
F�T1 N1

�
˝
@ .s/

@x1

³
��u2dA2dA1

(38)
In the aforementioned equation,

@
�
r12 �

�
F�T1 N1

�	
@x1

D



@r12
@x1

�T �
F�T1 N1

�
C

 
@
�
F�T1 N1

�
@x1

!T
r12 (39)

and

@ .s/

@x1
D
@ .s/

@s

@s

@x1
D
@ .s/

@s

r12
s

(40)

In Equation (39),

@r12
@x1
D I (41)

and  
@
�
F�T1 N1

�
@x1

!T
r12 D .r12 ˝ N1/ W

@F�T1
@x1

C



@N1
@x1

�T �
F�11 r12

�
(42)

where

@N1
@x1
D
@N1
@X1

F�11 (43)

The derivative
@F�1
1

@x1
can be obtained in the following way

F �1Bi FiC D ıBC

)
@F �1Bi
@XA

FiC C F
�1
Bi

@FiC

@XA
D 0

)
@F �1Bi
@XA

D �F �1Bk
@FkC

@XA
F �1Ci

)
@F �1Bi
@xj

D �F �1BkGkCAF
�1
Ci F

�1
Aj

(44)
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where

GkCA D
@FkC

@XA
D

@2xk

@XC@XA
(45)

Substitute both Equations (39)–(43) and the finite element approximations ıu1 D N1ıd1; ıu2 D
N2ıd1; �u1 D N1�d1 into Equation (38). After a few manipulations, one can obtain

�x1.ı…
C;s
e / D ıdT1

´Z
@�e
10

Z
@�e
20

N1ks11N1dA2dA1

μ
�d1

C ıdT2

´Z
@�e
10

Z
@�e
20

N2ks21N1dA2dA1

μ
�d1;

(46)

where the matrices ks11 and ks21 are defined as

ks11 D
�
F�T2 N2

�
˝

"
F�T1 N1 C .r12 ˝ N1/ W

@F�T1
@x1

C F�T1



@N1
@X1

�T �
F�11 r12

�#
 .s/

C
�
r12 �

�
F�T1 N1

�	 @ .s/
@s

1

s

�
F�T2 N2

�
˝ r12

(47)

and

ks21 D
�
r21 �

�
F�T2 N2

�	
 .s/



F�T1

@N1
@X1
C N1 �

@F�11
@X1

�
F�11 �  .s/

�
F�T1 N1

�
˝
�
F�T2 N2

�
C
�
r21 �

�
F�T2 N2

�	 @ .s/
@s

1

s

�
F�T1 N1

�
˝ r12

(48)

By comparing Equation (46) with Equation (36), one can easily see that

kecont;s11 D

Z
@�e
10

Z
@�e
20

N1ks11N1dA2dA1 (49)

and

kecont;s21 D

Z
@�e
10

Z
@�e
20

N2ks21N1dA2dA1 (50)

Using exactly the same approach, one can obtain

kecont;s12 D

Z
@�e
10

Z
@�e
20

N1ks12N2dA2dA1 (51)

and

kecont;s22 D

Z
@�e
10

Z
@�e
20

N2ks22N2dA2dA1 (52)

where the two other matrices ks12 and ks22 are defined as
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�	
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˝
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�
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s

�
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�
˝ r21

(53)
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and

ks22 D
�
F�T1 N1

�
˝

"
F�T2 N2 C .r21 ˝ N2/ W

@F�T2
@x2

C F�T2
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F�12 r21

�#
 .s/

C
�
r21 �

�
F�T2 N2

�	 @ .s/
@s

1

s

�
F�T1 N1

�
˝ r21

(54)

We would like to point out that in the aforementioned equations, Ni and Ni .i D 1; 2/ represent com-
pletely different quantities. Ni is the unit surface out-normal on @�ei in the reference configuration,
while Ni denotes the element shape function matrix for �ei .

6. NUMERICAL EXAMPLES AND DISCUSSIONS

In this section, several numerical examples are presented to show the accuracy, efficiency, and reli-
ability of the proposed surface formulation for three-dimensional adhesive contact. Three different
types of constitutive relations for the bulk material are used in these numerical calculations, namely,
the Neo-Hookean material model, the St. Venant–Kirchhoff material model, and the Newtonian fluid
model. The strain energy density function W of a compressible Neo-Hookean material used in the
numerical example is expressed as follows

W D
1

2

.I1 � 3 � 2 lnJ /C

1

2
�.J � 1/2 (55)

where � and 
 are the lame constants. I1 is the trace of the right Cauchy-Green tensor C and
J is the determinant of the deformation gradient F. The free-energy density function for the St.
Venant–Kirchhoff material model used in the numerical example is given by

W.E/ D
�

2
.tr E/2 C 
tr E2 (56)

where E is the Green–Lagrange strain tensor and � and 
 are the Lame constants. The constitutive
equation for the Newtonian fluid used in the numerical calculation is

� D �pIC 2
d; (57)

where p D �.J � 1/ is the hydrostatic pressure, � is bulk modulus, 
 is the viscosity, and d is the
rate of deformation.

In addition, the contact interaction between any two particles from distinctive bodies are governed
by the 12-6 Lennard-Jones potential in Equation (2). Unless specifically provided, the equilibrium
distance is �0, the potential well is ", and the atomic density of the two bodies are ˇ10 D ˇ20 D ˇ0.

6.1. Accuracy of the finite element discretization

The first example serves as a testing example to assess the discretization errors introduced by the
finite element approximation. The contact interaction forces resulting from numerical integration
for different integration schemes and different meshes are investigated. To be specific, we are con-
sidering the interaction between a half-hollow cylinder and a cubic block, as shown in Figure 4.
The inner radii, outer radii, and the height of the cylinder are chosen as ri D �0; ro D 2:0�0, and
H D 8:0�0. The side length of the cubic block is set as a D 4:0�0. The closest distance between
any two points in the two bodies is denoted as d . The center of the cubic block and that of the
hollow cylinder are both on the z axis. The two bodies are discretized by eight-node hexahedron
elements, as shown in Figure 5(a). We are only interested in the finite element discretization error in
the evaluation of the total contact interaction forces with respect to the volume integration (VI) and
surface integration (SI) approaches. Three different meshes are considered, with the total number of
elements being 1239, 2087, and 4472.
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Figure 4. Interaction between a half-hollow cylinder and a cubic block.

Figure 5. Interaction between a half-hollow cylinder and a cubic block. (a) mesh discretization. (b) initial
unit out-normals.

For the SI approach, the coordinate, unit surface out-normal, and integration weight associated
with any surface Gauss integration point are needed in order to evaluate the contact interaction
force. As shown in 5(b), these quantities are obtained using the technique presented in [22]. The
dots (green online) are the positions of the integration points, and the arrow (red online) denotes the
direction of the corresponding unit out-normal.

To better evaluate the discretization errors, a series of distance d are considered. We want to
emphasize that, here, the two bodies are always considered to be rigid and motionless. The total
interaction forces of the two bodies versus the distance d for different meshes and different inte-
gration schemes are shown in Figure 6 (a)–(c). The three different schemes are (1) VI with 23

integration points in each bulk element; (2) VI with 43 integration points in each bulk element;
and (3) SI with 22 integration points in each surface element. The ‘exact’ total interaction forces
are obtained from a mesh size of � D 0:02�0. As can be seen, the general trends of these curves
obtained from the two different schemes are the same, resembling the force displacement relation of
the 12-6 Lennard-Jones potential (Equation (2)), which to some extent shows that the surface inte-
gration scheme proposed is correct. For the surface integration scheme, the error percentages of the
total interaction forces versus the distances for the three different meshes are plotted in Figure 7,
from which one can tell that the total interaction forces for the surface integration scheme are always
less than 6%.
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Figure 6. The contact interaction force versus the shortest distance of the two bodies. (a) VI with 23 Gauss
integration per bulk element; (b) VI with 43 Gauss integration points per bulk element; and (c) SI with 22

Gauss integration points per surface element.

Figure 7. Error percentage of the contact interaction force for the surface integration scheme.

Table I. Error percentage and computation time for the total contact interaction
force of the two bodies at d D 0:5�0.

VI (23 GPs) VI (43 GPs) SI (22 GPs)

Mesh1 63.31% 2.4 s 2.82% 138.95 s 4.61% 0.90 s
Mesh2 47.29% 7.22 s 1.38% 417.18 s 0.46% 2.07 s
Mesh3 27.87% 42.74 s 0.69% 2435.91 s 0.17% 6.68 s

VI, volume integration; SI, surface integration; GPs, Gauss integration points.
The computation is carried out in an Intel Core i7-4700HQ processor.

To take a closer look at the errors produced by the three different schemes, the errors at the
distance d D 0:5�0 are shown in Table I. One can see that the errors for the first scheme VI–23 are
at least 27% for the three different meshes, while the errors for the other two schemes are always
lower than 6%. Meanwhile, by comparing the simulation time it takes to compute the total contact
interaction forces, one can tell that the third scheme SI–22 is the most efficient.

6.2. Nanoindentation

In this section, the quasi-static analysis of a nanoindentation model problem is presented to demon-
strate the capability of the proposed surface contact formulation in the case when one of the
interacting bodies is rigid. We are considering the indentation of a hyperelastic block by a rigid
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Figure 8. Nanoindentation of a rigid sphere on a hyperelastic substrate.

Figure 9. Nanoindentation: reaction force versus the prescribed displacement.

sphere, as shown in Figure 8. The Neo-Hookean model is taken as the constitutive relation of the
block, with the Young’s modulus E D 1000ˇ0" and Poisson’s ratio  D 0:25. The dimension of
the block is 4�0 � 4�0 � 2�0. The radius of the rigid sphere is R D 1:2�0. The rigid sphere is pre-
scribed with displacement in the vertical direction. The top surface of the block is free, and the other
five surfaces are fixed in the normal direction. Initially, the shortest distance between the sphere and
the block is 3:2�0. The contact interaction forces between the elastic block and the rigid sphere are
obtained by using the surface stress tensor in Equation (3). A corresponding reduced contact stiff-
ness matrix is included into the formulation. The expression for the reduced contact stiffness matrix
is very long and therefore omitted here. The 2 � 2 surface integration scheme is adopted for the
evaluation of the contact interaction force in the block.

Figure 9 shows the reaction force versus the prescribed displacement for three different meshes.
The three curves present small gaps, but are in the same trend. Initially, the rigid sphere is far away
and the reaction force is zero. As the rigid sphere is gradually pushed into the block, the reaction
forces increase. For a fixed prescribed displacement, the finer the mesh, the larger the reaction force,
which is expected, because at the same physical region, the surface Gauss integration points are
in general closer to the rigid sphere for the case of a finer mesh. Figure 10 shows the trace of the
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Figure 10. The contour shows the trace of the stress tensor in the hyperelastic block. (a) 43 elements. (b) 83

elements. (c) 163 elements.

Figure 11. Pressing of an elastic ring: schematic of the problem.

stress tensor I1 D tr.� / distribution at u D 2:0�0 for the three different meshes. One can see that
the distribution patterns of I1 for the three different cases are very similar except slight differences
of the corresponding magnitudes. The finer the mesh, the higher the magnitude of I1, due to the fact
that a finer mesh would lead to a larger reaction force.

6.3. Pressing of an elastic ring

This example concerns the pressing of an elastic ring by two elastic slabs in three-dimensional
space, which is shown in Figure 11. The inner radii, outer radii, and side length of the elastic ring
are 16:0�0, 20:0�0, and 24:0�0. The two elastic slabs are identical and of the dimension 64:0�0 �
32:0�0 � 4:0�0. The axis of the 3D elastic ring is always parallel to the y axis. Initially, the gap
between the ring and the block is d D 2:0�0. By exploring symmetry, only one-eighth of the
problem is considered. Both the ring and the block are modeled by the Neo-Hookean material and
are discretized by an eight-node hexahedron element. The material properties of the ring and slab
are Young’s modulus Er D 25ˇ0�0, Es D 0:05ˇ0�0 and Poisson’s ratio r D s D 0:25 . A quasi-
static simulation is performed by prescribing the top of the one-eighth elastic ring in the negative
z direction with a total displacement u´ D �6:4�0 in 32 increments. The bottom of the slab is
fixed with zero displacement. Two different integration schemes are considered: the body-to-body
integration with 33 Gauss integration points in each bulk element (VI–33 GPs) and the surface-to-
surface integration with 22 Gauss integration points in each surface element (SI–22 GPs). Figure 12
shows deformed shapes and the trace of the stress tensor distributions of the two bodies at the load
step u´ D �6:4�0 for the two integration schemes. Although one may observe that the ring and the
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slab are slightly closer at the contact region for the surface integration scheme, the results from the
two schemes are very close. To have a qualitative comparison, the trace of the stress tensor along
the inner and outer ring is plotted in Figure 13. It can be seen that the two curves of the trace of the
stress tensor along the inner ring are almost overlapped (Figure 13(a)). In fact, the other two curves
for the trace of the stress tensor along the outer ring are also very close, only with a small gap near
the contact region (Figure 13(b)). The magnitude of the trace of the stress tensor at contact region
for the SI scheme is larger than that of the VI scheme. Both the differences of the deformed shapes
and the trace of the stress tensor at the contact region are due to the fact the VI scheme makes use
of the Gauss integration points in the bulk, while the SI scheme makes use of the Gauss integration
points on the surface, which provides a ‘stronger’ interaction for the same geometry.

6.4. Dynamic spreading of a nano-droplet over an elastic substrate

Through this example, we hope to demonstrate the capability of the proposed surface formulation in
describing the dynamic contact interaction between two arbitrarily shaped bodies undergoing finite
deformations in three-dimensional space. To be specific, we are considering the dynamic spreading
of a nanoscale droplet on a hyperelastic substrate, as shown in Figure 14(a). The parameters for
the Lennard-Jones potential are ˇd D 33:3=nm3, ˇs D 60:662=nm3; �0 D 1nm, and " D 6:0 �
10�22J . The radius of the droplet is r D 5nm, and the dimension of the cylinder substrate is
radius 20nm and height 4:5nm. The droplet is modeled as a Newtonian fluid, and the substrate is
modeled as St. Venant–Kirchhoff material. The bulk modulus, viscosity, and density of the droplet

Figure 12. Trace of the stress tensor .I1 D tr.� // distributions for the two different integration schemes at
the load step u´ D �6:4�0. (a) the VI–33 scheme. (b) the SI–22 scheme.

Figure 13. Trace of the stress tensor (I1 D tr.� /) comparisons for the two different integration schemes. (a)
Along the inner side of the ring. (b) Along the outer side of the ring.
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Figure 14. Dynamic spreading of a nano-droplet on an elastic substrate. (a) schematic of the problem. (b)
mesh discretization.

Figure 15. Time sequence of the droplet spreading upon the elastic substrate. The dots (green online) denotes
the current position of the moving contact line.

is � D 2:2 � 109Pa, 
 D 1:8 � 10�4Pa � s, and �d D 1:0 � 103kg=m3. The Young’s modulus,
Poisson’s ratio, and density of the substrate are E D 1:2 � 108Pa,  D 0:40, and �s D 8:94 �
103kg=m3. In the simulation, the droplet and the substrate are discretized into 4341 and 3072 eight-
node brick elements, as shown in Figure 14(b). The 2 � 2 surface integration scheme is adopted for
the evaluation of the contact interaction force between the droplet and the substrate. The surface
tension between water and the atmosphere is � D 7:275 � 10�2 N=m. The contact angle is set to
be 60°. Details of how to incorporate the surface tension effect can be found in [28–30]. The total
simulation time is T D 2:5�10�11s with the time step dt D 1:25�10�15s. Figure 15 shows a time
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Figure 16. Time evolution of the droplet-spreading area.

sequence of the droplet-spreading process on the substrate. The droplet first adheres to the elastic
substrate, owing to the adhesion effect. After the initial contact, the surface tension effect, especially
the effect at the moving contact line, comes into place [28]. The combination of the adhesion and
surface tension drives the natural spreading of the droplet. We would like to mention that during the
whole simulation, no gravitational force is considered and the main driving force is the adhesion
between the droplet and the substrate. The time evolution of the droplet spreading area is shown in
Figure 16. One can see that the droplet first increases rapidly (owing to the initial adhesive contact),
and then the combination of the surface tension and the adhesive contact makes the droplet gradually
spread further.

7. CONCLUSION

In this work, we present an adhesive surface stress formulation for solving three-dimensional
adhesive contact problem under finite deformation. The adhesive contact is modeled by using the
inter-molecular van der Waals force interaction potential, and it is used to calculate the contact sur-
face cohesive force for nonlinear continua. A generalized Derjaguin type of approximation is used
to construct the contact surface stress formula, and it is used to evaluate cohesive surface force
between two deformable continuum bodies. We have demonstrated that the adhesive contact sur-
face formulation provides an efficient and accurate means to describe macroscopic adhesive contact
interaction between arbitrarily shaped deformable solids. The formulation of adhesive surface stress
tensor is introduced and implemented in the nonlinear finite element formulation. In addition, the
surface stress tensor for a perfect sphere is also obtained through analytical integration.

Several numerical examples are presented. The first example provides an estimate for the accu-
racy of the finite element surface approximation for the contact interaction forces of two adjacent
bodies. It is revealed that the proposed surface contact formulation is reliable and efficient for the
evaluation of the adhesive contact interaction forces. The second example uses the surface stress
tensor formulation for a rigid sphere to simulate nanoindentation. Numerical results indicate that
surface stress tensor formulation can accurately solve three-dimensional contact problems, and it
greatly reduces computational cost and time. The third example is a simulation of an elastic ring
being pressed by two slabs. It shows that the surface stress tensor formulation of the adhesive con-
tact can accurately describe the contact interaction between two arbitrarily shaped and deformable
objects. The last example demonstrates the capability of the surface stress tensor formulation for
simulation of dynamics adhesive contact problems in three-dimensional space, and the simulation
results show that it can accurately capture dynamic and transient effects.
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