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In this work, we use an atomistic-based multiscale cohesive zone model (MCZM)to simulate
crack propagations in polycrystalline solids. The multiscale cohesive zone model is different
from the conventional cohesive zone model, and it is essentially an interphase process zone
that is capable of describing heterogenous material behavior by incorporating the finite-size
inhomogeneities such as grain boundary interphase, inclusions, and finite-width persistent
slip bands.

The main novelties of this work are two: (1) Different order Cauchy Born rules of the
same atomistic potential are used to describe the material strength for the grain interphase
and bulk materials, which eliminates the setback of the conventional cohesive zone model
that models the undamaged material as a “numerical composite” of bulk elements and cohe-
sive interface zones, and (2) Via integration by parts, we can derive the microstructure-based
interface cohesive law in both normal and tangential directions with respect to the boundary
between bulk elements and interphase elements.

By using the higher order Cauchy-Born rule, we can show that the cohesive zones are
weaker than the bulk. Numerical examples of crack propagations due to the high speed impact
on materials with various cohesive strengths have been carried out. Both inter-granular and
trans-granular fractures are captured by assuming the relative strength of the cohesive zones
in the bulk and those along the grain boundaries.

c© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

Polycrystalline solids, such as metals, alloys or ceramics are extensively used in many engi-
neering applications. In polycrystalline solids, each grain has a unique crystallographic orien-
tation, shape, and size, which are connected by a network of the grain boundary that is usually
the weakest link in polycrystalline solids. To model mechanical behaviors of polycrstalline
solids , many methods have been developed at various scales, ranging from Quantum Mechan-
ical (QM), classical Molecular Dynamics (MD), Monte Carlo simulation (MC) to Geometrical
Models (GM) and Continuum Mechanics (CM) [1]. For instance, Counts et al. (2009) em-
ployed ab-initio calculations (based on QM) to design bcc Mg-Li alloys for ultra-lightweight
applications [2]. By using classic MD calculations [3], Yamakov et al.(2004) investigated the
transition with decreasing size from a dislocation-based to a grain-boundary based mechanism
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of nanocrystalline metals. At the macroscale, continuum damage models, e.g. [4–7], and in
particular the cohesive zone model (CZM) ( [8–12]) are the two main approaches that are used
to model the damage and fracture in polycrystalline solids. However, these models cannot di-
rectly include the atomistic information at nano/micro scale, and increasingly more and more
people adopt the multiscale method approach to study the strength of polycrystalline solids at
macro level by taking into account the information at nano/micro scale. For instance, Houtte
et al. (2006) developed a hierarchical multilevel method for plastic deformation of polycrys-
talline materials, which consists of macroscopic models of which the parameters are to be
determined through a sub level calculations [13]; and Sfantos and Aliabadi (2007) developed
a multiscale boundary element method to study the material’s degradation and fracture [14].

In this work, we are focusing on using the multiscale cohesive zone model (MCZM) [15]
to simulate fracture in polycrystalline solids. In the MCZM, a two scale of coarse graining
are considered: one for the bulk medium and the other for the material interphase, in which
both the constitutive relations for both bulk materials as well as the interphase zone are con-
structed based on the atomistic potential, which takes into account the information of lattice
microstructure, and the Cauchy-Born rule is used to describe the corresponding deformations
inside. The MCZM has been employed to solve many practical problems. For instance, He
and Li (2011) used a multiscale embedded atom cohesive process zone finite element model
to simulate crack propagation in hyperelastic medium [16]; Zeng and Li (2012) employed the
method to study fracture in composites [17]; Liu and Li (2012) proposed a finite temperature
multiscale interphase zone model to study fracture process of metallic materials at finite tem-
perature [18]. In particular, Qian and Li (2011) have used the multiscale cohesive zone model
to study fracture in polycrystalline solids [19].

There are some key differences between the current work with that of [19]. In the original
work of Qian and Li [19], there are two main issues: (1) In the original MCZM formulation,
the deformation inside the cohesive zone is assumed to be homogeneous, and hence the first
order Cauchy-Born rule is employed in the interphase zone. To model the defect, a deple-
tion potential is employed to distinguish the bulk material and the interphase zone, which
essentially replaces an undamaged material with a composite material, even though in a weak
sense, the polycrystalline solid is a composite materials. However, this approach would limit
for the case of intergranular fracture. If one would like to model transgranular fracture by
using MCZM, one has to treat a single crystal as a composite media even before the damage
occurs. (2) Different from the conventional cohesive zone model, MCZM treats the interface
as a finite-thickness interphase, which introduces another geometric parameter — the thick-
ness of the interphase. In practice, how to choose such thickness parameter is debatable. In
the present work, we adopt two new approaches to deal with these two issues: (1) Employing
the higher order Cauchy-Born model to model the interphase zone and replacing the previous
depletion potential approach, and (2) Using integration by parts technique to convert the inter-
phase approach to the interface approach again, which not only reduces the order of the finite
element interpolation, but also eliminates the quadrature integration in the interphase zone,
making the formulation less dependent on the interphase thickness.

This paper is organized as follows. The modeling of the polycrystalline microstructure is
presented in Section 2. The theory of the MCZM is provided in Section 3, mainly focused on
the modeling of the bulk and cohesive zone. The finite element formulation of the MCZM is
presented in Section 4. In Section 5, we present the results of several numerical simulations.
Finally, we conclude the work in Section 6.
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(a) (b)

Fig. 1 Polycrystal mesh generation: (a) Voronoi cell; (b)Triangular bulk elements over grains.

Fig. 2 (online colour at: www.gamm-mitteilungen.org) Orientation of grains and grain boundary.

2 Polycrystalline microstructure

Voronoi tessellation has been widely used to generate randomly shaped microstructure of
polycrystalline solids in order to study the effect of polycrystalline grain morphology, e.g.
[12, 21, 22]. It can be seen from Fig. 1(a) that each Voronoi cell represents a grain, and
the edge between two neighbouring cells is considered as the grain boundary. By using the
method of Delaunay triangulation, triangle bulk elements are generated inside each grain. In
the cohesive Finite Element Method, cohesive zones are needed so that one can “glue” two
bulk elements together. As can be seen from Fig. 1(b), the triangular meshes are conforming
between adjacent grains, and it is very important in that cohesive zones are not only built up
for the interphase zones in the bulk, but also those along the grain edges.

From micro perspectives, each grain has a unique lattice orientation. In this work, each
grain is randomly assigned a lattice orientation αg , which implies that all the bulk elements
and the cohesive zones in one single grain will share the same lattice orientation. Note that
the superscript g represents granular region and the superscript gb denotes the zones on grain
boundaries. In addition, the lattice orientation of grain boundary zones αgb may be assigned
according to various principles or assumptions. For the sake of simplicity, in this work, the
lattice orientation of a grain boundary zone is chosen to be the average of orientations from
the two adjacent grains, i.e. αgb = 1

2 (αA + αB), as shown in Fig. 2.
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Fig. 3 (online colour at: www.gamm-mitteilungen.org) Multiscale Cohesive Zone Model:
(a) Triangular bulk element and cohesive zone; (b) Hexagonal lattice.

3 The multiscale cohesive zone model

In the MCZM, a global non-uniform deformation field is discretized into a set of bulk elements
with piece-wise uniform deformations, and they are connected by a finite-width cohesive zone
network (elements) that have highly non-uniform deformations. By making use of lattice
structure, lattice orientation and inter-atomic interaction potential, the effective constitutive
properties in bulk elements can be modeled by the first order Cauchy-Born rule, as shown in
Fig. 3(a). To characterize the inhomogeneous deformations in the cohesive zones, the second
order Cauchy-Born rule is adopted. The deformations of cohesive elements can be obtained
from the nodal displacements of surrounding bulk elements. In this way, the deformation
of the bulk elements is properly connected with the nonlinear deformation field inside the
cohesive zones. It is worth noting that the MCZM eliminates the discontinuous jump operator
approach in description of the displacement field, which is commonly used in the conventional
cohesive zone finite element method.

Without loss of generality, the following 12-6 Lennard-Jones potential is used to describe
inter-atomic interactions,

φbulk = 4ε
[(σ
r

)12

−
(σ
r

)6]
, (1)

where ε the depth of the potential well, σ the finite distance at which the atomistic potential is
zero, and r the atomistic bond length.

3.1 Modeling of bulk elements

In order to have an atomistic enriched constitutive model, the first order Cauchy-Born rule is
adopted to develop macroscale stress-strain relation. Based on the first order Cauchy-Born
rule, an arbitrary deformed bond ri can be related to the original undeformed bond through as

ri = Fe ·Ri, (2)

where Fe is the local deformation gradient tensor and can be obtained in each bulk element
as

Fe =
∂x

∂X

∣∣∣∣
X∈Ωb

e

, e = 1, 2, ..., nb
elem. (3)
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As shown in Fig. 3(b), if we consider the {111} plane of a FCC crystal, its unit cell is a six-
node hexagon , then the strain energy density function in each bulk element can be expressed
as

We =
1

2Ωb
0

nb∑
i=1

φ(|Fe ·Ri|) = We(Fe) , (4)

where the superscript b indicates bulk element, Ωb
0 is the volume of the unit cell in the referen-

tial configuration; φ(ri) is the atomistic potential, and ri = |ri| is the current bond length in a
unit cell. Note that in Eq. (4) there is an 1

2 factor in the front of the summation, this is because
that the pairwise potential φ(ri) is always shared by two atoms. With the strain energy den-
sity function, the constitutive relations for the bulk medium can be readily established. For
instance, the first Piola-Kirchhoff stress P can be obtained as

P =
∂We

∂Fe
=

1

2Ωb
0

nb∑
i=1

∂φ

∂ri

ri ⊗Ri

ri
. (5)

Similarly, the second Piola-Kirchhoff stress tensor and the Cauchy stress tensor can be derived
as well,

S =
1

2Ωb
0

nb∑
i=1

∂φ

∂ri

Ri ⊗Ri

ri
(6)

σ =
1

2Ωb
0

nb∑
i=1

∂φ

∂ri

ri ⊗ ri
ri

. (7)

3.2 Modeling of the interphase process zone

Due to the highly non-uniform deformation inside the cohesive zone, the first order Cauchy-
Born rule is not suitable to be employed in deriving constitutive relation. Instead, higher order
Cauchy-Born rules should be adopted. For instance, by using the second-order Cauchy-Born
rule, a deformed bond vector ri can be expressed as

ri = Fc ·Ri +
1

2
Gc : (Ri ⊗Ri), (8)

where the Gc is the derivative of the deformation gradient

Gc =
∂Fc

∂X
=

∂2x

∂X⊗ ∂X
. (9)

The subscript c indicates the quantity is defined within the cohesive zone. By assuming that
the lattice unit cell is a hexagonal unit cell inside the cohesive zone, the corresponding strain
energy density function can be written as

Wc =
1

2Ωc
0

nb∑
i=1

φ

(∣∣∣∣Fc ·Ri +
1

2
Gc : (Ri ⊗Ri)

∣∣∣∣) = Wc(Fc,Gc) . (10)
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Fig. 4 (online colour at: www.gamm-mitteilungen.org) Schematic in treating the cohesive zone as a
four-node quadrilateral element.

Note that Wc is a function of Fc and Gc. To characterize the internal virtual work, in addition
to the first Piola-Kirchhoff stress Pc, a higher order stress couple Qc is also defined in the
cohesive zone. They are expressed as follows,

Pc =
∂Wc

∂Fc
=

1

2Ωc
0

nc∑
i=1

∂φ

∂ri

ri ⊗Ri

ri
, (11)

Qc =
∂Wc

∂Gc
=

1

2Ωc
0

nc∑
i=1

∂φ

∂ri

ri ⊗Ri ⊗Ri

ri
. (12)

As can be seen, the modeling of the cohesive zone requires the computation of both the
deformation gradient Fc and the gradient of the deformation gradient Gc. In two-dimensional
case, if we choose the cohesive zone as a four-node quadrilateral element (see Fig. 4 ), it will
be sandwiched by two triangle bulk elements. In terms of finite element interpolation, one can
obtain

Fc = I +
∂N

∂X
· d (13)

and

Gc =
∂2N

∂X⊗ ∂X
· d, (14)

where I is the second-order identity matrix, N is FEM shape functions and d is the nodal
displacement vector.

For a quantitative estimation on the differences of cohesive strengthes in bulk elements
and cohesive zones, a benchmark test is performed on a quadrilateral element, as shown in
Fig. 5 (a). The load-displacement curve is shown in Fig. 5 (b), from which one can clearly
see that the peak force based on the first order Cauchy-Born rule (bulk) is higher than that of
the second order Cauchy-Born rule (cohesive zone). This implies that the higher order of the
non-linearity in the constitutive relations, the lower strength of the model. As a matter of fact,
compared to the bulk element, the cohesive zone is a relatively weak medium, where slip lines,
inclusion, dislocations and other defects might reside, and the test validates the assumption of
the proposed multiscale cohesive zone model.

www.gamm-mitteilungen.org c© 2015 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



274 H. Fan and S. Li: Computational modeling of fracture

Fig. 5 (online colour at: www.gamm-mitteilungen.org) Benchmark tests for the constitutive behaviors
based on the first order and the second order Cauchy-Born rules: (a) Schematic of the benchmark test;
(b) Load-displacement curve.

4 Finite element formulation of MCZM

In this Section, we derive the finite element formulation for MCZM.

4.1 Galerkin weak formulation via virtual work principle

Considering a polycrystal solid Ω, we can express its total kinetic energy as,

K =

∫
Ω

1

2
ρu̇ · u̇dV, (15)

where ρ is the mass density and u̇ is the velocity field in the continuum. The strain energy of
the continuum can be expressed as

Wint =

∫
Ω

W (F,G)dV, (16)

where W (·, ·) is the strain energy density function, which depends on both the strain measure
as well as the strain gradient measure. The total Lagrangian of the system is given by

L =Wint +Wext −K (17)

where Wext is the external potential energy. The Hamiltonian principle requires that S =∫ t2
t1
Ldt attain its stationary value, i.e. δS = 0, for all kinematically admissible variations,∫ t2

t1

(δWint + δWext − δK) dt = 0 (18)

The variation of the kinetic energy is

δK =

∫
Ω

ρu̇ · δu̇dV (19)
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Using integration by parts, one can show that∫ t2

t1

ρu̇ · δu̇dt = ρu̇ · δu|t2t1 −
∫ t2

t1

ρü · δudt = −
∫ t2

t1

ρü · δudt, (20)

where δu is chosen to be zero at time t1 and t2. The first variation of the internal energy is

δWint =

∫
Ω

{
P(φ) : δF + Q(φ)

...δG
}
dV. (21)

The first variation of the external potential energy can be expressed as

δWext = −
∫

Ω

b · δudV −
∫
∂Ωt

T̄ · δudS. (22)

The Galerkin weak form of the MCZM can be written as∫
Ω

(
ρü · δu + P(φ) : δF + Q(φ)

...δG
)
dV =

∫
Ω

b · δudV +

∫
∂Ωt

T̄ · δudS, (23)

which can also be expressed element-wise as,

nb
elem∑
e=1

{∫
Be

0

[
ρ0φ̈

h
· δφh + P (φ) : δF h

]
dV

}

+

nc
elem∑
e=1

{∫
Ce

0

[
P (φ) : δF h +Q(φ)

...δGh

]
dV

}

=

nb
elem∑
e=1

{∫
Be

0

B · δφhdV

}
+

nc
elem∑
e=1

{∫
Ce

0

B · δφhdV

}
+

∫
Γt

T · δφhdS ,

(24)

where Be
0 represents the domain of a bulk element, Ce

0 denotes the domain of a cohesive
element, Γt is the traction boundary of the system, and Se

c := ∂Be
0/∂tB

e
0 .

Note that all the kinematic variables with a superscript “h” represents the corresponding
FEM interpolation fields. The local FEM approximation of the displacement field can be
expressed as,

uh(X) =

nnode∑
I=1

NI(X)dI . (25)

Substituting Eq. (25) into the weak form of Eq. (24) and following the standard FEM proce-
dure, one can obtain the discrete equations of motion as,

Md̈ + f int(d) + f cohe(d) = fext , (26)
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where

M =

nb
elem∑
e=1

∫
Be

0

ρ0N
eTNedV, (a)

f int =

nelem∑
e=1

∫
Be

0

BeTPe(d)dV, (b)

fext =

nelem∑
e=1

{∫
Be

0

NeTBedV +

∫
∂tBe

0

NeT T̄edS

}
, (c)

f cohe =

nc
elem∑
e=1

{∫
Ce

0

[
BeTPe

c(d) + CeTQe
c(d)

]
dV

}
, (d)

(27)

where
∑

is the element assemble operator, Ne is the element shape function matrix, Be

is the element strain-displacement matrix, i.e. the B-matrix, and the gradient of the stain-
displacement matrix is defined as Ce := ∂2Ne

∂X⊗∂X .
The explicit time integration is used in the computation to obtain the nodal velocities and

displacements, which is based on the Newmark-beta method with β = 0, γ = 0.5 [23].
Note that in Eq. (27) (d), the cohesive force contribution is evaluated through a quadrature

integration in the interphase, and its accuracy depends on how well the finite element inter-
polation field can capture the second order gradient of the displacement field. Moreover, it is
also sensitive to the thickness of the interphase zone.

4.2 Interface cohesive law via integration by parts

As one may have noticed, the evaluation of the cohesive force vector f cohe in Eq. (27) (d)
requires the second derivatives of the finite element shape functions, and in this paper, the
interphase zone element used is a four-node quadrilateral element, or a bilinear iso-parametric
element, and it only contains one second order term polynomial xy, so it is insufficient to
capture strain gradient effects.

To resolve this issue, we present an alternative approach in evaluating cohesive force con-
tribution from the cohesive zone elements. Based on the finite element formulation presented
in Eq. (27) (b) for internal cohesive force and by consecutive integration by parts, one can
obtain ∫

Ωe

(
P(φ) : δF + Q(φ)

...δG
)
dV

=−
∫

Ωe

∇X · (P−∇X ·Q) · δudV +

∫
∂Ωe

[(P−∇X ·Q) ·N] · δuds

+

∫
∂Ωe

(Q ·N) : δFds,

(28)

in which the bulk term will disappear by considering the inertia term and body force in the
interphase zone,

∇X ·
(
P−∇X ·Q

)
+ B = ρü , ∀X ∈ Ωc . (29)
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Therefore, the virtual work contribution from the cohesive force becomes a boundary integra-
tion,

δWcoh =

∫
∂Ωe

[(P−∇X ·Q) ·N] · δuds+

∫
∂Ωe

(Q ·N) : δFds, (30)

in which there are no terms that require evaluating the second derivative of FEM shape func-
tion in explicit expressions. Even though theoretically we still need them when evaluating
deformed bond distance, ri, which implicitly depend on strain gradients. However, in actual
computations, we approximate ri ≈ FRi, while using Eq. (12) to calculate the value of the
couple stress. Therefore, in real computation, we never use the second derivative of FEM
shape functions. It may be noted that the divergence of the first Piola-Kirchhoff stress and
that of the divergence of the second order couple stress can be directly obtained analytically
through Eq. (11) and (12), respectively.

In fact, if we ignore the second term in Eq. (29), Eq. (30) provides a higher order interface
cohesive law,

T := (P−∇X ·Q) ·N, ∀X ∈ ∂Ωe

which is derived from the atomistic potential inside the interphase process zone, and it reflects
the lattice microstructure of the interphase zone. In principle, it should be more accurate than
the empirical cohesive law used in the conventional cohesive zone model. Moreover, if we ne-
glect the second term in Eq. (29), this atomistic-based cohesive law is also independent from
the thickness of the interphase zone. Finally, we obtain a bona fide multiscale cohesive zone
model without introducing any ad hoc cohesive relation and additional material parameters.
The evaluation and assessment on the effects of the second term in Eq. (29) will be reported
in a separated paper.

5 Numerical simulations

In this section, several numerical examples are presented, to demonstrate the capability of the
proposed cohesive zone model, in the simulations of crack propagation and spall fracture in
polycrystalline solids.

5.1 Crack prorogations in polycrystalline material

As shown in Fig. 6, a two-dimensional plate with dimension (2 mm × 2 mm) is subjected
to unilateral tension in Y direction. Using the cohesive FEM, the plate is discretized into
121 grains and 2,376 bulk elements, which contains 3484 cohesive elements in total in the
system. A pre-crack is set along several grain boundaries on the left side of the plate. The
time step size is chosen to be ∆t = 1 × 10−10s in the simulation. It has been postulated
that if the strength of the cohesive zone between bulk elements inside the grain is different
from those on the grain boundary, the crack path might be different. In this work, the strength
of the cohesive zone is characterized by the depth of the potential. Two different cases are
considered in this example, i.e, εgb = εg and εgb = 0.5εg , where εg denotes the depth of the
potential in the cohesive zones within the grains and εgb represents the depth of the potential in
the cohesive zones on the grain boundaries. From Fig. 7, it can be seen that a crack propagates
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Fig. 6 Schematic of the unilateral tension

(a) (b) (c) (d)

Fig. 7 (online colour at: www.gamm-mitteilungen.org) Crack propagates through grains: (a) t=1.5
µs; (b) t=2.5 µs; (c) t=3.5 µs; (d) t=4.5µs. The simulation is conducted by adopting the second-order
Cauchy-Born rule in the cohesive zone.

through grains in the first case. However, for the second case, the crack path follows closely
along the grain boundaries as shown in Fig. 8.

5.2 Comparison studies

In this subsection, in order to examine numerical performance of the proposed MCZM method,
a comparison simulations with exact the same parameters and problem setup of the previous
transgranular fracture example has been carried out. In the comparison simulation, the defor-
mation inside the cohesive zone is assumed to be uniform, and the first order Cauchy-Born
rule is adopted in the cohesive element. The numerical result is given in Fig. 9. It can be seen
that two methods produce similar crack prorogation paths. To take a closer look, the crack
morphologies obtained from both methods are plotted in Fig. 10. It is shown that as the crack
propagation progress, the crack surfaces become very wavy if adopting the first order Cauchy-
Born rule in the cohesive zone. This can be attributed to several factors. First, the first order
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(a) (b) (c) (d)

Fig. 8 (online colour at: www.gamm-mitteilungen.org) Crack propagates along grain boundaries:
(a) t=1.5 µs; (b) t=2.0 µs; (c) t=3.0 µs; (d) t=4.0µs. The simulation is conducted by adopting the
second-order Cauchy-Born rule in the cohesive zone.

Cauchy-Born rule cannot correctly capture the non-uniform deformation inside the cohesive
zone. Second, because of the uniform deformation assumption, zero energy modes may exist
during the simulations. Consider the case with uniform deformation on a four-node cohesive
zone element that is subjected to bending mode 1 or 2 (see Fig. 11 (a)). The lengths of the
dotted lines and the angle between them remain unchanged during the deformation, which
means that all the stress components at the integration point is zero. This cohesive element is
unable to resist these type of deformations, and no stiffness is associated with any of the two
bending deformations, and both are essentially zero energy modes. On the contrary, using the
second order Cauchy-Born rule and adopting a reduced two-point integration in the cohesive
zone element, the crack surface are very smooth. As shown in Fig. 11(b), if the cohesive
element is subjected to a bending of mode 1, the horizontal dotted line clearly has a change in
length, and it ‘feels’ the deformation, which will produce non-zero stress components in the
two integration points, indicating that this type of mode can be characterized in the two-point
reduced integration. Apparently, if the cohesive element is subjected to a bending of mode
2, the horizontal dotted line does not have any change in length, and it is also a zero-energy
mode. In this study we stick to the reduced two-point integration scheme, instead of a 2 × 2
quadrature integration for the following reason. In MCZM, the aspect ratio of a typical co-
hesive element is very small (a/L = 10−3 ∼ 10−1) [19], which means the positions of the
four integration points (not shown in the figure) would almost overlap under a deformation of
mode 2. Of course, there are other possible zero-energy modes, but it is generally preferred
to integrate with the minimum order of integration for stability to eliminate possible zero en-
ergy modes. To keep down the computation cost, the reduced two-point integration scheme is
thus adopted. Based on the result shown in Fig. 10, in practical application, the second order
Cauchy-Born rule is recommended for the cohesive zones.

5.3 Simulations of spall fracture under high speed impact

Numerical simulation of spall fracture is a challenge that has been elusive for many existing
numerical methods e.g. [24–26]. In this example, numerical simulations have been carried out
to simulate spall fractures under high-speed impact by using the proposed model. As shown
in Fig. 12, the left is a rigid block with impact velocity v = 200m/s, the right is the target
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(a) (b) (c) (d)

Fig. 9 Crack propagates along grain boundaries: (a) t=1.5 µs; (b) t=2.0 µs; (c) t=3.0 µs; (d) t=4.0µs.
The simulation is conducted by assuming the deformation is uniform (first order Cauchy-Born rule) in
the cohesive zone.

(a) (b) (c) (d)

Fig. 10 Crack surface morphologies at t = 3.0µs. (a) Trans-grainular—uniform deformation in the
cohesive zone; (b) Trans-grainular—second-order Cauchy-Born rule in the cohesive zone; (c) Inter-
grainular—uniform deformation in the cohesive zone; (d) Inter-grainular—second-order Cauchy-Born
rule in the cohesive zone.

block with dimension 1 mm × 2 mm. The target block is discretized into 861 grains and
4,838 triangular bulk elements. The same as in the first example, the lattice orientations for
bulk elements are randomly selected based on the different grains, and the orientation of the
cohesive zone is set to be the average of the two adjacent bulk elements. The second order
Cauchy-Born rule is adopted in the cohesive zones, and the simulation time step is chosen as
∆t = 1× 10−10s. The contact algorithm in ( [27]) is employed to enforce the exact impene-
trability condition in a single time step. It can be observed that the wave propagation initially
starts from the contact surface, and it bounces back after reaches to the opposite boundary. By
using different cohesive strengthes in cohesive elements, bulk elements, and grain boundary
cohesive elements, spall fracture under high speed impacts has been successfully captured as
shown in Fig. 13 and 14.
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Fig. 11 (online colour at: www.gamm-mitteilungen.org) Zero energy modes of the two different ap-
proaches. (a) uniform deformation (one-point integration) in the cohesive zone; (b) non-uniform reduced
two-point integration in the cohesive zone.

(a) (b)

Fig. 12 Example of high speed impact: (a)Sketch of impact model; (b) Mesh of the specimen.

6 Discussions

In this work, a multiscale cohesive zone model is employed to model fractures in ploycrys-
talline solids. The MCZM makes use of the atomistic information, such as lattice structure and
orientation in the polycrystalline solid to characterize the constitutive relations. The MCZM
employs the first order Cauchy-Born rule in the bulk material and the second order Cauchy-
Born rule in the cohesive zones to construct the constitutive relations of the bulk and interface
based on an atomistic pair-wise potential. Using a benchmark test, it is shown that the higher
order of the non-linearity in the constitutive relations, the lower strength of the model. That
is, the resulting interface constitutive strength in the cohesive zones is weaker than that in the
bulk, as what is expected.
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(a) (b) (c) (d)

Fig. 13 (online colour at: www.gamm-mitteilungen.org) Spall fracture propagates through grains: (a)
t=0.5 µs; (b) t=1.0 µs; (c) t=1.2 µs; (d) t=1.4µs.

(a) (b) (c) (d)

Fig. 14 (online colour at: www.gamm-mitteilungen.org) Spall fracture propagates along grain bound-
aries: (a) t=0.5 µs; (b) t=1.0 µs; (c) t=1.2 µs;
(d) t=1.4µs.

It is demonstrated that the MCZM can predict both inter-granular and trans-granular frac-
tures and their transitions in the simulation of crack propagation. Based on a comparison
study of the crack surface morphologies of the simulations obtained from the first and second
order Cauchy-Born rules in the cohesive zones, it is revealed that the second order Cauchy-
Born and the reduced integration (2 × 1) in the cohesive zone are of great significance and
the method proposed is much better in terms of numerical performance. The second order
Cauchy-Born is better in capturing the highly non-uniform deformation in the cohesive zone
and helps produce cohesive zone regions weaker than the bulk. The reduced integration is
needed to eliminate the zero energy modes and avoid shear locking while at the same time,
maintain the low computational cost and computation accuracy. In addition, without any arti-
ficial viscosities, the spall fracture of a specimen under high-speed impact loads are captured
by using the proposed method. The numerical simulation results are in good agreements with
the experimental observations.
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Last, we would like to point out that the standard first order Cauchy-Born rule can only
be used in macroscale constitutive modeling, when deformation is uniform. So it cannot be
used in simulation of fracture or material failure, where at the crack tip the deformation is
highly non-uniform and nonlinear. Moreover, the conventional cohesive zone model (CZM)
uses an interface cohesive law to govern the material strength, in which the interface strength
is independent from the bulk material properties. The main criticism to CZM is that it uses a
“composite material” (bulk element + cohesive zone) to replace a virgin homogeneous mate-
rial, because the interface is a weak zone in a priori. To overcome this difficulty, in this paper,
we propose to use different order of Cauchy-Born rules for bulk elements and for interphase
zones, while keeping the material’s atomistic potential the same in both bulk elements and the
interphase zone so that we can avoid introducing “numerical composite material” to replace
the original material that is under examination.

Since higher order Cauchy-Born rule can capture nonlinear and non-uniform deformation,
it makes sense to use it to simulate interphase zone, which may become a potential defect or
failure zone. This is a novel idea for establishing a local material failure criterion, which is
proposed by the present author in [28]. In the present paper, we use it to simulate fracture of
polycrystal materials, and we have shown that it works fine. On the other hand, the standard
X-FEM uses linear elastic fracture mechanics (LEFM) fracture criterion to grow crack, which
is still a phenomenological material failure criterion. Can we use the higher order Cauchy-
Born rule to replace LEFM fracture criterion ? or can we use it as the fracture criterion in
nonlinear material media in combination with X-FEM mesh updating technique ? We would
think that this is one of the future research directions.
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