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In this work, we have derived a multiscale micromorphic molecular dynamics (MMMD) from
first principle to extend the (Andersen)-Parrinello-Rahman molecular dynamics to mesoscale and
continuum scale. The multiscale micromorphic molecular dynamics is a con-current three-scale
dynamics that couples a fine scale molecular dynamics, a mesoscale micromorphic dynamics,
and a macroscale nonlocal particle dynamics together. By choosing proper statistical closure con-
ditions, we have shown that the original Andersen-Parrinello-Rahman molecular dynamics is the
homogeneous and equilibrium case of the proposed multiscale micromorphic molecular dynam-
ics. In specific, we have shown that the Andersen-Parrinello-Rahman molecular dynamics can be
rigorously formulated and justified from first principle, and its general inhomogeneous case, i.e.,
the three scale con-current multiscale micromorphic molecular dynamics can take into account
of macroscale continuum mechanics boundary condition without the limitation of atomistic
boundary condition or periodic boundary conditions. The discovered multiscale scale structure
and the corresponding multiscale dynamics reveal a seamless transition from atomistic scale to
continuum scale and the intrinsic coupling mechanism among them based on first principle for-
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mulation. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4916702]

I. INTRODUCTION

In principle, the molecular dynamics (MD) can simulate
motions of any macroscale objects that contain as many
atoms as possible, provided that we had sufficient computing
power. However, a macroscale system has at least more than
10%* atoms in order to contain one mole material substance,
and it requires more than 10" integration time steps for a
MD computation to achieve a second duration of real-time
simulation. These pose great challenges to computer speed,
CPU time, and data storage. Therefore, the main objective of
the current multiscale methods is mainly about how to device
a clever computation algorithm to save computing time and
resource rather than discovering new physics through multi-
scale analysis.

In this work, we would like to look from a different per-
spective. Suppose that if we had the exascale computing
capacity (capable of at least one exaflops 10'8s~1), or maybe
zettascale computing capacity (capable of at least one zetta-
flops is 10?'s™1), or even yottascale computing capability (ca-
pable of at least one yottaflops 10?*s~"), which will allow us
conducting molecular dynamics simulation of a macroscale
system without worrying of computing speed, the question is
now: can we use first principle based molecular dynamics
simulation to find the motion or deformation of a macroscale
system? The answer is NO, and this is why: When we study
macroscale physics such as continuum mechanics or contin-
uum thermodynamics, we mainly deal with macroscale statis-
tical variables such as temperature, stress, diffusion
concentration or flux, etc., and we seek them as the solution of
various macroscale field models or governing equations, and
in these models we often wuse these statistical or
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thermodynamics variable based macroscale boundary condi-
tions in solution procedures. For example, the displacement
boundary condition that we use in continuum mechanics is
not the atom displacement boundary condition, but a statistical
condition that characterizes the center of mass of a cluster of
atoms on the boundary. As matter of fact, the so-called Lees-
Edwards boundary condition is a special case of such macro-
scale boundary adopted in molecular dynamics, though it is
not an arbitrary macroscale displacement boundary condition
but a periodic macroscale boundary condition.”'? This is also
true for the traction boundary condition in continuum mechan-
ics, and how to enforce the macroscale traction boundary con-
dition in molecular dynamics is still an open question.®’

If we wish to use first principle based molecular dynam-
ics to find thermodynamics field variable distributions at
macroscale, we must know how to apply macroscale bound-
ary conditions to molecular dynamics simulations, or con-
duct MD simulation with macroscale boundary conditions.®’
We must know how to prescribe and to extrapolate desirable
macroscale thermodynamics variable information for a given
microscale atomistic simulation, if we wish to relate first
principle atomistic simulation to macroscale experiments or
measurements. Without this knowledge, we cannot use first
principle atomistic simulation in macroscale or even nano-
scale engineering applications. In other words, the first
principle-based atomistic simulation may not be able to sim-
ulate a macroscale physics event without multiscale treat-
ments. The objective of this work is about how to construct a
multiscale micromorphic molecular dynamics (MMMD) that
is capable of solving macroscale continuum mechanics prob-
lems subjected by macroscale boundary conditions.

To set up a solid physical and mathematical foundation,
we start the presentation from the equilibrium (Andersen)-

© 2015 AIP Publishing LLC
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Parrinello-Rahman (APR) molecular dynamics. Thirty some
years ago, in his seminal work, Andersen' first proposed an
isoenthalpic-isobaric ensemble of MD allowing the volume
of a cubic lattice cell to vary. Subsequently, Parrinello and
Rahman®”%° elegantly extended Andersen’s formalism to the
anisotropic case allowing both the volume and the shape of a
MD cell to vary. Since then the APR molecular dynamics
has become the standard protocol in molecular dynamics
simulations of structural transformation and phase transition.

However, the APR-MD approach has not been thor-
oughly understood, and this is reflected in both its physical
foundation as well as how to extend it beyond the restriction
of periodic boundary condition, so that it can bridge across
different length scales. Moreover, the APR-MD Lagrangian
has been viewed as an ad hoc construction, as Parrinello and
Rahman once commented in Ref. 26, “... Whether such a
Lagrangian is derivable from first principles is a question for
further study; its validity can be judged, as of now, by the
equations of motion and the statistical ensembles that it
generates....”

In recent years, there have been renewed interests in
revising APR molecular dynamics, e.g., Refs. 11, 20, 21, and
27, which attempted to extend APR MD to non-equilibrium
condition and macroscale simulation. On the other hand,
there have been many efforts to formulate multiscale coarse-
grained molecular dynamics, e.g., Refs. 2, 13, 16-18, 28, 29,
33, and 36 among many others. In particular, in a series
work Chen and Lee®” have discovered that multiscale
decomposition of atomistic molecular dynamics will lead to
a multiscale micromorphic dynamics. In fact, the micromor-
phic continuum theory is an intrinsic multiscale theory,® and
recently Vernerey et al. have found and utilized the multi-
scale micromorphic structure to construct multiscale homog-
enization methods.* In this work, we unveil that there exists
a universal multiscale micromorphic microstructure in atom-
istic molecular dynamics that will allow us to apply macro-
scale boundary condition to nonequilibrium molecular
dynamics. Under general non-equilibrium conditions, APR
molecular dynamics can be extended to form a three-scale
particle dynamics from microscale to mesoscale, and finally
to continuum macroscale mechanics.

The objective of this work is threefold: (1) Partition first
principle based molecular dynamics into different scales to
achieve a multiscale molecular dynamics that can bridge at-
omistic scale with continuum scale; (2) develop a nano-
mechanics paradigm that can solve small scale engineering
problems in finite domains by applying macroscale boundary
conditions, and (3) simulate phase transition of crystalline
materials in an arbitrary local region under non-equilibrium
condition.

The paper is organized into five sections. In Sec. II, we
shall review and re-interpret the original APR-MD from
first principle. In Sec. III, we present the detailed mathe-
matical analysis of the MMMD, including the discussion of
multiscale decomposition. In Sec. IV, we shall validate the
proposed multiscale micromorphic molecular dynamics by
using it to simulate crystal phase transformation. Finally, in
Sec. V, we close the presentation by making few comments
and remarks.

J. Appl. Phys. 117, 154303 (2015)

Il. THE ANDERSEN-PARRINELLO-RAHMAN
MOLECULAR DYNAMICS

As proposed by Parrinello and Rahman,”® a MD cell is
allowed to change its volume and shape, which is described
by a 3 x 3 matrix h whose column vectors a, b, ¢ are three
edges of the cell. The spatial positions of atoms r;,i =
1,2,...,N thus can be written in terms of h and the local
coordinates S;, which is given as,

r, = h(l) . S,’(l) = é,‘a + ’Lb + Cic7 (1)

where i=1, 2,..., N is the index of the atoms, and &;, n;, {;
are the projections of the local atom position vector S; onto
the representative MD cell edge vectors a, b, and c. Note
that the local atom coordinates are with respect to the center
of mass of the MD cell, which is chosen as the origin of the
local coordinate for the representative MD cell.

Remark 1. First since based on definition the center of
the cell is the origin of the local coordinate S;, and

—0.5 < &(1),mi(1),§i(1) < 0.5.

Therefore, one may view S; as statistical coordinates or varia-
bles. Hence, in the rest of the paper, we call the ensemble of
local atom positions S; € Bg as the (equilibrium) statistical con-
figuration of the atomistic system. Second, both the cell size and
local coordinates vary with time. Moreover, each MD cell is a
set with a fixed (controlled) number of atoms that have fixed
mass, but it allows the intrusion of the atoms from the other cells
without accepting their membership. Therefore it is neither a
fixed control volume (Eulerian), nor a closed control mass
(Lagrangian) ensemble.

The original Lagrangian of the Andersen-Parrinello-
Rahman molecular dynamics for an isoenthalpic-isobaric
(NPH) ensemble is given as,

EZEZW!,S,GSI'FEWTF(h h) —EZ;V(I‘U) —pQ,
()

where p is the hydrostatic pressure results from the environ-
ment, i.e., the interaction from the atoms outside the cell;
G =h" -h; Q is the current volume of the cell, m; is the
mass of the i-th atom; V' is the interatomic potential; 77(-) is
the trace operator, and W is a quantity with unit of
mass x length?, which was not thoroughly justified in the
original PR-MD formulation.

The Euler-Lagrangian equations of the PR molecular
25,26

dynamics are,
doL oL
dioh oh ©)
doL 0L
——— = 4
dt 0S; 0S; “)

Following the standard procedure, one may derive the equa-
tions of motion for each atom, which are given as follows:

. V' (r; L
#i

ml‘l‘,‘j
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Wh = _(avirial +pI) -h7Q. (6)

In Eq. (6), 6yiq 1s the virial stress that is defined as,

1 1 I Qrj
Gyirial = 52 <—min‘ ®v;+ EZ V' (i) (jlj> ) » (D

i i

where Q is the volume of the MD cell in the current configu-
ration, and the fine scale velocity v; is defined as

Vi:h'si. (8)

The original APR-MD is actually a multiscale method,
and it couples the mesoscale kinematic variable h with the
microscale variables S;. It is probably the earliest attempt to
establish multiscale relationship between kinematic variables
at different scales. To describe the mesoscale more naturally,
Podio-Guidugli*’ suggested an alternative formulation of
APR-MD based on the concept of nonlinear continuum
mechanics.'® The basic idea is using the well-defined defor-
mation gradient F to replace the shape tensor of a MD unit
cell, h, which is defined by

F=h()- h,', 9)

where h is a second order tensor that maps the MD statisti-
cal configuration (S-configuration) to a continuum referential
configuration (R-configuration), i.e., R;=hg S;, so that we
can use the concept as well as the language of the material-
spatial configuration or the Lagrangian-Eulerian description
in continuum mechanics in atomistic computations. The
relationships among S-configuration, R-configuration, and
r-configuration are illustrated in Fig. 1.

In fact, the idea had been suggested in Parrinello and
Rahman’s original paper,®® and they suggested using
hy = (h(#)), which indicated that they had vaguely antici-
pated a reference configuration thirty years ago. Therefore, in
terms of the deformation gradient, we can write,

J. Appl. Phys. 117, 154303 (2015)

ri=h-S;=h-h;' R, =FR;, R, =hy S, (10)

where r; are the local atom position (relative to the center of
mass) in the current configuration, whereas R; are defined as
the local atom position in the referential configuration.
Remark 2. In continuum mechanics, the referential con-
figuration is often treated as the initial configuration, which
means that the configuration of the system is in its initial
state, or it is the frozen state of the system at initial time.

In an atomistic lattice system, it makes sense to specify
the initial lattice configuration, i.e., ho =h(0) but it does not
make sense to specify the initial atomic vibration state,
because atoms are always oscillating in the lattice, and we
cannot freeze atom vibrations if temperature is not zero. The
atom vibration only stops when the temperature of the system
reaches to absolute zero. Therefore, in both S-configuration
and R-configuration, both Si(t) and Rit) are function of
time. In fact, one may want to distinguish the time scale as
well. For the time t in Si(t) and Ry(t), it is a fine scale time,
which has an atomistic time scale; whereas the time variable
tin h(t) has a much larger time scale, i.e., at mesoscale.

By introducing the second Piola-Kirchhoff stress,

S =det(F)F ' . 6F T, (11)

where ¢ is the external Cauchy stress, one may set forth an
anisotropic Lagrangian as follows:

1 . . 1 LT
LZ:EZmiRi-C-Ri+§WTr(F ¥)

— %ZZV(”}-) + 8 : EQy, (12)
i A
where C=F" F is the right Cauchy-Green tensor, E :%
(C —1) is the Green-Lagrangian tensor, S is the externally
applied stress, and €, is the referential volume. Thus, the
equation of motion

Referential Current
Configuration Configuration
—1
c(0) F=h-h c(t)
a(0) a(t
hO h ( ) FIG. 1. Differential maps between dif-
ferent lattice configurations of APR-
MD, h = [a(7), b(1), ¢(r)).
E3
E,
E,

Equilibrium Statistical
Configuration
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mir,-j

R, = - Z<m> (Ri—R)—-C'-C-R;, (13
ji

WF = —QoF(S,irias — 8°), (14)

where € is the volume of MD cell in the referential configu-
ration, and

1 . . 1 V’(I’[j)
Svirial = =~ -mR; @R; + -
, QO;( mR R+ 13

7
< (R R (R - R )

1 ) | V(1
:Q_OhO'Z<_miSi®Si+EZ¥

i )

X (S;—=8i)® (S — Si)) “hg . (15)

Remark3. (1) The referential atom position is defined as
R;=hg S;, which is not a frozen initial configuration as that
of continuum mechanics. It is a referential equilibrium con-
figuration. In the rest of the paper, we refer the configuration
{S;} as the statistical configuration. (2) The anisotropic
Lagrangian given in Ref. 27 may have a typo.

In the above derivations, one can see that the approach of
using deformation gradient to replace the shape tensor is more
convenient to establish an anisotropic multiscale molecular
dynamics. However, the modified APR-MD is still limited to
a single representative volume element (RVE) cell under
equilibrium condition due to its periodic boundary condition
and constant stress condition. To overcome this limitation, in
Sec. III, we shall discuss a multiscale micromorphic molecular
dynamics that is applicable to arbitrary domain with arbitrary
macroscale boundary conditions, i.e., it is a multiscale
molecular dynamics that supports non-uniform stress field,
and it can be subjected to general non-equilibrium conditions.
One may note that in molecular dynamics, if spatial distribu-
tion of stress is non-uniform, the atomistic system may not be
regarded as a mechanical equilibrium state.

. MMMD

In this section, we shall present a complete mathemati-
cal analysis of the multiscale micromorphic molecular dy-
namics (MMMD), which is an extension of the PR-MD to
non-equilibrium state and the molecular systems of finite do-
main with arbitrary macroscale boundary conditions.

A. Multiscale decomposition

To extend APR molecular dynamics to mesoscale and
continuum scale with arbitrary boundary conditions, we first
divide the whole atomistic system into many micromorphic
cells or local ensembles, and then we consider the following
micromorphic multiplicative decomposition for the spatial
atomic position in the oath MD cell,
o=1,2,....M;

I; =Ty + Iy, i:1727--'7Na7 (16)

J. Appl. Phys. 117, 154303 (2015)

where r; is the spatial position of the ith atom of the a-cell in
the deformed configuration; r, is the center of mass of oth
unit cell that is defined as,

r, = Zmiri/Zmi . (17)

Since r,; is the relative position vector with respect to the
center of the mass of the cell, and by the definition,

Zmirm- =0. (18)

In Eq. (16),

Li=¢, S and ¢, :=F, 1, (19

where ¢, is the total deformation tensor of the ath cell, and
S; is statistical coordinates for the ith atoms inside the oth
cell. Here, the second order tensor g, is the shape tensor of
ath cell, i.e., x, = h,. Instead of using Parrinello-Rahman’s
notation, in this paper we use a different symbol. On the
other hand, F, = F,({rs}) is the coarse scale deformation
gradient that is determined by the overall motion of all cen-
ters of mass of every cells, and it is completely determined
by relative positions or distribution of centers of mass
(denoted by {rg}) of different cells. In Fig. 2, we show a dis-
tribution of centers of mass. F, together with y, constitute
the total deformation gradient ¢,,.

Since the centers of mass are a set of discrete points, it
is not a continuous field, and we cannot take spatial deriva-
tive on it. In practice, however, we can still determine F,, by
using various numerical techniques. For example, we can
employ the approach adopted in reproducing kernel particle
method'? or the state-based peridynamics.™® Let

R1 = l‘%(())7 and Ra/; = R/g - R“ s

(20)

Fyp =Tp — Iy,

where the Greek subscripts are indices of the particles that
are the center of mass of micromorphic cells.
We can then construct the so-called moment matrix (see

Ref. 14),
N

M, := > o(|Rys| )R, @ RypQyo, 1)
p=1

where ® is the tensor product operator, {p is the equilib-
rium volume of the fith cell, N, is the number of neighboring
centers of mass, and w(|R,p|) is a localized positive window
function. The local deformation gradient tensor can then be
constructed as

Ny

F, = (Z O(Rop )1y @ Raﬁ9ﬁ0> M@
p=1

Note that o(|R,g|) is a localized positive window function,

and common choice is the Gaussian function or the cubic

spline function. The Gaussian is defined as

- 1 X X 3
wp(x) = WGXP (— h_z)’ (23)
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where d is the space dimension and # is the radius of
the support. The cubic spline function is often defined
as,

3 3
1—§£+Zf, 0<x<l
(Uh<x)—ﬁ %(2—)()3, 1<x<2 (24)
0, otherwise

where again d is number of space dimension, / is the radius
of the compact support, and

2/3 1d
A={10/(2n) 2.
1/n 3d

The initial position of the center of mass, R, =r,(0), is
designated for the center of mass for all MD cells. The defi-
nition makes sense because that the time scale in r, is a slow
scale. For all the atoms in a representative MD cell, say, ath
cell, we can define

R,‘ = R% + Rm’, where foi = XOSi . (25)
As mentioned above, this is the initial equilibrium configura-
tion but not the initial “frozen” configuration.

It may be noted that in the above equation, we define R;
as the total position vector of the ith atom of the ath cell in the
referential configuration, whereas in the original PR-MD, i.e.,
Eq. (10), R; is viewed as the relative atom position vector in
the representative cell in the referential configuration, which
is equivalent to R,; in Eq. (25). This is because that in PR-
MD the position of the center of mass in the representative

cell is the origin of the coordinate R, =0, because there is
only one MD cell; whereas in MMMD, the position of the
center of mass of a micromorphic cell no longer occupies the
origin of the global coordinate, i.e., R, # 0, because there are
many MD cells.

By doing so, we can describe the equilibrium referential
configuration Bg. One can see that this definition is consist-
ent with kinematic assumption,

ri:r“+rmi:ra+F“-xx~Si. (26)
Based on Eq. (26), we may define an intermediate referential
configuration,

Ri=R;+Ru=Ry+1y,-Si 27
so that the coarse scale deformation gradient becomes the de-
formation gradient in the rigorous sense of continuum
mechanics.

To summarize, in the proposed multiscale micromorphic
molecular dynamics, there are four configurations: the statis-
tical configuration By, the equilibrium referential configura-
tion Bg, the intermediate configuration B;, and the current
configuration B,.. In Fig. 3, we show the deformation maps
that connect these configuration spaces.

Remark 4. (1) First, each MD cell is a supercell of the
underline lattice, or atom cluster, and it is not the smallest
unit cell. More precisely, it is set of atoms in a local ensem-
ble rather than in a local fixed spatial region or volume.

(2) It may be noted that in the modified PR-MD?* F :=
h - hy ! with hy := (h(t)), which is a mesoscale variable, i.e.,
it is at the same scale as the mesoscale variable h(t). A short-
coming for such approach is that the definition of hg is poste-
rior. Whereas in MMMD, ¥, are solely determined by the
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relative positives of set of centers of mass for MD cells,
therefore, they are coarse scale variables.

(3) In the modified PR-MD " the deformation gradient F
is essentially a mesoscale map R; — r;; whereas in MMMD,
the deformation gradient ¥, is a coarse scale deformation
gradient depending on the positions of centers of mass of dif-
ferent MDD cells in both the current configuration as well as
the referential configuration, i.e., R, — r,.

Note that r,(¢) are independent from fine scale statistical
variables, therefore, it makes sense to specify its initial value
r,(0), whereas in the fine scale S;(0) may not be used as a
reference value. It may be tempting to define

Rai = R,’ — Ro’ = I'a,'(O) .

However, such definition would be meaningless, because
r,(f) are functions of atomic time scale, which really do
not have a special time instance that can be used as the
initial mark of the beginning that is suitable for every oscil-
lating atoms. In fact, R, (r) = x,0S:(7), and it oscillates all
the time.

In the proposed multiscale method, we have introduced
four different configurations in a representative cell o: (1)
The spatial configuration, i.e., the r-configuration, in which
r; € Q. (2) the intermediate equilibrium configuration, i.e.,
‘R-configuration, (3) the referential equilibrium configura-
tion, i.e., the R-configuration, in which R; € Q,, and the sta-
tistical configuration S;. It may be noted that in the
configuration spaces 13;, Bg, the centers of mass coordinates
are the same, i.e., R,, whereas for the statistical configuration
space Bg, it varies cell by cell, and the coordinates of the
center of mass for each cell are zero.

Even though the referential configuration is not essential
in the fine scale calculation, but its information is needed in
the coarse scale computation. To make the deformation
decomposition at each scale clear, we consider the following
atomic position decomposition:

ri=r,+r, = ri:ra+Fx'Rai:rd—’_F“.xx-Si’
(28)

where
Rui= 2y Si-

Subsequently, we can decompose or separate the atomistic
displacement into three different scales,

u;, = (ro: - Roz);
i, = (F, -y, — 1,)S;; (29)
u; = (Xy - x:xO)Sia

where u;, u;, u; denote macroscale, mesoscale, and micro-
scale displacements. Apparently, three of them together con-
stitute the total displacement u;, which can be expressed as,

u,~=ﬁ,~+ﬁ,~+u;=r,~—R,~. 30)

Considering the length scale of the displacements as || u; ||= /.,
|| u; ||= I and || u. ||= I,, we have the relationship

J. Appl. Phys. 117, 154303 (2015)

by < Ll K Ay (31
for the associated time scales t,, ., and 7,, we also have
ty L te Lty (32)

In spatial scale decomposition, we select three inde-
pendent kinematic variables, {S;,y,,andr,} corresponding
to three different spatial scales. The novelty of the above
multiscale decomposition is the following Micromorphic
Multiscale Decomposition,

which is a multiplicative decomposition. Fig. 3 schemati-
cally depicts the deformation map and scale decomposition
of the atomistic system at different scales. The total deforma-
tion gradient ¢, consists of a macro deformation F, and
micromorphic (meso) deformation y,. The mapping of F,
may be referred to as the Long-range order, whereas the
mapping of y, may be referred to as the Short-range order.

Remark 5. (1) The main objective of MMMD is to extend the
equilibrium PR-MD to the case of non-equilibrium molecular dy-
namics processes. The key approach adopted here is the local equi-
librium assumption (LEA), which means that the local equilibrium
may be attained in a local micromorphic cell. (2) The micromor-
phic cell division is a Lagrangian division, meaning that
each cell is a control atom number (N) cell, or it is a local
NoH or a local N SH ensemble, but not a control volume
(Eulerian) cell, which is also different from Lagrangian con-
trol volume ensemble such as a local NVT ensemble cell.>'

The MMMD formulation is basically a multiscale
Lagrangian repartition of the original first principle
Lagrangian, and the added additional topological con-
straints will not affect the original first principle Lagrangian
in principle. It essentially serves as statistical guidance in
MD simulations. That is, it is a device to extrapolate and
manifest statistical meanings or contents of first principle
MD simulation. Therefore, we allow cell overlap, penetra-
tion, as well as having gaps between them. If that is what
really happened in the original atomistic system. This philos-
ophy is illustrated in Fig. 4.

Intermediate Current

Configuration /-\ Configuration
F

Referential
Configuration

Statistical Configuration

FIG. 3. Deformation maps among different kinematic configurations of
MMMD.
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(b) Mesoscale deformation

(a) Original cell (c) Total deformation

FIG. 4. Cell-level deformation: (a) The original undeformed system which is divided into several unit cells. The atomic positions are given by R;. The solid
circles represent the centers of mass. (b) The configuration undergoes macroscale deformation F,. Notice that the cells are connected to each other without
gaps or overlaps in the framework of continuity, and this deformation is restrained by the relative positions of centers of mass of different cells. (c) The cells
(dashed parallelograms) further undergo microscale deformation y, around their own center of mass separately without connection. This is because that the

assumption of continuity is no longer valid in the fine scale.

In passing, we note that the continuum compatibility
condition is a macroscale condition, and at both microscale
and mesoscale this condition is not necessarily satisfied. For
crystalline solids, this may be linked to the defect states or
quasi-crystal states.

B. Statistical conditions

Before constructing the governing equations for MMMD,
we would like to revisit the statistical conditions implied in
APR-MD, and provide some explanations or interpretations
for them. Consider the kinetic energy of the ath cell

sziz:m,-r,--r,-ZEZm,-(rﬂLd)a-S,--Hpa-S,-) (b +,-Si+6,-8)
i i

M, .
=—Tr
2

) 1.7. 1 . . 1.7 . | .
a-ra+5¢x¢a§ijmisi®sf+§§ijmisi-c-s,-+5¢1¢a§ijm,-si®sf+§¢a¢a§ijm,-si®si, (34)

K
K> K;

where M, =3 ,m; is the mass of the oth cell, and
C= ¢§¢x. Introduce the following statistical assumption:

S=Y mSieS =Y mity Ry @Ry gy
i i
=20 - Ju- 20 = constant tensor. (35)

Here, we assume that JS is a spherical and constant second
order tensor,27 and this fact stems from the fundamental
assumption of ergodicity in molecular dynamics systems,
i.e., the space and time are statistical homogeneous in statis-
tical configuration. Note that Jg is a quantity in statistical
configuration, Bg(S;), and it is not from the real physical
configuration. In Eq. (35), we have defined,

J. = Z miRy; @ Ry = 1,035100 (36)

as the referential Euler’s inertia tensor of the cell, which is
anisotropic and is dependent on the shape and size of the
micromorphic cell, because J, is the pushforward of Ji,w
and here g, = (0) is a constant second tensor, i.e., the geo-
metric shape tensor of the original cell.

If we choose E; as principal axes, we can have a simple
expression of Jg,

K4

B =IE ®E +/5E 0E +J/3Es@E;.  (37)

Since J5 is spherical, we may write J3, =J3, = J3; = W,.
Now it becomes clear that the quantity W used in the original
PR-MD is related to the component of Euler’s inertia tensor.
Therefore, naturally, the second term of kinetic energy becomes

Ko = s w.rr(41,). (38)

We call expression (35) as the First statistical condition of
APR-MD.

Next we consider the fourth term of the kinetic energy
K4. Since S; is labeled as statistical variables, we can define
their tensorial autocorrelation function as follows:

E mll

If we assume that the autocorrelation tensor is an isotropic
tensor or a spherical tensor, i.e.,

- S
= (Z mys;()si(t + r))Ez @ Ey,

AC(7) = (Si(1) ® Sz H®@Si(t+1). (39

)@ Si(t+ 1)
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where E;, /=1, 2, 3 are the basis vectors for a Cartesian
coordinate. We can prove that the autocorrelation tensor is
an even function of 7, if we assume that the statistical tensor
>°:Si ®S; is spherical. This implies that the time derivative
of the autocorrelation function tensor at the origin of 1 =0 is
zero. Hence,

d .
%Achzo = Zmisi(f) ®8,(t) =0, (40)

and similarly,
Zmisi(t) ®Si(1) =0. 1)

We refer the conditions (40) and (41) as the Second
statistical condition, which gives K, =0. In fact, the First
statistical condition implies that

d : .
= Zmisi(t) ® Si(r) + mesi(t) ®8Si(1) =0,

which is a weaker condition than Egs. (40) and (41).

Remark 6. Mathematically, conditions (40) and (41)
ensure that the variables y, and S; are independent. Since
the physical meaning of y, is the shape and size of the oth
cell, one can see from the Parrinello-Rahman decomposition

Rou' = XQC : Si?

that if the length of S; is not fixed, y, may not represent the
shape tensor of the ath cell. Therefore, we must have the con-
straint condition,

Z S; - S; = const, 42)

which is a weaker condition than conditions (40) and (41).
By utilizing above statistical conditions, we can conven-
iently write down the Lagrangian of the atomic system as,

1 .. 1 T
_E;Mﬁrﬁ.rﬁizﬁj,lg: (é59)

1 ) .
+§Zmesi-cﬁ-s,

——ZZ S Ve S b @3)

v iejey B icp

where f3, y are cell indices, and the abbreviation i € f means
that it is the ith atom in the fth cell. Cg := ¢£¢/j is the micro
right Cauchy-Green tensor for total deformation.

In the following presentation, we choose three independ-
ent field variables, r,, ¢,, and S, representing kinematic vari-
ables for three different scales, instead of the set of original
variables ry, x,,S;, which may be equivalent each other.

Thus, L, = L,, (ry, $,,S;). The equations of motion are
stated as

doL, 0L,

dror, or, @

J. Appl. Phys. 117, 154303 (2015)

doL, oL,

L T=m - 4
dto¢, 0, ’ 45)
doL, oL,

Gos s 0. (46)

In Subsections III C-IITF, we shall present detailed deriva-
tions of these equations.

C. Coarse scale dynamic equation

We start by deriving some useful relations that are
needed in the subsequent derivations. Since we know that

Fjy = Fp({r.}) 47)
and o
Fy =Fp({r,}, {r.}), (48)
we then have
Fj = ff (49)

which leads to the relation,

oFy _ OFy
or,  Or,

. (d (0Fp\. OF.
F”_Z:(E(ara)r “t or, ) oD

On the other hand, we may derive,

(50)

and

. oFp.  OFp.
¥y = ;(M 4+ a5, 1 |- (52)
Comparing Egs. (51) and (52) and utilizing Eq. (50), we
obtain )
d (OFg OF
— === 53
dt(@r) or, (53)

Furthermore, since
b5 =Fpap+Fp- g (54)

we can find that

Opy Ok  OF; _O¢y
or, o, " or, % or,

(55)

By virtue of Egs. (53)-(55), we have

8(.#3 aF,[i 8F[; 8F[; 6F[;
ar,  or,* b or, or, Iy = ar, * + or,

) o4

( ] > %) (s6)
or, dt or,

The relations (55) (56) are needed in the subsequent derivation.

Reconsidering the Lagrangian equation at the coarse
scale Eq. (44) and utilizing the above relation, we have
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OL, 09y

d (azm> _d (oL,
dt \ or, de\ or, T 0d or,
oL, ad’ﬁ
= Mal'x =+ T
%:dt <a¢ﬁ> or,

d [0,
a(/,ﬁ “dt \ OF,

L, 0 oL, 04
M., + Z L “n 995
8(]5/; 8]'0( 7 8¢ﬂ ara
(57
On the other hand,
0Ly 0Ly Z 0Ly by 0L Y
or,  Or, oy ar% ; o 5 Or
= Z Z (ri) i + Zb
B#o icajep ’/| i€a
) o
Zaﬁ ¢/; % oy . (58)
3(]5,; 31‘0( 7 8¢/} 3ra

Combining Eqgs. (57) and (58) and utilizing the coarse scale
Lagrangian equation,

d (0L, _OLn _,
dt \ or, or,

we finally obtain,

M, =3 Vi) r” + B, (59)

o icojef ’f|

where B, = Ziea b; is the external force acting on the center
of mass of the a-th cell. Note that V'(r;) ﬁ = f;; is the pair
force acting on i-th atom by j-th atom. We can rewrite the
above equation as,

M,i, = Z Z f,+B,. (60)

pH#u icajep

One may find that the first term in the right hand side (RHS)
of Eq. (60) is interaction force among atoms at the cell
boundary, this is because that the summation indices in Eq.
(60) are i € o, j € f, and o # 5. Therefore, this is the cell
boundary surface traction force. If the MD cell is at the
boundary of the simulation domain, there must be external
counterpart of this force as well.

To take into account external macroscale traction bound-
ary condition, we may rewrite the multiscale Lagrangian as

Ly :%ZMﬁf‘ﬁ'fﬁ %ZJ? (d595)
4= szs Cy-Si— ZZZ > V)

Y iEpjey

—I—ZZb rﬁ,-i-zslgotﬁo rﬁ“rZQﬁObﬁO rg, (61)

piep
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where tg is the external traction force resulting from the
external surface stress, and Sg is the surface area where the
prescribed external traction is acting upon; by = 5 B/; may
be referred to as the external body force per unit volume act-
ing on the cell  with Qg as the cell volume. All those terms
are defined in the referential configuration.

With the Lagrangian (61), we may find that the equation
of motion at coarse scale is

Moci;Oz = Z Z fij + SazOfccO + QxOBa0~ (62)
PF#o icajep

With Eq. (62), we now can apply macroscale traction force
onto a finite size MD simulation system. The detailed numer-
ical simulation of a MD system with macroscale traction is
reported in a separated paper.>*

D. Mesoscale dynamic equations

We now examine the mesoscale Lagrangian equation
(45). Considering the derivative terms with respect to the
chosen mesoscale variable, i.e., ¢, and ¢,, we first have,

a[fm

U 63
29, ¢, -J, (63)

Hence,

(‘Z;) C(hon)=d8 o

we can then derive the second part of Eq. (45),

oL 1 . 0C 1 r;; Orj
— == miSi—ysz - A V/ i d y
o, 22 ¢ 22 V) el 00,

ijeo

r, or; or;
_Z Z r.j. ad,iJer'@

ico 1] ico
jeEPFu
:q&aZm,Si@Si Zflj®slj
i 1/60(
+Z D 18+ > bas;. (65)
ica ica

JjEPFu

Finally, the Lagrangian equations at mesoscale have the
form,

(f)%Ji:qszxzmlSl@Sl qu®slj
tjeat
+Z D eS8+ bies;. (66)
1 o ico
J€;¢1

To understand the physical meaning of the above equa-
tion, we can define the mesoscale 1st Piola-Kirchhoff stress
tensors as,
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, 1
pin =5 ( é,mS; ®S; + = Z f,,@S,,) (67)

20 “jcy jeazﬁéz

P = —Z > 1S (68)

Qo BAu icojef

where Q, is the volume of «th cell in the reference configu-
ration, i.e., R-configuration.

Remark 7. (1) There is no 1/2 factor in Eq. (68). This is
because i € o but j € 5, and 0. # f5;

(2) If we deﬁne,
g%t = Z RTELY
Q, o icajep
f;0S;- ¢y, (69)
oo DPIRLLRY

where Q. is the volume of the ath cell in spatial configura-
tion, i.e., Be-configuration, P can then be expressed by
the external Cauchy stress as

rP(b\t det(qﬁz) ext ¢ T (70)

With above definitions of stresses, we can recast the
mesoscale dynamics equations as
.- X, = —(P = P+ My, (71)
where P is given by Eq. (67), and P" is given by Eq.
(68) or (70), M, => .., b; ®8; is the mesoscale external
couple. Note that Egs. (67) and (68) are insightful, because
they resolve one of the outstanding debates on the definition
of the virial stress. Equation (67) is basically the mathemati-
cal definition of the virial stress, e.g., Refs. 10 and 32.
However, Zhou®’ argued that the kinetic energy part should
be dropped out in the stress calculation, even though many
disagreed, e.g., Refs. 24 and 31. We now see from Eqs. (67)
and (68) that if the stress is internally generated, the defini-
tion of the virial stress is the original definition of the virial
stress; but if the stress is an external stress, then the kinetic
energy part should drop out from its expression. This is
because that the present formulation of the multiscale micro-
morphic molecular dynamics is an adiabatic formulation,
which does not consider the heat exchange among the cells.

E. Microscale dynamic equations

For simplicity, we re-index the multiscale Lagrangian as
M, . . 1 -T -
o ey (0l0)
ZZZ%S Co-Si - QZZZV )

i#]

+3°3 b 48, +Zsaotxo r - ZQ«obao T

o i€o

(72)

where the microscale variable S;,i € o and S;, j € f. In cal-
culations, there are two distinct cases

J. Appl. Phys. 117, 154303 (2015)

Orij r; C,-S;
(@)=, vy =Sy = Ty G2 B0
! ! aSl ’z rij
(73)
(B)a# B vyj=rup+ (¢5-S—¢,-S)) %:_E.d,.
f ” 8Sl jj *
(74)

Evaluating the fine scale Lagrangian equation for i € «,

4oL, 9Ln_ ..,

aigs, o, 'S ®
we have

d oL, ..

E 8S, —mi(casi"‘ca'si)
and

. L N~ (VW) o
(@)o=p: asiz< Cx.S,,>,

T rij
Lij |,
’/

& nnla
where r;j =1y + ¢p-S; — ¢, - S;. Note that the factor 1/2
vanishes in case (a) because each atom pair is summed
twice.
Finally, we can express the fine scale dynamics equa-
tions as,

(75)

(b) o

ﬂs,;,) -C;'C, -8, (76)

(@)a=p: Siz<v

7\ T
BloatB: Si=¢,' > >
aFp i
(D) gy = g8 | - OIS
1 p o o o
(17
Combining the two equations, we finally have
Si+- ¢ ZZ( (g + ¢3-S — ¢, ,)>
i#j
+C,'C,-Si+ ¢, b =0, (78)

where i € o. One may note that the second term in Eq. (78)
contains both interaction of atoms within the oth cell and
between two different cells, i.e., the case i € o, j € f5.

In summary, the dynamic equations of the proposed
multiscale micromorphic molecular dynamics are as follows:

Moci;x = Z Z fij + Sxofao + QxOBam (79)
P#o icajef

—(P =P + M, (80)
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misi:—micxl-cz-si-i-(ﬁ;l(z Z f]1+b1>7 (81)

pjep#ica

where the mesoscale micromorphic deformation tensor is
¢, =F, -y, In Egs. (79)—(81), one may see that there are
two types of interaction conditions (boundary conditions) for
each cell: (1) the cell-to-cell interactions and (2) the input of
external forces through boundary. The first type of interac-
tion is the internal interactions that are characterized by the
terms

SN had P =S Y e,

Bta icajep 20 b7y icojep
where

V’(r,:,-)
fij=——(ryp+p-Si—9.Si). (82)
ij
The external force interaction are specified by the terms
S,0ts0 and Qb in Eq. (79), and the term ¢;1bf in Eq. (81).
Considering the following special case:

F.=1 = ¢,=1y,
and Ji = W,I, we recover the modified PR-MD,

Wi, = — 1, - (8 — 850, (83)

mS; = -mC,'-C,-S; + 1, <iji + bi) , (84)
J#i

where , S = P and y, 8% = P by comparing the
two models.

IV. VALIDATION AND NUMERICAL EXAMPLE

To validate the proposed multiscale micromorphic mo-
lecular dynamics, in this section we employ it to study the
phase transformation of nickel, which is also used as the val-
idation case for PR-MD.*® Different from Ref. 26, the fol-
lowing validation test is done in a finite size specimen
without imposing periodic boundary condition. In our study,
we focus on boundary effects and the non-equilibrium transi-
tion process of phase transformation.

Under uniaxial compression, the original FCC lattice of
single crystal Nickel will go through structure change.**??
The interaction between atoms is modeled by Morse poten-
tial, which is plotted in Fig. 5. It has the form of

¢(r) = D(e 070 — 2¢72 7)), (85)
The interaction force is given by
0¢(r)
or

With the constants D =3.5059 x 102" J, &= 8.766/a,, and
ro=0.71727 A. ap denotes the constants of the FCC lattice
of nickel, i.e., aqp=3.52 A,2° with which the nickel single
crystal will be in a global elastic energy minimum state for

F(r)=— = 2Do(—e 2 710) 7)) (86)
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FIG. 5. Morse potential and the interatomic force.

bulk metal. Therefore, this is a stable equilibrium state,
which is internal stress free. The atomic weight of nickel
atom is 58.69 u.

During the entire simulation, the temperature is con-
trolled at around 350K by scaling microscale velocity on
each cell every 10 micro time steps. Before the calculation,
random perturbation of positions and velocities were
assigned to ensure dynamics and the desired temperature. A
5000-step run in displacement-free state is conducted to
obtain the optimal initial configuration. For demonstrative
purpose, we let each micromorphic cell consisting of
3 % 3 x 3 unit cells of Ni lattice, and the whole system has
3 x 3 x 3 supercells as shown in Fig. 6. Among 27 super-
cells, there is one internal supercell which is not exposed to
boundaries. We expect that it may be suitable to mimic the
phase transformation as those in bulk metal. Thus, the whole
model has in total 729 FCC unit cells and 2916 atoms
according to basic crystallography.

We apply a compressive stretch

F =

S O~
- O O

0
A
0

on y direction, which is [010] direction in FCC lattice. The
stretch is realized by moving the centers of mass of the top
surface cells close to that of the bottom cells at each load
step, and then allow a relaxation time so that the system can
reach equilibrium. The compress-relax procedure gives a
certain strain rate. Usually, we relax the system for 2000
steps for one incremental stretch of 0.03. During the loading
process, the other components of F may start to change
according to Eq. (59), and we only control the principal
stretch in y direction as a load parameter.

Fig. 7 shows the snapshots of loading history of the
whole model (cross section) and the internal supercell
(zoomed in). When the stretch is relatively small, i.e.,
4<0.9, the Ni bulk crystal went through somewhat elastic
deformation. The particles are stretched uniformly. When
the stretch increases, i.e., 4 < 0.8, crystal slips were activated
between the planes of {010} accompanied by the elastic in-
plane deformation. The combined effect made the phase
transition from original FCC lattice to HCP lattice happen.
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FIG. 6. The model setup: The system consists of 3 x 3 x 3 supercells, and
each supercell consists of 3 x 3 x 3 unit cells.

During this process, the {001} planes of FCC turned into
{0001} planes of HCP. We also noticed that the evolution of
the whole structure is relatively smooth, no matter a cell is
close to the boundary or in the interior of the simulation do-
main. This is the advantage of the proposed multiscale model
over classic MD. Because if the displacements are prescribed
on boundary atoms instead of supercells, the lattice pattern
near the boundary will become irregular when those atoms
are not free to seek the optimal positions. Whereas by pre-
scribing displacements for the center of mass of boundary
supercells as the boundary condition, it relaxes the constraint
on each boundary atoms, and only the average displacements
of the cell are controlled, i.e. that of the center of mass. This
is essentially the macroscale boundary condition.

As we observe from the top in Fig. 8, the {010} plane
has a shape of parallelogram. This is due to the slip of adja-
cent planes of the {100} type relative to each other. From

QO C L CE

81

AL L]
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z
) I
FIG. 8. The top view of final configuration when stretch 2, =0.7.

the figure, we find that the slips basically toward one direc-
tion, which formed regular pattern of parallelogram.
However, this may not always be the case. Sometimes, the
slips were influenced by imperfection of the initial structure
and other factors, e.g., the relative slip between the fourth
and the fifth planes on the right that is opposite to slips of
other planes. They may be the result of initial perturbation of
positions or velocity.

We have also studied the stress-strain relation for three
different sizes of supercells, which have 3 x 3 x 3,4 x4 x 4,
and 5 x 5 x5 unit cells, respectively (see Fig. 9). The data
were obtained by averaging three runs for the same size of
cells to reduce numerical error. We noticed that when the
stretch is in the range of [0.9 1.0] and [0.7 0.75], the results
have good agreement with the theoretical curve. When the
stretch is in the range of [0.75 0.9], the points oscillate and

FIG. 7. Snapshots of the deformation
history of the whole system and the in-
ternal cell.
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large deviation is found for several points when comparing
the theoretical curves. That is reasonable because [0.9 1.0] is
the stable range for elastic deformation of FCC, and in the
range of [0.7 0.75] of stretch, a stable HCP lattice is expected
to form. When the stretch is in the range of [0.75 0.9], the
lattice structure is not stable, and the stress varies from time
to time. The phenomenon can be deduced from the energy
landscape in Ref. 22. This study also shows that size of cells
does not influence the result of regular deformation without
defects (See Fig. 9). Further work on size dependency will
be conducted when material defects are introduced.

V. DISCUSSIONS

Different from most multiscale methods proposed in
recent years, the MMMD is not aimed at saving computation
time or computer resource, but rather aimed at how to use
first-principle based molecular dynamics to simulate macro-
scale physical problems, and that is not a trivial task.

The conventional wisdom presumes that if we can sim-
ply increase the size of molecular dynamics ensemble we
can simulate motions of macroscale objects by using first
principle based molecular dynamics. In macroscale contin-
uum mechanics or engineering mechanics, however, we
hardly use the periodic boundary condition, nor do we
impose boundary conditions on specific atoms at the bound-
ary of the domain interested. In order to capture macroscale
thermodynamics responses of a finite size atomistic ensem-
ble system, we must be able to apply boundary conditions
and initial conditions in continuum mechanics, and some
other required constraint conditions to massive sized atomis-
tic ensembles. This requires introducing macroscale thermo-
dynamics measures that are related to microscale motions of
atoms. In other words, the molecular system’s multiscale
characters must be carefully taken into account so that the
microscale quantities can be correctly related to mesoscale
and macroscale quantities based on first principle.

For example, in continuum mechanics, when we are solv-
ing macroscale mechanics boundary value problems, we need
to impose boundary conditions that are either related to

(1] SO S L : -
~a hI p
1 PARYAN ,,
: e - - FRARAREIN ‘//
Lo \ S \l\ \ /‘—‘.\ /
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A -15F
Milstein et al
20k i . . ..i....|e - 3x3x3 supercell ||
= -m 4x4x4 Supercell
& -4 5x5x5 Supercell
=25
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FIG. 9. Stress-strain relation under uniaxial displacement loading. Three dif-
ferent sizes of supercells are investigated. The curves are compared to the
theoretical prediction by Milstein and Farber.?
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traction (stress) or displacements (strain) or some other mac-
roscale thermodynamics variables such as temperature or elec-
trical voltage. Hence, if we hope to use molecular dynamics to
simulate the same macroscale problems based on first princi-
ple, we have to apply the same boundary conditions, which
are consistent with macroscale measurements and practice, to
first principle based molecular dynamics system. As computer
and computing technology progress, the need for direct first
principle molecular dynamics solution of macroscale prob-
lems will become more and more relevant, important, and
urgent. Thus, we must develop a rigorous multiscale molecu-
lar dynamics that can couple macroscale thermodynamic vari-
ables with microscale statistical variables from first principle
rather than from the direct coupling of molecular dynamics
with phenomenological continuum mechanics by superficial
boundary match or blending.

In this work, by utilizing the local equilibrium assump-
tion, we repartition the first principle Lagrangian have
extended the equilibrium (Andersen)-Parrinello-Rahman
molecular dynamics to a non-equilibrium atomistic simula-
tion, which can deal with finite size atomistic ensemble sub-
jected to arbitrary macroscale boundary conditions. In doing
so, we have proposed in the first time a novel concept of
multiplicative multiscale decomposition that separates as
well as couples macroscale continuum deformation with dis-
crete atomistic motions.

By partitioning the Lagrange of the first-principle mo-
lecular dynamics ensemble, we have formulated a novel
MMMD that can solve large scale molecular dynamics prob-
lems without the restriction of the periodic boundary condi-
tion and thermodynamics equilibrium condition. In other
words, we can solve molecular dynamics problems in finite
domains subjected macroscale boundary condition. The pro-
posed multiscale micromorphic molecular dynamics reveals
an intrinsic universal multiscale structure in molecular dy-
namics so that we can apply molecular dynamics to solve en-
gineering problems with general thermodynamics conditions
and arbitrary boundary conditions.

The MMMD formulation is essentially a global formula-
tion of a set of local NSH ensembles. A future study is to
extend the present theoretical formulation to other types of
molecular dynamics ensembles such as local NST ensemble.
The computer implementation of the multiscale micromor-
phic molecular dynamics formulation will be reported in the
second part of this work.

Last, the micromorphic molecular dynamics proposed in
this work should be independent on the size of micromorphic
cells as long as Eq. (31) holds. In fact, we have carried out
numerical experiments on effect of the micromorphic cell
size on MMMD simulation results (see Fig. 9). Depending
on the actual size of the original problem, we would say, that
the MMMD simulation results are almost independent from
the micromorphic cell size in an range of several cubic nano-
meters to almost up to hundred cubic nanometers. We shall
report the detailed study of size-effect in a separate paper. In
fact, this range is also problem-dependent, because that once
we get down to small scale, everything is size-dependent. If
the micromorphic cell size is too small, it does not have
enough atoms to provide correct statistical information; and
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if the cell size is too large, one cannot capture locality of in-
homogeneous field distributions such as abrupt change of
stress and temperature distributions, or other size effects. As
the fact of matter, this is a fundamental question that is at the
heart of multiscale simulation, coarse grain theory, and sta-
tistical physics. One of the future works of this research is to
systematically investigate this issue.
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